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Abstract. In this research article, we introduce the concepts of products in m—polar
fuzzy graphs and investigate some of their interesting properties. We describe various
properties of certain m—polar fuzzy graphs. We establish formulae of distance in com-
plete m—polar fuzzy graphs and complete bipartite m—polar fuzzy graphs. We present
an algorithm for computing the distance matrix, eccentricity of the vertices, radius
and diameter in m—polar fuzzy graphs. We also discuss applications of m—polar fuzzy
graphs in traveling and product manufacturing.
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1. Introduction

A fuzzy set [21] is an important mathematical structure to represent a collec-
tion of objects whose boundary is vague. Fuzzy models are becoming useful
because of their aim in reducing the differences between the traditional numer-
ical models used in engineering and sciences and the symbolic models used in
expert systems. In 1994, Zhang [23] introduced the notion of bipolar fuzzy sets
and relations. Bipolar fuzzy sets are extension of fuzzy sets whose membership
degree ranges [—1,1]. The membership degree (0,1] indicates that the object
satisfies a certain property whereas the membership degree [—1,0) indicates that
the object satisfies the counter property. Positive information represent what
is considered to be possible and negative information represent what is granted
to be impossible. Actually, a variety of decision making problems are based on
two-sided bipolar thinking and judgements on a positive side and a negative
side. Recently, Chen et al. [9] generalized the idea of bipolar fuzzy sets to
m—polar fuzzy sets. In an m—polar fuzzy set, the membership value ranges
over [0,1]™. In lots of real World problems, data are sometimes come from n
agents(n > 2), that is, multipolar information exist which cannot be represented
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well by means of the existing graphs such as fuzzy graphs(correspond to single
valued logic), bipolar fuzzy graphs(correspond to two valued logic), etc. Con-
sidering that graphic structures, m—polar fuzzy sets can be used to describe the
relationship among several individuals. m—polar fuzzy sets have many appli-
cations in decision making problems when it is necessary to make judgements
with a group of agreements. For example, weighted games, a country elects its
leader or a group of friends wants to plan to visit a country.

Based on Zadeh’s fuzzy relations [22] Kaufmann defined in [11] a fuzzy graph.
The fuzzy relations between fuzzy sets were also considered by Rosenfeld [18] and
he developed the structure of fuzzy graphs, obtaining analogs of several graph
theoretical concepts. Later on, Bhattacharya [8] gave some remarks on fuzzy
graphs, and some operations on fuzzy graphs were introduced by Mordeson and
Peng [13]. Tom and Sunitha [20] introduced the concept of sum distance in fuzzy
graphs and studied some of its properties. Akram et al. [1-7] introduced many
new concepts, including bipolar fuzzy graphs, certain notions of m-polar fuzzy
graphs, m—polar fuzzy competition graphs and m—polar fuzzy hypergraphs. In
this research article, we introduce the concepts of products in m—polar fuzzy
graphs and investigate some of their interesting properties. We establish formu-
lae of distance in complete m—polar fuzzy graphs, complete bipartite m—polar
fuzzy graphs and certain products of m—polar fuzzy graphs. We present an
algorithm for computing the distance matrix, eccentricity of the vertices, radius
and diameter in m—polar fuzzy graphs. We also discuss applications of m—polar
fuzzy graphs in traveling and product manufacturing.

2. Representation of graphs using m-polar fuzzy environment

Definition 2.1. [6] Let C' be an m—polar fuzzy set on a non-empty crisp set
X. An m—polar fuzzy relation is an m—polar fuzzy subset D = (P; o D, Py o
D,...,P, oD)of X x X such that D(zy) < inf{C(x),C(y)}, for all z,y € X,
that is, for all z,y € X and for each 1 <i <m, P;o D(zy) < inf{P; o C(z),P; 0
C(y)}, where P; o C(z) denotes the ith degree of membership of the vertex x
and P; o D(xy) denotes the ith degree of membership of the edge zy.

Definition 2.2. [6, 9] An m-polar fuzzy graph on a non-empty X is a pair
G = (C,D) where, C : X — [0,1]™ is an m-polar fuzzy set on the set of
vertices X and D : X x X — [0,1]™ is an m-polar relation such that D(zy) <
inf{C(x),C(y)}, for all zy € E, and D(zy) = 0, for all zy € X x X — E where,
0=1(0,0,...,0) and E C X x X is the set of edges.

Throughout this paper, we use G* as a crisp graph and G as an m—polar fuzzy
graph.

Definition 2.3. An m-polar fuzzy walk in an m-polar fuzzy graph is an alter-
nating sequence of vertices and edges g ,e1, y1 ,€2, --- ,€n—1, Yn—1 such that
P;oC(yj—1) >0 and P;0 D(e;) >0, for all 1 < j < n, for at least one i.



