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Abstract. In this present paper, the fixed point theorem that was proved by Khan
[2] is extended to sequences of self maps through rational expressions. The present
theorem includes non-continuous maps also.
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1. Introduction

The notion of 2-metric space was introduced by Gahler [1] in 1963 as a general-
ization of area function for Euclidean triangles. Many fixed point theorems were
established by various authors like Khan[2], Rhoades [4], etc. A point z € X is
said to be a fixed point of a self-map f: X — X if f(z) = x, where X is a non-
empty set. Theorems concerning fixed points of self-maps are known as fixed
point theorems. Most of the fixed point theorems were proved for contraction
mappings. It is well known that every contraction on a metric space is continu-
ous. The converse is not necessarily true. The identity mapping on [0,1] simply
serves the counter example.

In this present work, the Khans fixed point theorem [2] is extended to a
more general form in 2-metric space setting. Our generalized theorem holds for
non-continuous selfmaps also.

*. Corresponding author
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2. Preliminaries

In this section, we present some basic definitions which are needed for the further
study of this paper.

Definition 2.1. Let X be a non-empty set and d : X x X x X — R. For all
x,y,z and u in X, if d satisfies the following conditions:
(a) d(x,y,z) = 0 if at least two of z,y, z are equal
(b) d(z,y, z) = d(x, z,y) = d(y, z,x) = ...
(c) d(z,y,2z) < d(z,y,u) + d(z,u, z) + d(u,y, 2).

Then d is called a 2-metric on X and the pair (X,d) is called a 2-metric
space.

Definition 2.2. Let (X, d) be a 2-metric space. A sequence {X,,} in X is called
a Cauchy sequence, if d(zy,, zn,a) — 0 as m,n — 0, for all a € X.

Definition 2.3. Let (X,d) be a 2-metric space. A sequence {z,} is said to
converge to a point x in X if lim,_,c d(x,,x,a) = 0, for every a in X.

Definition 2.4. A 2-metric space (X, d) is said to be a complete 2-metric space
if every Cauchy sequence in X converges in X.

3. Generalized fixed point theorem

The following Theorem 3.2 is an extension of Khan’s Fixed point theorem for
non-continuous maps. We present Khan’s result as Theorem 3.1 for complete-
ness.

In what follows X stands for a complete 2-metric space with 2-metric d.

Theorem 3.1. Suppose that f: X — X,

[d(z, f(x), a)]" ™ [d(y, f(y), )] "
d(f(ﬁl?),f(y),a) <« [d(w’:%a)]w

+ Bld(z, y, )] T d(f (), £(y), a)]T,

for all x,y,a in X and for some o, B,w € [0,1), r € (0,1) such that a + < 1
and 2r +w = 1 when w # 0. Then f has a unique fixed point in X.

Theorem 3.2. Let {f,} and {gn} be two sequences of self-maps on X satisfying

. [z, fh(@). @) [d(y. g (v). @)}
(1) d(E).gh)) <a e

+ Bld(w,y,a)]' A (@), g (y), @),

for all x,y,a in X and for some a, f,w € [0,1),r € (0,1) such that a + 3 < 1
and 2r +w = 1 when w # 0, p and q are positive integers then f, and g, have
a unique common fized point in X.
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Proof. Let 2o € X. Define a sequence {z,} in X as follows xo,_1 = fh(xon_2)
and o, = gi(w2,—1) for n =1,2,3,.... Then we have

d(on—1,Tn, a) = d(f} (22n—2), g (22n-1), @)
o [d@2n—2, fi(xon—2),a)]" ™ [d(zon 1, gt (xon—1),a)] "
[d(z2n—2, T2n—1,a)]"
(2) + Bd(wan—2, Tan—1,a)] " d(fE(z2n—2), g (T2n-1)), a)] T
[d(z2n—2, Tano1, a) ] [d(@on—1, Tan, a)] "
[d(z2n—2, T2n—1,a)]"
Bld(zan—2, v2n—1,a)]" """ [d(x2n1, Ton, a)] T
O([d(.%znfg, Toan—1, a)]r[d(xgn,l, Ton, a)]l_r

+ Bld(w2n—2, Ton—1,a)]" " [d(w2n -1, T2n, a)] T

or
d(xQn—b TL2n, CL) < a[d(xZn—% To2n—1, a)]r[d(:vZn—la L2on, a)]l—r

(3) + Bld(zon—2, Tap—1,a)]' " [d(v2n—1, T2n, a)]" Y.

