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Abstract. In this paper, we provide three new operations on intuitionistic product
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1. Background

In 1736, Euler introduced the concept of graph theory while trying to find a
solution to the well known Konigsberg bridge problem. This subject is now
considered as a branch of combinatorics. The theory of graph is an extremely
useful tool in solving combinatorial problems in areas such as geometry, alge-
bra, number theory, topology, operations research, optimization and computer
science. The notion of fuzzy set was first introduced in [19] and the notion of
fuzzy graph was first introduced in [4]. Sense then, several authors explored this
type of graphs. Since the notions of degree, complement, completeness, regu-
larity, connectedness and many others play very important rules in the crisp
graph case, the idea is to see what corresponds to these notions in the case of
fuzzy graphs. Several authors introduced and studied what they called product
fuzzy graphs, see for example [41]. AL-Hawary [32] introduced the concept of
balanced fuzzy graphs. He defined three new operations on fuzzy graphs and
explored what classes of fuzzy graphs are balanced. Since then, many authors
have studied the idea of balanced on distinct kinds of fuzzy graphs, see for ex-
ample [8, 9, 18, 24, 25, 27]. In 1983, Atanassov [16] introduced the concept of
intuitionistic fuzzy sets as a generalization of fuzzy sets [17]. Atanassov added a
new component in the definition of fuzzy set. The fuzzy sets give the degree of
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membership of an element in a given set and the nonmembership degree equals
one minus the degree of membership, while intuitionistic fuzzy sets give both a
degree of membership and a degree of non-membership which are more-or-less
independent from each other. The only requirement is that the sum of these
two degrees is not greater than 1. Intuitionistic fuzzy sets have been applied in
a wide variety of fields including computer science, engineering, mathematics,
medicine, chemistry and economics [15, 28]. Parvathy and Karunambigai [29]
introduced the concept of Intuitionistic fuzzy graph (IFG) elaborately and ana-
lyzed its components. Articles [16, 20, 22, 28] motivated us to analyze balanced
IFGs and their properties. Several authors have studied balanced IFGs, see for
example [24, 25] and balanced product IFGs (PIFGs) were studied by [27, 42].
The idea of balanced came from matroids, see [31, 33, 34, 35, 36, 37, 38, 40, 39).

This paper deals with the significant properties of balanced IFGs. The basic
definition and theorems needed are discussed in section 2. In Section 3, we
define three new operations on PIFGs and we discuss which of these operations
preserves the notions of strong and complete. Section 4 is devoted to providing
more new results on PIFGs. We remark that the results in this paper were
done in Bayan Hourani masters thesis titled ”On complete and balanced fuzzy
graphs” under the supervision of Talal Al-Hawary at Yarmouk University in
2015.

2. Background

A fuzzy subset of a non-empty set V' is a mapping ¢ : V' — [0, 1] and a fuzzy
relation p on a fuzzy subset o, is a fuzzy subset of V' x V. All throughout this
paper, we assume that o is reflexive, y is symmetric and V is finite.

Definition 1 ([4]). A fuzzy graph with V' as the underlying set is a pair
G : (o,p) where o : V — [0, 1] is a fuzzy subset and p: V xV — [0,1] is a fuzzy
relation on o such that p(z,y) < o(x) Ao(y),Y z,y € V, where A stands for
minimum. The underlying crisp graph of G is denoted by G* : (¢*, u*) where
c* =supp(o) ={zx € V:o(x) >0} and p* = supp(u) = {(z,y) € Vx V :
u(z,y) > 0r. H = (o, 1) is a fuzzy subgraph of G if there exists X C V such
that o’ : X — [0,1] is a fuzzy subset and p' : X x X — [0,1] is a fuzzy relation
on ¢’ such that p(z,y) < o(z) Ao(y),¥Y z,y € X.

Definition 2 ([41]). An intuitionistic fuzzy graph (simply, IFG) is of the form
G : (V,E) where

(i) V =Avo,v1, e ,Un} such that p,.V — [0,1] and vy : V — [0, 1], denotes
the degree of membership and non-membership of the element v; € V,
respectively and 0 < py(v;) +(vi) <1V vy €V, (i=1,2,.....,n),
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(i) E CV xV where po : VxV —[0,1] and v : V x V — [0,1] are such
that

p2(vi, v5) < minfpn (vg), p(v;)],
Yo (vi, vj) < max([y1(vi), v1(vy)]
and 0 < po (v, vj)+v2(vi, v5) < 1, for every (v, v) € E, (1,5 =1,2,....,n).