REPRESENTATION OF GRAPHS USING m-POLAR FUZZY ENVIRONMENT 293

Definition 2.4. An m-polar fuzzy path in an m-polar fuzzy graph is a sequence
of distinct vertices x1, x2, ..., T, such that P;o D(acjscjﬂ) >0,forall 1 <j<
n— 1, for at least one 7. It is denoted by P The graph of P5 is shown in Figure.
2.4.

a1(0.2,0.5,0.4)  a(0.3,0.4,0.6)  a3(0.2,0.5,0.7)  a4(0.5,0.1,0.3)  a5(0.4,0.3,0.4)
(0.1,0.3,0.2) (0.2,0.4,0.4) (0.2,0.1,0.3) (0.1,0.1,0.3)

Figure 1: ﬁ5

If 1 = x,,, the m-polar fuzzy path is known as an m-polar fuzzy cycle, denoted
by C,,.

Definition 2.5. The degree of a vertex x in an m-polar fuzzy graph G = (C, D)
is denoted by the m-tuple,

deg(w) = (degV (z), deg? (), .., deg™ (x)),

that is, deg(x Z Py o D(zxj), Z P50 D(zxx;), Z Py, o D(zxj)).

zx;€EE zx;€ER zx;€ER

If all vertices of G have same degree, then G is known as a reqular m-polar fuzzy
graph.

Definition 2.6. An m-polar fuzzy graph is known as a complete m-polar fuzzy
graph if P;o D(zy) = P;oC(x) ANP;oC(y), forall z,y € X, 1 <i<m.

Definition 2.7. An m-polar fuzzy graph is known as bipartite m-polar fuzzy
graph if the set of vertices X can be written as the union of two disjoint sets X3
and Xy such that, for some k and j,

1. PioD(xpx;) =0, if xp, 25 € Xq or oy, x5 € Xo, for all 1 <i <m,

2. Pjo D(zpxj) >0, if x, € Xy and z; € Xy or z;, € Xy and z; € Xy, for at
least one 1.

Example 2.1. Let C be a 3—polar fuzzy set on X = {aj,a2,a3} U {b1,ba,b3}
and D be a 3—polar fuzzy relation in X. The bipartite 3—polar fuzzy graph G
is shown in Fig. 2.1.

Definition 2.8. An m-polar fuzzy graph is called complete bipartite m—polar
fuzzy graph if the set of vertices X can be written as the union of two disjoint
sets X1 and X5 such that, for all £ and j,

1. PioD(xpx;) =0, if xp, 25 € Xq or xp, x5 € Xo, for all 1 <i <m,

2. PioD(zpzj) = PioC(xg) ANPyoC(xy), if o, € Xq and x5 € Xp or o1, € Xo
and x; € Xy, for at least one 1.
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1(0.2,0.5,0.4) 42(0.3,0.4,0.6) 3(0.4,0.3,0.4)

(0.2,0.1,0.3)

b1(0.5,0.1,0.3) b2(0.2,0.5,0.7) b3(0.2,0.6,0.4)

Figure 2: Bipartite 3—polar fuzzy graph

Figure 3: Complete bipartite 3—polar fuzzy graph

1(0.2,0.5,0.4) 42(0.3,0.4,0.6) 5(0.4,0.3,0.4)

(0.2,0.1,0.3)
(0.2,0.3,0.4)

b1(0.5,0.1,0.3) b2(0.2,0.5,0.7) b3(0.2,0.6,0.4)

azby (0.2,0.4,0.6)

Example 2.2. An example of complete bipartite 3—polar fuzzy graph on the
crisp graph G* = (X, E) where X = {a1,a2,a3} U {b1,be, b3}, is shown in Fig.
3.

Definition 2.9. An m-polar fuzzy graph H = (C,,D,) is called an m-polar
fuzzy subgraph of m-polar fuzzy graph G = (C, D) if, C' CCand D CD.

Definition 2.10. Let G = (C, D) be an m-polar fuzzy graph. The P;- strength
of an m-polar fuzzy path z; —x9 — ... — x, is defined as, Sp,(x1,2,) = inf{P; o
D(zpzry1) : 1 < k <n-—1}. The strength of m-polar fuzzy path z1 — z,, is com-
puted as, S(z1,z,) = (Sp,(z1,2),Sp, (21, 20),...,Sp,, (x1,2,)). A strongest
path between any two vertices is the path with supremum strength. The strength
of the strongest path = — y is defined as the m-tuple P>®(z,y) = (P°(z,v),
P (z,y),..., Py(x,y)), such that for all z,y € X and 1 <i <m, P>(z,y) =
sup{Sp,(z,y), = —y is an m-polar fuzzy path in G}. It is referred as strength
of connectedness between x and y.

Example 2.3. Consider a 3-polar fuzzy graph as shown in Fig. 2.3. The
strength of the path b —a — ¢ is (0.3 A 0.1,0.2 A 0.3,0.1 A 0.0) = (0.1,0.2,0) and
that of b —d — cis (0.2 0.2,0.3 A0.4,0.1 A0.1) = (0.2,0.3,0.1). The strength
of connectedness between the vertices b and ¢ is (0.2,0.3,0.1).

