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Abstract. Denote the sum of the squares of all distances between all pairs of vertices
in G by S(G). In this article, through the given vertices number of a graph and the
chromatic, a lower bound of S(G) is discussed. By giving the vertices number and the
clique number of a graph, the upper and lower bounds of the S(G) are discussed.
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1. Introduction

In this paper, we only consider connected, simple and undirected graphs and
assume that all graphs are connected, and refer to Bondy and Murty [2] for
notation and terminologies used but not defined here.

Let G = (VG, EG) be a graph with vertex set VG and edge set EG. G−v,G−
uv denote the graph obtained from G by deleting vertex v ∈ VG or edge uv ∈ EG,
respectively(this notation is naturally extended if more than one vertex or edge
is deleted). Similarly, G + uv is obtained from G by adding an edge uv /∈ EG.
For v ∈ VG, let NG(v)(N(v) for short) denote the set of all the adjacent vertices
of v in G and d(v) = |NG(v)|, the degree of v in G.

Recall that G is called k-connected if |G| > k and G − Z is connected for
every set Z ⊆ VG with |Z| < k.The greatest integer k such that G is k-connected
is the connectivity k(G) of G. Thus, k(G) = 0 if and only if G is disconnected
or H1, and k(H1) = n− 1 for all n ≥ 1.

Analogously, if |G| > 1 and G − N is connected for every set N ⊆ EG of
fewer than l edges, then G is called l-edge-connected. The greatest integer l
such that G is l-connected is the edge-connectivity k′(G) of G. In particular,
k′(G) = 0 if G is disconnected.

A bipartite graph G is a simple graph, whose vertex set VG can be partitioned
into two disjoint subsets V1 and V2 such that every edge of G joins a vertex of
V1 with a vertex of V2. A bipartite graph in which every two vertices from
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different partition classes are adjacent is called complete, which is denoted by
Hm,n, where m = |V1|, n = |V2| .

The distance d(u, v) between vertices u and v in G is defined as the length
of a shortest path between them. The diameter of G is the maximal distance
between any two vertices of G. LG(u) denotes the sum of square of all distances
from u in G.

Let C s
n (resp.D t

n)be the class of all n-vertex bipartite graphs with connec-
tivity s (resp.edge-connectivity t).

Let S = S(G) be the sum of square of distances between all pairs of vertices
of G, which is denoted by

S = S(G) =
∑

u,v∈VG

d2G(u, v) =
1

2

∑
v∈VG

LG(v).

This quantity was introduced by Mustapha Aouchich and Pierre Hansen
in [1] and has been extensively studied in the monograph. Recently, S(G) is
applied to the research of distance spectral radius. Zhou and Trinajstić [17]
proved an upper bound using the order n in addition to the sum of the squares
of the distances S(G), see [16, 18]. They also proved a lower bound on the
distance spectral radius of a graph using only S(G). As a continuance of it, in
this paper, we determine sharp bounds on S(G) for several classes of connected
bipartite graphs. For surveys and some up-to-date papers related to Wiener
index of trees and line graphs, see [5, 7, 9, 10, 11, 12, 13, 15] and [3, 4, 6, 8, 14],
respectively.

In this paper we study the quantity S in the case of n-vertex bipartite graphs,
which is an important class of graphs in graph theory. Based on the structure of
bipartite graphs, sharp bounds on S among C s

n (resp.D t
n) are determined. The

corresponding extremal graphs are identified, respectively.

Further on we need the following lemma, which is the direct consequence of
the definition of S.

Lemma 1.1. Let G be a connected graph of order n and not isomorphic to Sn.
Then for each edge e ∈ G,S(G) > S(G+ e).

In this article we only consider the simple, connected graphs. Let G be a
graph with n vertices and e(G) edges. The sum of distance between a vertex
v and all other vertices is denoted by dG(v). The number of vertex pairs at
distance k in G is denoted by d(G, k). We use χ(G) and C(G) to represent the
chromatic number and clique number, respectively. Kn and Pn will denote the
complement graph and the path on n vertices. Let Kr ·Pn be the graph obtained
from Kr and Pn by joining a vertex of Kr to one end vertex of Pn. We use the
symbol Kk(r1, r2, · · · rk) to denote the k-partite graph whose ith class contain
exactly ri vertices. The Turaán graph, Tm,n, is a complete m-partite graph on
n vertices in which each part has either ⌈n/k⌉ or ⌊n/k⌋ vertices.
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S(G) is defined as the sum of square of distances between all pairs of vertices
of G, which is denoted by

S(G) =
∑

u,v∈VG

d2G(u, v).