Definition 3 ([41]). An IFG H = (V,E) is said to be an Intuitionistic fuzzy
subgraph (IFSG) of the IFG G : (v1; p1, Y23 ) if

(i) V CV, where L1, = Py, Y1 = Y14, Y € V,i=1,2,3,..,n.
(ii) E C E, where fi2,; = M2y, You = V2,5 V(i V) € E, i, j=1,2, ...n.

Corollary 1 ([30]). The complement of an IFG, G : (V,E) is an IFG, G° :
(V¢, E), where

(i) Ve=1V,
(i) p§; = p1 and 7§, = y14, Vi=1,2,....,n,
(iil) p§;; = min(ps, p1j) —peij and vs;; = max(y1i, v15) —7V2i5, Vi, j = 1,2, ..., n.

Definition 4 ([30]). An IFG, G : (V,E) is said to be complete IFG if po;; =
min(,uli,ulj) and Y2ij = max('yl,',fylj), Vlji, v € V.

Definition 5 ([30]). An IFG, G : (V,E) is said to be strong IFG if pg;; =
min(pg, p1y) and y2i; = max(yii, 115), Yvi, v € E.

Definition 6 ([24]). Let G1 : (Vi, E1) and Gy : (Va, Es) be two IFG’s. An
isomorphism between G1 and G (denoted by G1 ~ G2) is a bijective map
h : Vi — Vo which satisfies

p1(vi) = (b)), v1(vi) = 01 (b)), pe(vi, vy) = fia(h(vi), h(v;))

and
Y2 (vi, v5) = F2(h(vi), h(v;)), Yvi, v € V.

Definition 7 ([24]). The density of an IFG, G : (V,E) is

where
D,.(G) = 22(%,%)6\/(%(%;%’))
g Z(Viﬂ/j)EE(:ul(V’i) A pa(vj))
and
2 -y l/i; Vs
D,(G) = Z(w, J)ev(Wz( i)

B Z(Vi,uj)EE(ﬁyl(V” \ ’Yl(Vj)) '
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Definition 8 ([24]). An IFG, G : (V,E) is balanced if D(H) < D(G), that is
D, (H) < D,(G), Dy(H) < Dy(G),¥Y non-empty subgraphs H of G.

Definition 9 ([25]). Let Gy : (Vi,E1) and Gy : (Va, E2) be an IFG’S, where
V=V1 xVy and
E = {(z1,y1)(w2,12) : (x1,22) € E1, (y1,2) € Ea2}.
Then the direct product of G1 and Gg is an IFG denoted by G111 Gy = (V, E),
where
(1 1 ) (@1, 91) = pa () A fin(yn), V(zn,y1) € Vi x Va,
(v1 M 91) (@1, 91) = 71(21) VA1(y1), V(z1,91) € Vi x Va,
(p2 TV i) (w1, y1) (22, y2) = p2(w1, 2) A fio(y1,y2), V(z1,22) € E1, (Y1,92) € Eo,
(v2 M A2) (@1, y1) (w2, ¥2) = Yo(w1,22) V Y2 (Y1, y2), V(21,22) € E1, (y1,Y2) € Ea.
Definition 10 ([25]). Let Gy : (Vi,E1) and Gy : (Va, Es) be an IFG’S, where
V=V1 xVy and
E= {(337552)(55,92) HFAS ‘/17 (552,?/2) € E2}
U{(z1,91)(z2,92) : (21,72) € E1, (y1,12) € Ea}.

