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Abstract. In this paper we discuss a system of equations which is a generalisation
of the Brusselator equations [13]. Such equations usually deal with some autocatalytic
reactions. Some equations related to non-allosteric enzyme reactions which are similar
to the Michaelis-Menten equations with regard to functional response term are also
analysed.
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1. Introduction and Motivation

The classic tri-molecular Brusselator reaction model is known to display complex
behaviour [4],[3],[6],]7]. In this paper we consider a multimolecular Brusselator
type of reaction with a special emphasis on the trimolecular reaction. The
generalised Brusselator type equations based on a multimolecular reaction could
have a possible form
dx dy
1 Y qn — 2Py 2J
(1) 7 az — 2Py’ 7
where x,y > 0, integers p,q > 0 and parameters a > 0,b > 0 [10]. Several
authors have investigated the cases where a = 0 (see for example [11]).

- b(xpyq - y)?
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Usually such reactions from which the differential equation (1) is derived are
enzyme reactions. As with all such reactions this reaction follows the law of mass
action which states that the rate of a reaction is proportional to the product of
the concentrations of the reactants. This is a nonlinear phenomenon and several
people have explained the mechanism [12]. This is not surprising since enzymes
are biological catalysts. The Brusselator equation as is well-known represents
an autocatalytic reaction (for example Belousov-Zhabotinsky reaction, see [13]).
Enzymes alter the rates of reactions in cells without being changed themselves
during the course of a reaction. Our interest in this paper is with (apart from
other enzyme reactions) non-allosteric enzymes [1]. Non-allosteric enzymes are
a part of enzymes that are involved in the control and regulation of biological
processes.

The Michaelis Menten [12] enzyme reaction has been studied by several
authors. We are interested in this model as well and we propose a new model
were in we introduce a functional response term of the Michaelis Menten type
output into the generalised Brusselator equations. This is in Section 4.

We study the following equations in this paper

dx dy

e SN 4y _ o pa _
(2) I a— bx — xPyl, 7 Py

cy
y+1

In this paper we discuss, amongst several cases the case where in equations (2),
g =1,b=0. Equations (2) would then become
cy

d
3 _ = — " 2 =" _—
(3) a=Ty e Y

2. The reaction diffusion system of the generalised Brusslator
reaction

If the entities x and y represent chemicals then the equations (1) to (3) would
be the rate of reactions corresponding to some reaction kinetics. Taking a hint
from [13], the reaction diffusion equations can be written. Such equations would
study the instability induced in a reaction (chemical) by diffusion [16]. Thus
the corresponding equations with the inclusion of the diffusion term would be
O D% ta— b+ Py, % _ DoV%j + (@ — ),

ot ot

where V2% and V27 are the diffusion terms with D; and D5 the diffusion coef-
ficients, a — bz + zPg? and b(ZPy? — y) would be the reaction terms. We study
the reaction diffusion reaction related to a Brusselator model as the Brusselator
is a perfectly acceptable model for the study of cooperative processes in chemi-
cal kinetics (to quote Prigogine [13]). According to Prigogine the Brusselator
model plays a somewhat similar role as the harmonic oscillator or the Heisenberg
model in ferromanetism which are studied to illustrate the basic laws of classical
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and quantum mechanics. Prigogine stresses on the importance of trimolecular
steps ( shown by the 22y and y?z terms in the equations) because such cubic
nonlinearities give rise to ‘cooperative’ behaviour.

3. Analysis of the generalised Brusselator reaction

Let us consider the system of equations (2).

Choose b = 0 and use cy in place of (for the sake of some insight into

a simpler system).

(4) % =a— 2Py, % = 2Py? — cy.
This is a planar polynomial system. Solving these two equations for the equi-
librium points, (by equating the derivatives on the left hand sides to zero), one
of the equilibrium points is x = al/p(g)q/p, y=12.

Linearising the system about this equilibrium point would give the Jacobian
matrix J as

1-a4
_ a _ a._
; —pla P cP) 1+p(g)q —qa'~9ce(=) "1+
| lzaa
a a
pla P cP)"HP(=)  —c+gal et (—) 7
c c
Its eigenvalues are
1 —14+q . Q a4 q_ a —14+ 1— 1 —1-p —gqg
A1 = 5[—6—& v (=)l a " Ip+ (=) e ) — 2077 €P X
c c
\/—4a1+2pp+q (g)qCppﬁal_chP + [a1+%c% + a%(g)qal—chp — a%(g)qC%al—qc(Iq]Q
c ¢ c
and
Aip = %[—c —a (D)1 a etp + (£) gl acag) + §a_1p_p 7 x
c c
\/—4a1+2pp+q (g)qC%al_QCQp—‘,- [a1+%c% —+ a,pTﬂ(g)qu—chP — a%(g)qC%al—qc(Iq]Q
c c c

To study the special trimolecular case referred to earlier, let us choose p+¢q = 3
with p =2 and ¢ = 1. The system is

dz dy 9

— _2 - = —
(5) 7 =Ty =Yy

Its equilibrium points are (—/c, 2) and (y/c, 2).
The eigenvalues at (—+/c, 2) are

Va2 + 2ac/?

s = 24
51 = e 7
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The eigenvalues at (y/c, %) are

—a vV a? — 2ac3/? _—a a? — 2ac3/?
Ve Ve ’ e Ve '

e Observing A5; and Ase it is apparent that they will not take on complex
values for ¢ > 0, a > 0 and hence the equilibrium point (—+/c, %) is either
a node or a saddle point (depending on the sign of the eigenvalues).