Definition 2.11. For any m-polar fuzzy path, R: x1—x3—...—x,, the P;—length
n

of R is defined as the sum of P;o D values of the edges, that is, L;(R) = >_ P;o
=2

ji
D(xj_1xj), forall 1 <i < m. The length of m—polar fuzzy path R is represented
by the m-tuple L(R) = (L1(R), La(R), ..., Ly (R)). For any two vertices x,y of
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a (0.3,02,01)

(0.1,0.3,0.0)
(0.2,0.3,0.1)

¢ (02,04,0.1) d

Figure 4: 3—polar fuzzy graph

G, let R = {R;, R;is an x—y m-polar fuzzy path, i = 1,2,3, ...}, be the set of all
m-polar fuzzy paths from x to y. Then, P;—distance of the path z — ¥y, denoted
by d;i(z,y) and is defined as, d;(z,y) = inf{L;(R;) : R; € R,j =1,2,3,...}, for
all 1 < ¢ < m. The distance of m—polar fuzzy path x —y, denoted by d(z,y) or
dg(z,y), is defined as the m-tuple d(z,y) = (di(z,y),d2(z,y),...,dn(z,y)) or
dG(.%', y) = (dl,G(xv y)7 d27G(.%', y)? SRR dm,G(xv y))

Definition 2.12. Let G; = (C1, D1) and G2 = (C3, D2) be two m—polar fuzzy
graphs on X; and X, respectively. The Cartesian product of G; and Gs is
denoted by G10G2 and defined as a pair (C10Cy, D10D3), such that for each
1 < <m,

1. B-o(ClDCQ)(xl,xg) = BoCl(xl)/\RoC’g(xg), for all (1‘1,1‘2) € X1 x Xo,

2. PZ-O(D1DD2)((3U1,xg)(xl,yg)) = F’Z-OCl(.%'l)/\F'Z'ODQ(.%'ng), for all z1 € X3
and xoyo € Fo,

3. P,o(D10Ds)((z1,22)(y1,22)) = PioDi(z1y1) AP;0Co(x2), for all 5 € Xo
and z1y1 € E1.

Example 2.4. The Cartesian product of two 3—polar fuzzy paths is shown in
Fig. 2.4.

Theorem 2.1. Let G; = (C1,D;) and Go = (Cy, D2) be two m-polar fuzzy
graphs. If (z1,2z2) and (y1,y2) are vertices of the Cartesian product G10Gq,

then dg,oa, (21, 72), (y1,92)) < dg, (w1,y1) +dg, (T2, y2).

Proof. Assume that dg, (z1,y1) and dg, (z2,y2) are finite. Let Ro, Ra, ..., R
be the m—polar fuzzy paths in Gy and Q1, Qo, ..., Q. are m—polar fuzzy paths
in GQ Where, Rz = Tj1,Ti2y -+ s Ljn = Y1 such that,

dGl (xlv yl) = (Ll(R1)7 LQ(R2)7 s 7Lm(Rm))7

and Q; : 2 = Yi1,Yi2, - - -, Y,y = Y2 be an m—polar fuzzy path in G such that,
dGQ (‘TQ) ?/2) = (Ll (Ql)a L2(Q2)a v aLm(Qm))

This establishes the following m—polar fuzzy paths in G10Gs,

Ry x {yin} = (@i, ya), (wi2, yi1), - - - » (Tin, yi1)
{Zin} x Qi = (Tin, yi1), (Tin, Yi2), - - - » (Tin, Y;! ) 1<i<m
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(0.1,0.2,0.3)

(0.2,0.3,0.1)

(0.1,0.3,0.4)

Py

1(0.4,0.4,0.4) ©(0.4,0.5,0.3) w(0.6,0.5,0.4) =(0.7,0.6,0.5)

(u,a)(0.2,0.3,0.4)

(v,a)(0.2,0.3,0.3) (w,a)(0.2,0.3,0.4) (,a)(0.2,0.3,0.4)

»a(0.2,0.3,0.4)

(0.1,0.2,0.3) | (0-2,0.3,0.1) | (0.1,0.3,0.4)

(01,0301 (0.1,03,01)| (0.1,03,01)] (0.1,0.3,0.1) (0.1,03,0.1)
; (v,0)(0.3,0.9,0.3) (w,b)(0.3)0.5,0.4) (z,b)[0.3,0.5,0.5)

1, 0)(0.3,0.4,0.4) : b\ ' ’  5(0.3,0.5,0.6
(u,0)(03, 170.1,02,03) | (02,03,01) 1 (0.1,0.3,04) ( )
(0.2,0.1,0.1)| (0.2,0.1,0.1)  (0.2,0.1,0.1)]  (0.2,0.1,0.1) (0.2,0.1,0.1)
(4,0)(0.0,04,04) (v,¢)(0-4,0}5,0.3) (w,¢)(0.4J0.5,04) (z,¢)[0.4,0.5,0.4) ¢ ¢(0.4,0.5,0.4)