Now

d(2n; Tont1, @) = d(gi(T2n—1), f}(22n), @)
= d(fL(zan), gh(72n-1), a)
a[d(x%, fn(x%) )]T Yld(w2,— 1agn(x2n 1), )]l—r
N [d(z2n, T2n-1,a)]"”
+ Bld(zon, x — 2n — 1,a)]" " [d(fE(w2n), 94 (T20-1), @)] T
[d(z9n, Tant1, @)]" T [d (w201, T2n, @)] "
[d(22n, T2p-1,a)]"
(4)  + Bld(wan-1,T2n, a)]" "V [d(x2n 11, Ton, @)] T
= afd(zon, Tons1, )] T [d(w2 1, Ton, @)] T
+ Bld(zan—1, T2n, a)] I=r—w [d(2on, oni1,a)] "
= (a4 B)d(wan—1, Tan, )] [d(@2n,2501,0)]
= d(x2n, Tont1,0) < (o + B)[d(@an—1, T2n, )]~ [d(22n, 2201, a)] T
= [d(wan, Tant1,0)]' T < (a4 B)[d(won—1, Ton, a)]' T

= d(zopn, Tont1,a) < (a+ 5)1/1_T_wd(a:2n,1, Ton, ).

Case (i). When w # 0, we obtain

d(zon, Tons1,a) < (o + B)Y"d(x9n 1, Top, a)
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and from (2), we have

d(22n-1, Tan, @) < ald(zan—2, T2n—1,a)]"[d(22n-1, Ton,a)]' "

+ Bld(zan—2, Ton—1,a)]" [d(x2n-1, T2n, a)]

(5) = (a+ B)[d(x2n—2, Tan—1,a)"|[d(x2n—1, Ton, a)]
= [d(z2n—1,Ton, a)]” < (a+ B)[d(x2n—2, Ton—1,a)]"
= d(zon—1,%on, a) < kid(xon—2, Ton—1,a)

1-r

1—r

where k; = (a4 8)'/7 < 1. Therefore we have

k1d(xon_1, Ton, a) < kid(Ton_2, Ton_1,a)
o < EPd(z, 21, a)

= d(zon, Tont1,a) < ki"d(zg, 21, a).

d(x2n7 Ton+1, a) S
<

Since k1 < 1, k2" — 0 as n — oo. Hence d(w2y,, T2,11,a) = 0 as n — o0

Case (ii)

Suppose that w =0

From (3) and (2), we have d(zan,Zons1,a) < (a4 B)Y/1"d(x2n_1, Ton, @)
and

d(z9n—1,Tan, a) < ald(van—2, Ton—2,a)]" [d(T2n—1, Ton, a)] ™"

(6) + 6[d(x2n—27 Ton—1, a)]l_rd[(xQn—la Ton,s a’)]r'
We claim that d(z2n—1, Ton, a) < d(x2n—2, Ton—1,a).