A53 =

e )53 and A5y can take on complex values for a? — 2ac3? < 0 or a < 2¢3/2.
In this case, since the real part of A\s3 and As4 is negative one would expect
a spiral sink for the equilibrium point (/c, ¢).

This case is illustrated in Figure 1.

Trajectory and coordinate functions of the solutions

Y
8-

Out[11]=

0 2 4 6

Figure 1: A spiral sink for the system (5) for some particular values a = 1.8, ¢ =
20345, p=2,q=1

In Figure 1 a spiral sink for the system (5) is shown for some particular
values of a, b, c.
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A simulation of equation (2)

We now consider a simulation of equation (2) by replacing the term cy by c_’q: T
Y

It can be seen that a limit cycle appears for some values of parameters.

¥

Out[14]=

I L L L L I x(t)

Figure 2: A Limit Cycle for the system (2) for some particular values a =
1.8,0=0,c=48,p=2,q=1

4. A generalised Brusselator type equation with a Michaelis-Menten
functional response term

C.S.Holling studied the factors involved in the utilization of resources by preda-
tors. He described the changes in the feeding rate of organisms as “the func-
tional response term”. He showed that there were three categories of functional
response [15].

e Type 1. Refers to animals which consume food proportional to the rate
of their encounter with food items.

o Type 2. Where the organisms take some time to eat and to capture their
prey.
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e Type 3. In this category the organism will not consume the prey if it is
below a certain threshold density.

There is a remarkable parallel between enzyme reactions and the predator-prey
Holling functional response [2]. The Michaelis-Menten enzyme reaction follows
a type 2 functional response. Keeping this type of functional response in mind
we propose the following model and analyse it.
dx dy cxy

6 — =q — bx — Py = =Py — —=,
(6) dt v a YTy
For the purpose of understanding and analysis, we take b = 0, p = 2, ¢ = 1.
Equations (6) reduce to

dx dy cry
7 i p—— - = 2%y — .
(™) at Y T T |

The equilibrium points of equation (7) are

—2a 4 2 + e/ —4a + 2

2a

)

1
(5[6 — vV —4da+ 2,

and
2 2
(1[c+ “dat 2, —2a+c*—cvV—4a+c )
2 2a
Let (z0, yo) be an equilibrium point chosen from amongst the two equilibrium
points of equation (7) so that z9 > 0, yo > 0. This is possible if ¢ > 4a.
Linearising the system (7) about its equilibrium point, the Jacobean matrix is

—220%Y0 —a:%
= 2010 — CYo 2 CToYo ~  CXo
T v VT 4w 14w

i

where the elements in the linearised matrix are to be treated as the functions
of the parameter c¢. The characteristic equation of this matrix has the form
A2 — s\ + D = 0 where

CXoYo CX(
(1+30)? T+

s(c) = the trace of M = —2xoyo + x2 +

QCCC(Q)yg + cx%yg

and D = determinant of M = —

. Let the two eigenvalues of this

(1+yo)? 1+yo
matrix be A\; and Ag. These can be represented as a function of c.
1
AL, Ag = 5[5(0) ++/52%(c) —4D(c)].

We will now show that a Hopf bifurcation can occur in this equation for some
values of the parameter c¢. A Hopf bifurcation condition would require that
([9], see page 91) the real part (Re) of the eigenvalues is equal to zero and
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the imaginary part (Im) is nonzero Re = 6(c) = is(c) and Sm = v(c) =

31/8%(c) —4D(c) (see [8]). Solving for the parameter c after setting the trace

to zero

CToYo CX0 2
1 22 - =0=c=(xo—2y0)(1
(1) Ty — 2xoYo + 1+u0)? 1+ c= (zo — 2y0)(1 + o)

d ToYo o
2 = (Trace) = - 0
(2) dc( race) T+u)? T4 #*

(1) is the non-hyperbolicity condition and (2) is the transversality condition.
Thus showing the existence of a Hopf bifurcation for the parameter ¢. A simu-
lation of the limit cycle is shown in Figure 3.

Y@

x(t)

Figure 3: A limit cycle for the values of the parameter ¢ = 1.8, ¢ = 1,p =
2,qg=1
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The generalised Brusselator equation (1) is a planar polynomial system.
Usually in such systems one needs to study not just its finite equilibria but also
the equilibria at infinity. When related to a chemical reaction this would mean
that one studies the tendency of the concentrations of the chemicals over a large
range. So for this it is appropriate to use a Poincaré Compactification.