P TT01,0.2,0.3) | (0.2,0.3,0.1) | (0.1,0.3,0.4)
(0.3,0.1,0.2)| (0.3,0.1,0.2)|  (0.3,0.1,0.2)| (0.3,0.1,0.2) (0.3,0.1,0.2)
¢ 3) (w,d)(0.340.4,0.4) (z,d)[0.3,0.4,0. X
(u,d)(0.3,0.4,0.4) (v,d)(03,0.4,03) (w,d)( ) (z,d)[0.3,04,05) b 4(0.3,0.4,0.6)

(0.1,0.2,0.3) © (0.2,0.3,0.1)  (0.1,0.3,0.4) -

Py

296

Figure 5: ﬁ4|j134.

whose join are the m—polar fuzzy paths of length L;(R; x {z2}) + Li({y1} X
Qi), 1<i<m. Itis clear that,

(21)  digoc((x1,22), (y1,92)) < Li(Ri x {@2}) + Li({y1} x Qi)
For each 1 <7 <m,

Li(R; x {z2})

= P; o Di(w1752) A Py o Co(x2) + Py o Dy(xi27:3)

A PjoCy(za) + ...+ Pyo Di(z57=xin) N P; o Ca(x2),

< Pjo Di(xznwi2) + P o Di(xioxi3) + ... + P o Di(2,;=5%in),
= Li(R;)

Li(R; x {z2}) < Li(R;) = di g, (71, 1),

= Li(R; x {x2}) < d; g, (21, 91)-

By using similar argument, we can prove that

(2.4) Li({yn} x Qi) < Li(Qi) = di,gy (2, y2)-
From Equation. (2.1), (2.2) and (2.4), we conclude that

(2.2)
(2.3)

di,GlleQ((xl)xQ)a (yhy?)) S di,G1 (xlayl) + di,GQ(x2ay2)’ 1 S 1 S m.
= dcine, (1, 22), (Y1, 42)) < day (21, 91) + da, (02, y2). O

Definition 2.13. Let G7eG5e---e(G) be any product of the graphs G7, G5, - -

i Where, e represents any product, Cartesian product, direct product, strong
product or lexicographic product. The mapping fg, : G7 e G5 e --- 0 G — G,
defined by

fGi(xlax2a"' )xk) = Ty,

is called the projection of G} onto G] e G e--- e G}.
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Theorem 2.2. Let S be an m—polar fuzzy path in G1Gy and for all 1 < 1,5 <
m, PioCy > PjoD;y and P;oCqy > Pjo Dy then, L(S) = L(fa,(S))+L(fc,(S5)).

Proof. Let P : xy,z1,...,x, be an m—polar fuzzy path in G; and @ :
Y1,Y2,---,Y, be an m—polar fuzzy path in Gs. Let S be a path in G10G>
which is established as follows,

S - (xlayl)) (502,?/1), DS (:En)yl)a (:En)yl)) (:CnayQ)) DRI (mnayn’))

Clearly, fc,(S) = P, fa,(S) = Q and L(S) = (L1(S), L2(S),..., Ln(S)). It
follows that,

Li(S) = Py o Di(z122) A Py o Cao(y1) + P; o Di(x223) A P o Ca(y1)
+ ...+ Po Di(zn—12n) A P 0 Co(y1) + P, 0 C1(25) A P; 0 Da(y1y2)
+ ...+ PoCy(xn) AP o Doy, _,y(n)),
= P, o Di(x122) + Py o Dy(wex3) + ...+ Pio Dy(xp_12y)
+ Pio Da(y1y2) + ... + Pio Da(y, _1y,),
= L(P) + L(Q) = L(f&,(9)) + L(fc,(5))- O

Lemma 2.1. Let Gy and Ga be two m-polar fuzzy graphs and (x1,y1) and
(x2,y2) are vertices of a Cartesian product G1OGs. If for all 1 < i,j < m,
P;oCy > PjoDy and P;o Cy > Pjo Dy, then, da,oa,((z1,22), (y1,v2)) =
de, (71,91) + da, (T2, y2).-

Proof. By Theorem. 2.1,

(2.5) dc,06, (21, 72), (Y1,92)) < da, (21, Y1) + dg, (22, y2).

Conversely, let S1, 59,...,Sy, be the shortest m—polar fuzzy paths between ver-
tices (21, 2) and (y1,y2) such that de oG, (71, 2), (y1,92)) = (L1(S1), L2(52),

-y L (Sm)). The projections fg, (S;) and fa,(S;), 1 <1i < m, are the m—polar
fuzzy paths between the vertices 1 and y; in G and x5 and s in G5. Consider,

da, (w1, 91) + da, (72, 92)
< (L1(fe,(51)), La(fG,(52))s - - s Lin(fGy (Sm)))
(2.6) + (L1(fe,(51)), La(fa, (S2)) Lim(fc,(Sm))),
= (L1(S1), L2(52), - - -, L (Sm)) = deyoa, (21, 22), (Y1, 92))-

ey
ey

)