If it is not so, suppose that d(xa,—1,Zon,a) > d(x2n—2, T2n—1,a). Then from
(4), we have

d(z9n—1,T2n,a) < ald(T2,—1, T2n, a)]"[d(T2n-1, T2n, a)] "

+ /B[d(xZn—la T2n, a)]l_T[d(xQn—ly T2n, a)]T
= (a+ B)d(z2n-1,T2n, a)
or
d(l‘anla T2n, (1) < (a + ﬁ)d(x?nfb T2n, a)

Which is a contradiction, since o« + 8 < 1.
Therefore

d(z2n-1, Ton, a) < d(T2n—2, Ton—1,0) < d(X2n—3, Ton—2,a)
é kgd(l?nflla T2n—3, CL) S cee S k§n72d($07 X1, a’)
= d(!L‘anl, T2n, Cl) S kgniQd(xO, X1, a)'
Where kg = (o + 8)Y/" < 1. Since ko < 1,k3""% = 0 as n — oo.

Hence d(x2,—1,z2,,0) = 0 as n — oo.
Hence d(x2p, Top+1,a) = 0 as n — oo.
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Thus in two cases {z,} is a Cauchy sequence in X. Since X is complete,
{X,} converges to some point, say, u in X.

Now we prove that u is a unique common fixed point of f, and g,, (n =
1,2,3,...).

For this first we prove that u == ff(u) = gi(u), n =1,2,3,...

Now by the properties of 2-metric, we have

(’LL, ﬁ(u), 1'271) + d(Ui7 T2n, a) + d(xZna fﬁ(u)’ CL)
= d(u, f},(u), x2n) + d(u, 22n, a) + d(f7 (u), g} (¥2n-1), a).

Taking x = w and y = 2,1 in (1), we get

u, fr(w),a)]" ' [d(22n-1, g4 (220-1), @)]' "
d(fﬁ(u),gg(g;%fl)’a)Sa[d( , R (u) )][;(u[’cijhlaﬁw( n—1),a)]

+ Bld(u, 220-1,0) N[ (w), g (220-1), @) T

Hence

d(“’a frIZ) (1) S d(u7 f'rlzf(u% .’L‘Qn) + d(ua L2n,s CL)

[d(u, fR(u), )] [d(z20—1, gn(¥20-1), a)]' "
[d(ua T2n—1, a)]w

+ Bld(u, w2n-1,a)] " [A(fE (u), g (220-1), @)

+ «

When as n — 0o, d(u, fh(u),a) < 0+a(0)+3(0), which implies that d(u, f5(u),a) =
0. Hence f}(u) = u. Similarly gif(u) = u. Therefore u is a common fixed point
of ff and gf. To show that u is unique, let v be the another common fixed point

of ff and gi = v = fh(v) = gi(v), n =1,2,3,... Then by given condition

. (. FE(w), @) 1d(0, g8 (v), @)~
A(f2(w), gh(v), ) < T
+ Bld, v, @) TR (), g ), @)
(0, )] [d(w, v, @)
(e, v,0)]"

+ Bld(u, v, a)]* " [d(u, v, a)]" TV

or (1 —p)d(u,v,a) < 0, which implies that d(u,v,a) = 0, for every a in X.

= U=

Hence u is a unique common fixed point of f£ and g..

Finally we show that u is the only common fixed point of f,, and g,. For
F2Ua) = Fulf2) gives fE(fa(w)) = fu(w). Hence fo(u) is the fixed point
of fh. Since u is the unique fixed point of f%, fn(u) = u.

Similarly g, (u) = u. To show that u is unique common fixed point of f,, and
gn, let z be the another common fixed point of f,, and g,. That is, z = f,,(z) =
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gn(2). From the given condition, we have

+Bld(u, 2, a)]' (R (w), g (2), @)

w,w,a)|"T[d(z, 2z, a)t "
= ot B2 T B, 0]z )]+

or

(1 -0b)d(u,z,a) <0

which implies that d(u, z,a) = 0 for every a in X.
= u=z
Hence u is a unique common fixed point of f, and g,, (n =1,2,3,...) O

Remark 3.3. Theorem 3.1 can be easily deduced as a corollary from Theorem
3.2 by taking fh = g = f. Hence Theorem 3.2 is a generalized version of Khan’s
theorem [2] in 2-metric space.
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