5. A Brief Outline of Poincaré Compactification

In order to study the behaviour of the trajectories of a planar differential system
near infinity we use a compactification. A good approach for studying the
behaviour of trajectories near infinity is to use the Poincaré sphere, introduced
by Poincaré [14]. It has the advantage that the singular points at infinity are
spread out along the equator of the sphere. In order to draw the phase portrait
of a vector field, we would have to work over the complete real plane R?, which
is not very practical. If the functions defining the vector field are polynomials,
we can apply Poincaré compactification, which will tell us how to draw it in a
finite region. It controls the orbits which tend to or come from infinity. Here
we use (x1,x2) as coordinates instead of (z,y) (in order to differentiate).

Let X = P0/0x1 + Q0/0z2 be a polynomial vector field (the functions P
and Q are polynomials of arbitrary degree in the variables x1 and x3), or in
other words:

1:1 = P(.,”Ul, wz)

¥y = Q(w1,12).

The degree of X is represented as d where d is the maximum of the degrees
of P and Q. Poincaré compactification works as follows: First we consider R?
as the plane in R? defined by (y1,y2,y3) = (71,22,1). We consider the sphere
SP={yeR3:y2+y2+ yg = 1} which we will call here Poincaré sphere; it is
tangent to R? at the point (0,0,1). We may divide this sphere into Hy = {y €
S? : y3 > 0} (the northern hemisphere), H_ = {y € S? : y3 < 0} (the southern
hemisphere) and S! = {y € S? : y3 = 0} (the equator). Now we consider the
projection of the vector field X from R? to S? given by the central projections
ft:R? - S? and f~ : R? — S2. More precisely, f*(z) (respectively f~(z)) is
the intersection of the straight line passing through the point y and the origin
with the northern (respectively, southern) hemisphere of S2.

where
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Figure 4: Poincaré Sphere

In this way we obtain induced vector fields in each hemisphere. (For more details
see page 150 of [5]).

We now consider a Poincaré compactification of equation (2).
Let

P(z,y) = a — bz — 2Py,

A~ Cy
z,y) =aPy! — ——.
Qo,y) =2ty = =7

For the local chart Uy (see [5]), @ is transformed to 1 and y is transformed to
u

"

.1 w b u?
Pf — ) = _— =
('U"U) a v ’Uerq’
~ 1 u ud cu
Q(777): + - .
v VP74 oy 4w

The extended vector on S? which is called the Poincaré compactification of the
vector field X on R? is denoted by p(X). The expression for p(X) in the local
chart (Uy, ¢1) is given by

o = vi[—uP(
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where d=(maximum of the degrees of P and Q):p + ¢q. Therefore,

. bu  wdtl 4 g cu
o = VP —aqu+4+ — + — ]
v vPta U+ v
) b u?
b = —oPTItlg — = — ].
v 'Up+q

For the local chart Us, x is transformed to

expression for chart (Us, ¢2) is given by

and y is transformed to % The

. drp, U 1 ~ou 1
- P(=, = - =
i = o <U ) - uQ(h, 2]
5 — Y 1
o= Q).
Therefore
+1
0 = varQ[a_biu_up +u? ¢ ]
v I v+1"
v = _Up+q+1[ u o c ]

varq v + 1

In order to illustrate this compactification process, using these equations we
evaluate the local charts U; and Us. We choose some specific values for the
various parameters in equation (2) as a = 1,b = 0,c = 1,p = 2,q = 1. The
system is

dx
— = (1—2? 1
7 (1—27y)(y + 1),
dy 2
A 1) —y.
- wyly+1) -y
The expression for the local chart U is
o = u(u+v)(1+u—03)—uvd,
v = v(u+v)(u—v?).
For the local chart Us
o = (1+0)0>—u?—ud)+ud,
v = vl —ovu?(1+0).

In figure 5 there are many equilibrium points visible on the Poincaré sphere.
One of them is an unstable node as can be seen from the trajectories moving
away from the equilibrium point and a stable node where the trajectories move
towards the equilibrium point. For the system

dz
dt
dy
dt

= (035 —2%y)(y + 1),

= 2y(y+1)—5y.
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unstable weak
focus

unstable node

Figure 5: Phase portrait on the Poincaré sphere

The expression for the local chart Uy is @ = u(u + v)(1 + u — 0.3503) — 5uw?,
0 =v(u+v)(u—0.3503%).

For the local chart Us, is @ = (1 + v)(0.350% — u? — u?®) + buv?, v = 50t —
vu?(1 4 v).

stable node — #&

= "~ unstable
' node

Figure 6: Phase portrait on the Poincaré sphere
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With the change of the values of the parameters, the phase portrait on the

Poincaré sphere has in addition to the stable and unstable nodes, a saddle point
and a focus as can be seen from the figure 6.
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