By combining Eqs. (2.5) and (2.6), required result is obtained. O

Example 2.5. Consider the Cartesian product of two m—polar fuzzy paths in
Fig. 2.4. It can be easily seen that , dp p ((u,a),(v,b)) = (0.2,0.5,0.4) =
dp,(u,v) +dp, (a,b), dp p,((u,a), (u,c)) = (0.3,0.4,0.2) = dp, (u,u) +dp (a,c).
Similarly, for the other vertices.
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Theorem 2.3. Let G and Gy be two m-polar fuzzy graphs. If x1 € X1, x9 €
Xo, and for all 1 <i,5 < m, P;oCy > Pjo Dy and P;o Cy > Pjo Dq, then,
d@gG1DG2((fI,'1,.%'2) = degGl (.’L'l) + degGg (.’L'Q)

Definition 2.14. The direct product of two m-polar fuzzy graphs G; = (C1, D1)
and Gy = (Cq, Ds) is denoted by G X G5 and defined as a pair (C; xCs, Dy X D3),
such that for each 1 <i < m,

1. PZ-O(Cl X Cg)(.%'l,.%'g) = PZ-OCl(.%'l)/\PZ'OCQ(.%'Q), for all (1‘1,1‘2) € X1 xXo,

2. Po (Dl X Dg)(($1,$2)(y1,y2)) = P, o Dl(:clyl) AN P;o DQ(:CQyQ), for all
x1y1 € E1 and xoyo € Es.

Example 2.6. The direct product of two 3—polar fuzzy paths is shown in Fig.
2.6.

(0.4,0.5,0.1) (0.4,0.5,0.1) -
4(05,08,0.1) e(0.4,05,0.1) f(0.6,0.4,0.1) Py
,d)(0.2,0.3,0.1) (a,¢)(0.2,0.3,0.1)(a, £)(0.2,0.3,0.
(a,d)(0.2,0.3,0.1) (a,€)(0.2,0.3,0.1)(a, £)(0.2,0.3,0.1) £02.05.01)
9 <
2 >
& Y (0.2,0.3,0.0)
(b,d)(0.3,0.4,0.1) b, £)(0.3,0.4,0.1)
(0.3,0.4,0.1)
X 2 (0.2,0.1,0.1)
f»»Qy
Ny ¢(0.2,0.4,0.1)
(6,d)(0.20.4,0.1) (¢, )(0.2,0.4,0.1) (¢, £)(0.2,0.4,0.1) P

Figure 6: ]53 X ]33

Theorem 2.4. The direct product G1 x G of two m-polar fuzzy graphs G1 and
G is an m-polar fuzzy graph.

Theorem 2.5. Let G1 and Go be two m-polar fuzzy graphs. If z1,y1 € X,

x2,y2 € Xo, and for each 1 <i,j <m, P,oDy < PjoDy. Let Ry, Ry,..., Ry, be

the shortest m-polar paths between (z1,z2) and (y1,y2) such that, dg, xa,((z1, z2),
(yl, yg)) = (Ll(Rl, LQ(RQ), PN ,Lm(Rm))) then

dGl ><G2((x17 x2)7 (ylva)) = (Ll(fGl (Rl))v L2(fG1 (RQ))v ce 7Lm(fG1 (Rm)))

Proof. Assume that foreach 1 <i <m, R;: (xz1,22) = (xgﬂ),x(;l)), (x(lﬂ) x(ﬂ)),

2
ol (x(lm),xgm)) = (y1,y2) are the shortest m-polar fuzzy paths between (x1, z2)

and (y1,y2) and,

(2'7) dGl XGQ((x17 1‘2), (y17 y2)) = (Ll(R1)7 LQ(RQ)v <o 7Lm(Rm))'
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If E is the set of edges in G; X G4 then for each 1 < i < m,
Li(R;)

_ (@) (i), (GG+1) | (i5+1)
= D 9 a0 T 70y Pio (D1 D) (a7 ) T ),

(28) = ngij)xgim)eEl 22T ¢ FioDy (x(lmxgw ))/\PiODZ(xgj)x(;] ))7
— (ig) . (i7+1)
= Zzﬁ”zgj“)eEl P; o Dy (2" 777),

From Equation. (2.7) and (2.8),

dGl XGQ((x17 1‘2), (y1, 92)) = (Ll(fGl (Rl))v LQ(fGl (RQ))v s 7Lm(fG1 (Rm))) U

Remark 2.1. If P,o Dy > P,0Dq, and R;, 1 < i <m are the shortest m-polar
fuzzy paths between the vertices (z1,22) and (y1,y2) of G1 x Gy then,

dGl ><G2((x17 x2)7 (ylva)) = (Ll(fGQ (Rl))v L2(fG2 (RQ))v ce 7Lm(fG2 (Rm)))

Example 2.7. In Fig. 2.6, the shortest 3—polar fuzzy path between the vertices
(a,d) and (a, f) is S': (a,d) — (b,e) — (a, f). fp,(5) =a—b—a=P. It can be
easily seen that dp 5 ((a,d),(a, f)) = (0.4,0.6,0.0) = L(P). For the vertices
(a,d) and (c, f), the shortest 3—polar fuzzy path is S : (a,d) — (b,e) — (¢, f).
Therefore, dﬁ3xﬁ3((a, d),(c,f)) = (0.4,0.4,0.1). The projection of S in Py is

a — b — ¢ whose length is equal to dp 5 ((a,d), (c, f)).