Then the semi-strong product of Gy and G is an IFG denoted by G1 © Go =
(V,E), where

(1 © fin) (w1, w2) = pa(z1) A fin(z2), V(z1,72) € Vi X V2,

(11 © %) (1, 22) = Y1(21) V A1(22), V(21,22) € VI X V3,

(H2 © fiz)(z, x2) (7, y2) = p1(z) A fiz(x2,y2), YV € Vi, (22,92) € o,

(V2 © ) (@, m2) (2, y2) = 71(2) V J2(T2, Y2), VI € V1, (T2, Y2) € En,

(12 ® fi2) (w1, 22)(y1,Y2) = p2(w1, 22) A fia(y1, y2), V(z1,22) € En, (y1,92) € Ea,
(72 © F2) (21, 22) (Y1, y2) = Y2(21,2) V J2(y1,y2), V(21,22) € Ex, (41,92) € Eo.

Definition 11 ([25]). Let Gy : (Vi,E1) and Gy : (Va, Es) be an IFG’S, where
V=VixVoand E = {(z,y1)(x,y2) : « € V1, (11,y2) € E2}U{(z1,y)(z2,y) 1y €
Vo, (z1,22) € Er} U {(x1,51)(w2,y2) @ (z1,22) € Ev, (y1,9y2) € Eao} Then the
strong product of G and Gg is an IFG denoted by G1 *x Gy : (V, E), where

w1 * fi1)(x1, xe) = pi(z1) A fun(x2) forevery(zy, z2) € Vi x Va,
(1 *$1)(@1, 22) = 71(21) V Y1(22) forevery(zy, z2) € Vi X Va,

(p2 * fi2)(2, 22) (2, y2) = 1 (2) A fia(2,y2), Yo € V1, (22,12) € Eo,
(72 % 42) (2, 22) (%, y2) = 11 (2) V F2(22,y2), Vo € Vi, (22,92) € B,
(2 * fiz)(z1, 22) (Y1, Y2) = p2(@1, 22) A fi2(y1,y2), V(z1,22) € E1, (Y1,Y2) € Ea,
(v2 * F2)(x1, 22) (Y1, y2) = Y2(z1,22) V S2(y1,¥2), V(r1,22) € E1, (y1,92) € Eo,
(2 * fi2)(z1,y) (22, y) = p2(21, 2) A fia(y), V(z1,22) € E1,y € Vo,
(V2 * F2) (21, y) (22, y) = 72(T1,22) V $2(y), V(z1,22) € 7,y € Vo
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3. Product intuitionistic fuzzy graph (PIFG)

The first definition of product intuitionistic fuzzy graph was introduced by
Vinoth and Geetha in [27]. In this section, we recall some necessary defini-
tions related to our work.

Definition 12 ([27]). Let G : (V. E) be an IFG. If po(vi,vj) < pa(vi)pa(vj)
and v (vi,vi) < mvi)m(vy), Y(vi,v;) € V, the intuitionistic fuzzy graph is
called product intuitionistic fuzzy graph of G (simply, PIFG).

Definition 13 ([24]). A PIFG G : (V,E) is said to be complete product if
p2(vi,vj) = pa(vi)pa(vy) and

Yo (vi, v5) = yi(vi)m(vy), Vi, vy € V.

Definition 14 ([24]). The complement of o PIFG G : (V,E) is G : (V¢ E°)
whereVe=V, u§; = i and f; = y1i, Vi = 1,2,..n, ps; = pa (i) (vy) —
palvi, ;) and

Yaij = VW) (wy) — 5 (vi, vg), Vi, 5 = 1,2, ..n.

Definition 15 ([25]). The density of a PIFG G : (V, E) is defined by D(G) =
(Du(G), Dy(G)) where

2% e )
D) = ()

. QZW,VJEV(’VQ(V@V]'))
D) = e ()

Definition 16 ([25]). A PIFG G : (V,E) is balanced if D(H) < D(G), that
is, D,,(H) < Du(G), Dy(H) < Dy(G),,V subgraph H of G.

4. Operations on PIFGs

In this section, we define the operations of direct product, semi-strong product
and strong product on PIFG’S and we study some results related to balanced
PIFG’S.