The upper and lower bound of a tree Tn, is given by the following lemma.

Lemma 1.2. Let Tn be a tree on n vertices, then

2n2 − 5n+ 3 ≤ S(Tn) ≤
n4 − n2

12
,

the upper bound is achieved if and only if Tn
∼= Pn and the lower bound is

achieved if and only if Tn
∼= K1,n−1.

Proof. Let T ∗ be a graph with minimum S(T ) in the class of graphs with n
vertices. It is obvious that T ∗ has a pendent vertex, say u. Let v be the pendent
vertex of K1,n−1. Then

S(T ∗) = S(T ∗ − u) +
∑

p∈VT∗

d2(u, p)

S(K1,n−1) = S(K1,n−1 − v) +
∑

p∈VK1,n−1

d2(v, p).

By the induction hypothesis,

S(T ∗ − u) ≥ S(K1,n−1 − v).

It is easy to find that ∑
p∈VT∗

d2(u, p) ≥
∑

p∈VK1,n−1

d2(v, p)

thus,
S(T ∗) ≥ S(K1,n−1).

Let S(T ′) be the maximum value in the class of graphs. The pendent vertices
of T ′ and Pn is u, v, repectively. Similar to the proof above, we can get that
S(T ′) ≤ S(Pn). The computation of K1,n−1 and Pn is following,

S(K1,n−1) =
[1 + 22(n− 2)](n− 1) + (n− 1)

2
= 2n2 − 5n+ 3.

Recall that

12 + 22 + 32 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6

13 + 23 + 33 + · · ·+ n2 =
n2(n+ 1)2

4
.
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Then, we can compute the S(Pn) by

S(Pn) =

n−1∑
i−1

n(n+ 1)(2n+ 1)

6

=
n−1∑
i=1

2i3 + 3i2 + i

6

=
1

6

(
n−1∑
i=1

2i3 +

n−1∑
i=1

3i2 +

n−1∑
i=1

i

)

=
n4 − n2

12
.

Therefore,

2n2 − 5n+ 3 ≤ Tn ≤ n4 − n2

12

and the proof above implies that the upper bound is achieved if and only if
Tn

∼= Pn and the lower bound is achieved if and only if Tn
∼= K1,n−1.

A upper bound of S(G) with giving the chromatic number is shown in the
second section. The upper and lower of S(G) with giving the clique number are
shown in the third section.

2. Chromatic number

Theorem 2.1. Let G be a graph with χ(G) = k .Then

(2.1) S(G) ≥ 2n(n− 1)− 3

(
n− t

2

)
− 3(k − 1)

(
t+ 1

2

)
,

where t = ⌊n/k⌋, and the equality holds if and only if G ∼= Tk,n.

Proof. Assume G∗ is a graph whose chromatic number is k and S(G∗) is the
minimum value in the class of graphs with n vertices. Then V (G∗) can be
partitioned into k classes such that no edges joins two vertices of the same class.
Futhermore G∗ contains all edges joining vertices in distinct classes. Otherwise,
there exists two nonadiacent vertices, say x and y, in distinct class. Then the
graph G′ + xy has chromatic number k and S(G + xy) ≤ S(G∗), which is
contradictory to the minimality of G∗. Thus G∗ is a complete k-partite graph
Kk(r1, r2, . . . rk) with r1 + r2 + . . . rk = n.