Theorem 2.6. Let Gy and Go be two m-polar fuzzy graphs such that P;o Dy <
Pj o Dy, for all 1 <i,5 < m. For any two vertices (x1,22) and (y1,y2) of the
direct product G1 x Ga, let k be a smallest positive integer such that G7 has a
x1,y1-walk of length k and G5 has a z2,y2-walk of length k. The ith distance
between (x1,x2) and (y1,y2) is the smallest P;-length of any m-polar fuzzy walk
between x1 and y1 whose length in the crisp graph G7 is k.

Example 2.8. The 2—polar fuzzy graph in Fig. 2.8 is the direct product of Ps
and C3. Take the vertices (a,d) and (c,e). The smallest a — ¢ and d — e walks
are of length 2. Therefore, the distance between (a,d) and (c,e) must be the
smallest length of a 2—polar fuzzy walk in P3 whose length in P; is 2. Such walk

in Py x Cs is (a,d) — (b, f) — (c,e). Hence, dp, & ((a;d), (c,e)) = (0.4,0.4).

Theorem 2.7. Let Gy and Gy be two m-polar fuzzy graphs. If x1 € X1 and x4 €
Xo, and for all 1<i,j<m, P,oD1>P; o Dy, then, degg, «xq,((T1,2)) = (number
of wertices adjacent to x3)degq, (x1). If Pio Dy > Pjo Dy, degg, vq,((x1,72))
= (number of vertices adjacent to x1)degg,(x2).

Definition 2.15. The strong product of two m-polar fuzzy graphs G; = (C1, D1)
and Gy = (Cq, D3), denoted by G1 XG5 and defined as a pair (C1 X Cy, D1 X Dy),
such that for each 1 <7 < m,
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(0.5,0.4)
(0.4,0.5) (0.4,0.5)

d(0.5,0.8) (0.4,0.5) £(0.6,0.4)

joll

(a,d)(0.2,0.3)  (a,e)(0.2,0.3) (a, £)(0.2,0.3)

a(0.2,0.3)

(0.2,0.3)

(0.3,0.4)

(0.2,0.1)

L0(0.2,0.4)

(¢, d)(0.2,0.4) (¢,e)(0.2,0.4) (. f)(0.2,0.4) By

Figure 7: ﬁg X ag

1. BO(Cl &02)(3}'1,332) = PioCl(xl)/\PioCz(xg), for all (561,562) € X1 XXQ,

2. F’Z-O(Dl &Dg)((xl,xg)(xl,yg)) = PiOCl(.%'l)/\PZ‘ODQ(.%'ng), for all z1 € X3
and xoyo € Fo,

3. Po(D1XDy)((x1,22)(y1,x2)) = PioDi(x1y1) A PoCy(x2), for all xo € X,
and z1y1 € Fh,

4. Py o (D1 X Dy)((x1,22)(y1,y2)) = P; o Di(x1y1) A P; o Da(xay2), for all
r1y1 € Eq1 and zoyo € Es.

Example 2.9. Fig. 2.9 is an example of strong product of two 3—polar fuzzy
paths P3 and Ps.

(03.0.5,01) _ (0.4,0.6,0.1) P
u(0.3,05,0.1)  v(04,0.6,0.1) w(0.6,0.7,0.1)

(a,u)(0.3,0.5,0.1) (a,v)(0.4,0.6,0.1) (a,w)(0.4,0.6,0.1)

@, 03,05.00) N, (0.4.06,0.1) pa(0.4,0.6,0.2)
= % = % =
= 5 Xy 2
SO S 2 |oz0s.00
=12 o2 S =
g 8:\ > 8:3,“‘ sS|e
. Q.w" Q- y - @
2|57 (0.3,05,0.1) > (04,06,01) = )
= 1NC, 5,0)(04,0.6,0.1) ] b(0.5,0.6,0.2)
(=2 =aNG | — S
2= 4 — —~| =
Sl SRR S = IE
S| & = i
e SO 2 (0.1,0.4,0.1)
= A = N0 =
S ERY 72 :
V\S A\ 2 S
> (0.3,05,0.1) $10.4,06,0.1) D
— (04,06,0.) |(06,0.6,0.2)

(6,u)(0.3,05,0.1)  (¢,0)(0.4,0.6,0.1) (¢, w)(0.6,0.6,0.1) 5
3

Figure 8: ]53 X ]33

Theorem 2.8. The strong product G1 X Gy of two m-polar fuzzy graphs G1 and
G is an m-polar fuzzy graph.