Definition 17. Let Gy : (V1, E1) and Gy : (Va, E9) be PIFG’S, where V =
VixVa and E = {(u1,v1)(ug,v2) : (u1,u2) € E1, (vi,v2) € Es}. Then the direct
product of G1 and Gy is a PIFG denoted by G1 M Gy : (V, E) where

(p1 1 far)(ur,v1) = pa(ur)fin(vr), V(ug,v1) € Vi x Va,
(v M A1) (1, v1) = ya(ur)¥a(vr), V(ur,v1) € Vi x Vo,
(p2 T fig) (w1, v1) (w2, v2) = pa(ur, ug)fiz(v1, v2), Y(ui,u2) € E, (v1,v2) € Eo
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and
(v2 M A2) (ur, v1) (u2, v2) = y2(ur, uz)va(vi, v2), V(ur, uz) € E1, (v1,v2) € Es.

Definition 18. Let Gy : (Vi,Ey) and Go : (Va, Es) be PIFG’S, where V =
Vi x Va and

E = {(u,u2)(u,v2) : u € Vi, (ug,v3) € Ea}
U {(u1,v1)(ug,v2) : (u1,uz) € E1, (v1,v2) € Ea}.

Then the semi-strong product of G and Gs is a PIFG denoted by G1 ® Go =
(V, E) where

(11 © fun)(ur, uz) = pa(ur)fn(uz), V(ur, uz) € Vi x Va,

(71 © 1) (w1, u2) = y1(ur)91(u2), Y(ui,u2) € V1 x Va,

(12 © fig) (u, ug) (u, v2) = pi(u)fiz(ug, va), Yu € Vi, (ug, va) € Ea,

(Y2 © $2) (u, u2) (u, v2) = 7 (u)F2(uz, v2), Yu € V1, (uz, v2) € Ea,

(p2 © fiz)(ur, u2)(v1, v2) = p2(ut, u2)fiz2 (v, v2), V(ur,u2) € E1, (v1,v2) € E

and
(72 © 2) (w1, ug) (v1, v2) = y2(u1, uz)J2(v1, v2), V(u1,uz2) € E1, (v1,v2) € Eo.

Definition 19. Let Gy : (V4, E1) and Gy : (Va, Es) be PIFG’S, where V =
Vix Vo and E = {(u,v1)(u,v2) : u € Vi, (v1,v2) € Ea}U{(u1,v)(ug,v):v € Va,
(u1,u2) € E1}U{(u1,v1)(u2,v2) : (u1,u2) € E1, (v1,v2) € Ea}. Then the strong
product of G1 and Gg is a PIFG denoted by G * Go = (V, E) where

(1 * fn)(ur,uz) = pa(wa)fin (uz) V (u1,u2) € Vi x Va,

(71 % 91) (w1, ug) = y1(ur)F1(u2) ¥ (w1, uz) € Vi x Va,

(p2 * fig) (u, ug) (u, v2) = pf(u)fia(ug, va) ¥ u € V1, (uz, v2) € E,

(72 * J2) (u, ug) (u, v2) = 77 (u)Fa(ug, v2))V u € Vi, (uz, v2) € B,

( ug, u2) (v, v2) = po(ur, uz)fie(vy,va) V (u,uz) € Eq, (v1,v2) € Eo,
( ug, u2) (v, v2) = Y2(uy, ug)y2(v1,v2) V (u1,uz) € B, (v1,v2) € Ea,
(k2 * i) (w1, v) (ug, v) = pa(ur, uz)fi3(v) ¥ (ur,uz) € En, v € Va,

(72 * F2) (w1, v) (U2, v) = Y2(u1, u2)43(v) ¥ (u1,u2) € Er, v € Va.

Theorem 1. Let Gy : (Vi,E1) and G2 : (Vi,Ey) be strong PIFG’S. Then
G1 M Gy is strong.
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Proof. If (uy,v1)(ug,v2) € E, then since G; and G5 are strong PIFG’S, then

(2 M fi2) (ur, v1)(u2,v2) = po(ur, uz)fia(vi, v2)
= pa(u1)pa(uz)fa(vr)fn(v2)
= (Mll—l/lQ)((ulvvl)(u%v?))?

and
(v2 M A2) (w1, v1)(u2,v2) = 72(ur, u2)d2(v1,v2)
= y1(ur)y1(u2)$1(v1)F1(ve)
= (71 191)((ur, v1)(uz,v2)).
Therefore, G1 M G is strong. O

Theorem 2. Let Gy : (V1,Ey) and Gy : (Vi, E1) be strong PIFG’s. Then
G1 ® Gy is strong.