We suppose that G∗ ∼= Tk,n. Otherwise, the class are not as equal as possible,
that is to say the difference between the number of vertices in all classes are more
than two, say rj ≥ ri + 2, where ri(rj) is the number of vertices in the ith(jth)
class. Then by transferring one vertex from the jth class to the ith class, we
would decrease the S(G∗) by

[4(rj − 1) + (n− rj)]− [4ri + (n− ri − 1)] = 3[(rj − ri)− 1] ≥ 1
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which contradicts the minimality of G∗. Recall that

e(Tk,n) =

(
n− t

2

)
+ (k − 1)

(
t+ 1

2

)
,

where t = ⌊n/k⌋. so

S(G∗) = S(Tk,n)

= 4

(
n

2

)
− 3e(Tk,n)

= 2n(n− 1)− 3

(
n− t

2

)
− 3

(
t+ 1

2

)
.

The proof above implies that equality holds in (2.1) if and only if G ∼= Tk,n.

3. Clique number

Theorem 3.1. Let G be a graph on n vertices. If G contains no Km+1, then
e(G) ≤ e(Tm,n). Moreover, e(G) = e(Tm,n) only if G ∼= Tm,n.

The demonstrate about this well-known theorem can refer to [3].

In the following theorem, we only consider the graph G on n vertices with
C(G) < n − 1. since for C(G) = n or n − 1, it is easy to get the lower bound
and upper bound on S(G).

Theorem 3.2. Let G be a graph on n vertices with C(G) = k < n− 1. then

2n(n− 1) −
(
n− t

2

)
− 3(k − 1)

(
t+ 1

2

)
≤ S(G)

≤
(
k

2

)
+

n4 − n2

12
+ (k − 1)

(n− k + 1)(n− k + 2)(2n− 2k + 3)

6

+
(n− k + 1)(n− k + 2)(2n− 2k + 3)

6
,

where t = ⌊n/k⌋. Moreover, the lower bound is achieved if and only if G ∼= Tk,n

and the upper bound is achieved if and only if G ∼= Kk · Pn−k.

Proof. Let G be a graph on n vertices with C(G) = k < n− 1. set t = ⌊n/k⌋.
suppose the diameter of G is l. then

S(G) = e(G) +
l∑

i=2

i2d(G, i) ≥ e(G) + 22
l∑

i=2

d(G, i)

≥ e(G) + 22
l∑

i=2

d(G, i)
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= e(G) + 4

[(
n

2

)
− e(G)

]
= 2n(n− 1)− 3e(G)(3.1)

≥ 2n(n− 1)− 3Tk,n (by Theorem 3.1)

= 2n(n− 1)− 3

(
n− t

2

)
− 3(k − 1)

(
t− 1

2

)
.

It is evident that equality in both (3.2) and (3.3) will hold if and only G ∼=
Tk,n. Note that the Turán graph Tk,n has clique number k. So

S(G) ≥ 2n(n− 1)− 3

(
n− t

2

)
− 3

(
t+ 1

2

)
,

and the equality holds if and only if G ∼= Tk,n.
Assume G∗ is a graph whose clique number is k and S(G∗) is the minimum

value in the class of graphs with n vertices. It is obvious that G∗ has a pendent
vertex, say u. Let v be the pendent vertex of Kk · Pn−k. Then

S(G∗) = S(G∗ − u) +
∑
p∈V ∗

G

d2(u, p)

S(Kk · Pn−k) = S(Kk · Pn−k − v) +
∑

p∈VKk·Pn−k

d2(v, p).

Since the graph G∗ − u has n − 1 vertices and clique number k, by the
induction hypothesis,

S(G∗ − u) ≤ S(Kk · Pn−k − v).

It is easily checked that∑
p∈V ∗

G

d2(u, p) ≤
∑

p∈VKk·Pn−k

d2(v, p)

with the equality holding if and only if

G∗ ∼= Kk · Pn−k.

So,
S(G∗) ≤ S(Kk · Pn−k).

A straightforward calculation gives that

S(Kk · Pn−k) =

(
k

2

)
+

n4 − n2

12
+ (k − 1)

·
[
(n− k + 1)(n− k + 2)(2n− 2k + 3)

6
− 1

]
+

(n− k)(n− k + 1)

2
.
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Therefore,

S(G) ≤
(
k

2

)
+

n4 − n2

12
+ (k − 1)

·
[
(n− k + 1)(n− k + 2)(2n− 2k + 3)

6
− 1

]
+

(n− k)(n− k + 1)

2

and the proof above implies that the equality holds if and only if G ∼= Kk ·
Pn−k.
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