REPRESENTATION OF GRAPHS USING m-POLAR FUZZY ENVIRONMENT 301

Theorem 2.9. Let G1 and Gy be two m-polar fuzzy graphs such that for all
1<4,7<m, P,oCy > PjoD;, PboCy > PjoDy and Pyo Dy < PjoDs , the
following conditions are satisfied,

L. If T2 = Y2, dG1|Z|G2((:C1’:C2)) (91,92)) = dG1 (301,?/1)-

2. Ifx1=y1 and xo#ys or x1#y1 and xo#ys then, d; g ixa, (21,22), (y1,Y2)) =
L;(W) A Li(T) where,
a) W is an m-polar fuzzy walk of smallest length in G1 x Go from (x1,z2)
to (y1,y2) whose length in crisp direct product is the positive integer k such
that k = dGT(I1,y1) V dG; (z2,2) -

b) L;(T) is the smallest P;-length of any m—polar fuzzy walk T, from xy
to y1, in G such that the length of T* is greater than k.

Example 2.10. Consider the strong product in Fig. 2.9,

L. dp,zp,((a,u), (c,u)) = (0.3,0.7,0.2) = dp (a,c).

2. dPIEP ((a,u), (a,w)) = (0.4,0.6,0.2) = L(W),W :a — b —a.

3. dP &P?)(( u), (c,w)) = (0.3,0.7,0.2) = L(W), here W = (a,u) — (b,v) —
(c,w). It clear that k = L(W*) =dp,(a,c) V dp,(u,w).

1 dagp (@), (bw) = (0.4,09,02) = (Ly(f5,(Wh), La(W), Ly(W))

where, W= (a,u) — (b,v) — (byw), dpy(a,b) V dp,(u,w) = 2 = L(W*) and
Wy = (a,u) — (b,v) = (c,w) — (b,w). Clearly, f5 (W1) =a—0b—c—b whose
crisp length is 3 which is greater than k and Ly (fp,(W1)) < L(W) .
Theorem 2.10. Let G and Ga be two m-polar fuzzy graphs. If x1 € X1 and
x9 € Xo, and for each 1 <i,j <m, P;oCy > Pjo Dy, PoCy > PjoD; and
P;oDy < PjoDs. then, degg,ra,((T1,22) = degg, (x1)+degg, (v2)+radegg, (21),
where ro is the number of vertices adjacent to xo.

Definition 2.16. The lexicographic product of two m-polar fuzzy graphs G; =
(C1,Dq) and Go = (Cy, D2), denoted by Gj o Gg, is defined as a pair (C; o
Cy, Dy o Dy), such that for each 1 <i < m,

1. Po(C1oCy)(x1,22) = PioCy(x1) A PyoCo(xe), for all (z1,x2) € X1 x X,

2. P;o(DyoDsy)((x,22)(x,y2)) = P;oCy(x) AN P;o Dy(xeys) forallz e Xy
and xoyo € Fo,

3. P, o (D1 o Dg)(($1,$2)(y1,y2)) = Po D1($1y1) N P; o DQ(CCQyQ), for all
x1y1 € E1 and xoyo € Es.

Example 2.11. The lexicographic product of ﬁg and ﬁg is given in Fig. 2.11.

Theorem 2.11. The lexicographic product G1 o Gy of two m-polar fuzzy graphs
G1 and Gy is an m-polar fuzzy graph.

Theorem 2.12. Let G1 and Go be two m-polar fuzzy graphs such that for each
1<i<m, P,oCy > PoD;, P,oCy > P;oDy and P;o Dy > P;o Do, the
following conditions are satisfied.
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(0.4,0.5,0.1) (0.4,0.5,0.1) B,
d(0.5,0.8,0.2) €(04,0.5,02) [(0.6,0.4,0.2)

(d,a)(0.2,0.3,0.1) (e,a)(0.2,0.3,0.1) (f,a)(0.2,0.3,0.1)

$a(0.2,0.3,0.1)
= —
=) —
S 3| (0.2,0.3,0.1)
=3 |z
ISERGD S
Sl S <
C, (=]
ol = b(0.3,0.4,0.1)
Sl= ~I=
== ==
o= EE
: =
s = (0.2,0.1,0.1)
g 5
2 =
e ) , . , L(:(o.2,0,4,0.1)
d,¢)(0.2,0.4,0.1)  (e,¢)(0.2,0.4,0.1)  (f,¢)(0.2,0.4,0.1) -
P

Figure 9: ﬁg o ﬁg

L. Ifdg:(z1,y1) = k, where k is even(or odd) and dg;(z2,y2) is also even(or
odd) then, dic,oq,((z1,22), (y1,22)) = Li(W), where W is an m-polar
fuzzy walk of smallest P;-length in G such that W* is a walk of length k
in G5.

2. If dgi(w1,y1) = k, where k is even(or odd) and dgy(x2,y2) is odd(or even)
then, di Gyo (@1, 22), (41, 22)) = Li(W), where W is an m-polar fuzzy
walk of smallest P;-length in Go such that W* is a walk of length k+ 1 in
Gs.

Example 2.12. In Figure. 2.11,

1dﬁ3oﬁ3(( a), (f,c)) = (0.4,0.4,0.2) = L(W), W =a — b — c. It clear that

(f
L(W*) =dp,(d, f) because both dp,(d, f) and dp,(a,c) are even.

2. dﬁsoﬁs(( a),(f,b)) = (0.6,0.5,0.2) = L(W), W = a—b—c—b. Here
L(W*) =dp,(d, f) + 1 because dp,(d, f) is even and dp,(a,b) is odd.