Proof. If (u,v1)(u,v2) € E, then since G; and G2 are strong, then

(2 T i) (u, v1) (w,v2) = py(u)?fia(vy, v2)
pa1 (w) pa (w) fir (v1) fir (v2)
= (Ml |_|/12)((u7 Ul)(u7v2))7

and

(Y2 M 42) (u, 01) (uyv2) = 71(u)*y2(vi, v2)
Y1 (w)y1(w)g1(v1) 91 (v2)
= (7 N91)((w,v1)(u, v2)).

If (u1,v1)(ug,v2) € E, then since G; and Gg are strong, then

(p2 M fig) (ur, v1)(ug, v2) = pa(ur, ug)fiz(vi, ve)
pa (ur) pa (uz) fin (v1) fa (v2)
= (11 fa2)((ur, v1)(uz, v2)),

and
(y2 M A2) (u1,v1)(u2,v2) = yo(u1,u2)y2(vi, v2)
= 7 (w)y1(u2)91(v1)91(va)
= (71 M91)((ur, v1)(uz, ve)).
Hence G1 ® GG is strong. O

Theorem 3. Let G; : (Vi,Ey) and Go : (Vi, E1) be strong PIFG’S. Then
G1 ® G4 is strong.
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Proof. If (u,v1)(u,v2) € E, then since G; and G2 are strong, then

(2 M fi) (w, v1) (w,09) = g () fig (v, v2)
pa () g () fir (v1) fir (v2)
(/’Ll M ﬂ2)((ua Ul)(u7 UQ))?

and

(Y2 M) (u, 01) (u,v2) = 71 (u)*2(v1, v2)
= y(uw)y(w)gi(vi)d1(v2)
= (7 M) ((u, v1)(u, v2)).

If (u1,v)(ug,v) € E, then since G; and G2 are strong, then

(2 M fig) (w1, 0) (uz,0) = po(ur, ug)fo(v)?

= pua(un)pa (u2)fia (v)fin (v)
= (1 M fi2)((u1,v)(uz,v)),

and
(v2 MA2)(ur,v)(uz,v) = ~1(ur,uz)y2(v,v)

= v (u)yi(u2)$1(v)$1(v)
= () ((ur,v)(u2,v)).

If (u1,v1)(ug,v2) € E, then since G; and Gy are strong, then
(p2 M i) (ur, v1)(uz,v2) = po(ur,u2)fz(vi,vo)

pa () pa (ug) fia (v1) fi (v2)
= (p1 M fi2) ((u1, v1)(u2, ve)),

and
(v2 MA2) (u1,v1)(u2,v2) = va(u1,uz)y2(vi, v2)
= yi(ur)y(u2)¥1(v1)1(v2)
= (71 91)((u1, v1)(uz,v2)).
Hence G; ® G5 is strong. O

From Theorem 1 and Theorem 3, we get,

Corollary 2. Let Gy : (V1,E1) and Gy : (V1, Eq) be complete PIFG’S. Then
G1 MGy and G1 © Go are strong.

We remark that the above result need not be true for G1 ® G9 since G1 ® Ga
is never complete by its definition.
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5. Balanced PIFG’S

Balanced PIFGs were defined by Karunambigai, Sivasankar and Palanivel in
[27] and some properties on PIFG were established. In this section, we examine
many of the results that have not been studied.

Lemma 1. Let G : (V, E) be a self-complementary PIFG. Then

1
Z ILI,Q(VZ‘,Z/J'):§ Z Nl(yi):U’Q(Vj)v
v v; €V v, Vi€V

1
> nv) =5 Y mEm).
vi,v; €V vV €V

Proof. Let G : (V,E) be a self-complementary PIFG. Then by Definition of
G Ve =V, ul, = i and o5, = v, Vi = 1,2,...n, ps(h(vs),h(vy)) =
(1 () ((3) a2 (B (), B(wy) and A5 (h(ws), B(v)) = (31 (h(w), 1 (o)) —
Yo (h(vi), h(v )) Vi, j=12,..,n, pus 5(h(vi), h(yj)) M2(Vivyj)' Now

> mewevy) + Y pa(h), b)) = Y pm(wi)m(v).

vi,v; €V vi,v; €V vi,v; €V
Thus
2 > (i) = Y m)m(yy).
vi,v; €V vi,v; €V
So
1
> pa(vi,vy) = 5 > m)m(vy).
l/i,I/jGV l/i,VjGV
Also,
o wwsvi)+ D ) k) = D ).
I/i,I/jEV Vi,l/jEV VZ',VjEV
Thus
2 Y ewny)= Y ndm@).
vi,v; €V vi,v; €V
So

> ’Y2(Viij):% > ).

vi,v; €V vi,v; €V U

Theorem 4. Let G : (V,E) be a PIFG and G¢ : (V¢ E€) be its complement.
Then D(G)+ D(G) > (2,2).
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Proof. Let G : (V,E) be a PIFG and G¢ : (V¢ E°) be its complement. Let H
be a non-empty fuzzy subgraph of G. Since G is PIFG

us (i, vi) = pa(vi) i (vy) — pa(vi, vj),

Thus
D s+ Y melv) = > mv)m(yy).
v;,v; €EVC ZR 21 v,V €V
So
Zw,ujevc 15 Vi, vj) n Zl/i,l/jev p2(vi, vj) _q
D oviweve m@ipa(vy) 3, ey mwipa(vy)
Hence
2 Zu,-,ujevc :ug(yi’ Vj) n 2 Zu,-,ujev p2(vi, Vj) _y
Dovipeve mvim(vy) 32, ey mvipm(vy)
Therefore,
22 v weve W5 (Vi vj) N 2% ey M2 Vi, vj)
Dovwyeve bwilp(vi) 32, ey mvi)pa (v)
= 22veve i3 v)) N 2% i vyev M2 (Vi vj)
T Yvwere mWm(vi) 3, ep m(vi)p(vs)
Also
5 (i, v5) = m(wi)m(vy) — v2(vi, v5),
w5 Vi, vi) + pa(vi, vj) = pa(vi)pa (v5)
So
)+ D ewerv)= Y mE)m).
l,i,l,jgvc vi,v; €V vi,v; €V
Hence
> viwseve Vs(Vis vj) 2viwev 2Wivy) .
Dvswyeve NN W)) X, ev nim(yy)
and
2 Zu,-,ujevc V5 (Vi Vj) n 2 Zyi,l/jEV Y2 (i, Vj) _9
Zyi,yjevc Y1 (vi) i (v5) Zui,ujev mwi)n ()
Therefore,

2> v weve V5(vis vj) N 2> v wyev 12(Wi )
viveve nwin(vi) X, ev vi)n(vy)
2> viveve VWi vg) 230, ev V2(Vi )
T Yvepe nwim(v) 3, cpmim(v) D
Theorem 5. Let G : (V,E) be a self-complementary PIFG. Then D(G) >
(1,1).
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Proof.
D(G)

(Du(G), Dy(G))

B 2> iveo 2V vg) 230, ey V2 (Vi )
= U o 00m07)) S, ep (i m ()
QZVWJ-EU p2(vi, vj) QZui,yjev Y2(vi, v5)

Y viyenm (Wi (vy) 32, co(mvim(vy)) ™

But by Lemma 1, we get
25 2 e Wp2(vy)) 2532, 4 co( @i n (v5))

S S (T (5 7 75 RS SPN G DA =t )
= (1,1). O

> (

D(G)

Theorem 6. Let Gy : (V1, E1) and Go : (V1, Ey) be two complete PIFG’S Then
D(Gz) < D(Gl [—|G2) for i =1,2 if and only if D(Gl) = D(GQ) = D(Gl HGQ).

Proof. If D(G;) < D(G1 M Gs) for ¢ = 1,2, since Giand Gy are complete
PIFG’S,
D(G1) = D(G2) = 2.

and by Corollary 2, G1 M G3 is strong and hence D(G1MG2) = 2.Thus D(G;) >
D(Gl M Gz) for i = 1,2 and so D(Gl) = D(Gz) = D(Gl M Gg)
The converse is trivial. ]
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