Theorem 2.13. Let G1 and Go be two m-polar fuzzy graphs. If x1 € X1 and
x9 € Xa, and for each 1 < i,j5 <m, P;oCy > Pjo Dy, P,oCy > Pjo Dy and
P; 0 Dy < Pjo Dy then, degg,oq,((21,72) = degg, (v2) + ra2degg, (1), where ro
1s the number of vertices adjacent to xs.

We now define the concept of metric in m—polar fuzzy graphs.

Theorem 2.14. For an m-polar fuzzy graph G = (C, D), d = (dy,ds,...,dp) :
X x X —[0,1]™ defines a metric on X, with the following conditions:

(1) d(z,y) > 0,

(2) dlw,y) = 0 & z =y,

(3) d(z,y) = d(y,z),

(4) d(z,z) < d(xz,y) +d(y,2), for all x,y,z € X.
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Proof. It is very clear from the definition of d;, for each 1 < i < m d;(x,y)
0, for all z,y € X = d(z,y) > 0. If x = y then, d(z,y) = d(z,x)
(di(z,x),do(z,x),...,dn(z,x)) =(0,0,...,0). Theinverse of any z—y m—polar
fuzzy path is a y — x m—polar fuzzy path and vice versa of same distance. Let
P, P, ..., P, be x —y m—polar fuzzy paths and Q1,Q2,...,Q, be y — 2
m—polar fuzzy paths such that

v

d(x,y) = (di(z,y), d2(2,y), - - dm (2,9)) = (L1(P1), La(P2), -+, Lin(Pn))
d(y,z) = (di(y, 2), d2(y, 2), - -+, dm(y, 2)) = (L1(Q1), L2(Qa2); - - - Lin(@rm))-

P, followed by @, P, followed by Q)2 and so on P, followed by Q,, are © — z
m—polar fuzzy walks, each of which contains only one m—polar fuzzy path
whose length cannot exceed dj(x,y) + da(y, 2), da(z,y) + da(y,z) and so on
dp(z,y) + dm(y, 2), respectively. Thus, we can write,

.. PERIE
.. PRI

(dl(xaz)’d2(xaz)’ s ,dm(SC,Z)) < (dl(xay) + dl(yaz)’d2(x’y) + dQ(yaZ)’
ooy dm(z,y) + din(y, 2))
(di(y,2),da(y, 2), ... dm(y, 2)) < (di(2,y), da(z,y), - ., dm(2,Y))
+ (di(y, 2),d2(y, 2), - - dim(y, 2)),
d(z,2z) < d(x,y) + d(y, 2). O

Definition 2.17. Let G = (C, D) be an m-polar fuzzy graph. The eccentricity
of a vertex x is denoted by the m-tuple e(z) = (e1(x),ea(x),...,en(z)) and
defined as the distance to a vertex farthest from =z, i.e.,

ei(r) = max{d;(z,y) : y € X}, 1<i<m,
e(z) = max{d(z,y) : y € X}.

Definition 2.18. The radius of an m-polar fuzzy graph is the minimum of all
the eccentricities of the vertices, i.e., 7(G) = min{e(x) : x € X}.

Definition 2.19. The diameter of m-polar fuzzy graph is, denoted by diam(G),
defined as the maximum of all of the eccentricities of the vertices, i.e., diam(G) =

max{e(y) :y € X}.

Definition 2.20. A vertex y at a distance e(x) from x is called eccentric vertex
of x.

Definition 2.21. A vertex x is called a central vertex if e(x) = r(QG).

Definition 2.22. The m—polar fuzzy subgraph induced by the central vertices
is known as center of the m-polar fuzzy graph. If the center of G is G itself
then G is called a self-centered m-polar fuzzy graph.

Definition 2.23. A vertex y is called a peripheral vertez if e(y) = diam(G).
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Figure 10: 3—polar fuzzy graph

Example 2.13. Consider an 3—polar fuzzy graph as shown in Fig. 2.13. Here,
d is a central vertex and c is a peripheral vertex

Theorem 2.15. For any m—polar fuzzy graph G, radius and diameter satisfy
the inequality, r(G) < diam(G) < 2r(Q)

Proof. By Definition 2.18 and 2.19, we have r;(G)<diam;(G),1<i<m,r(G) =
(ri(G),r2(G),...,rm(G)),= r(G) < (diam1(G),diamz(G), ..., diamm,(G)),=
r(G) < diam(G). Let u, v be central vertices of G, respectively then, e(u) = r(G)
and e(v) = r(G). Let x be a peripheral vertex of G. Since d defines a metric,
for some vertices y1,v2,---,Ym € X,

diam(G) = (diam1(G), diama(G), . .., diam, (GQ)),
= (di(z,11), (d2(@,92), - - -, din (@, Ym)),
< (di(z,u) + di(u,y1),do(z,u) + do(u,y2), . . ., dm (2, w) + dp (U, ym)),
for some u,v € X
< (2r1(G),2r(G), ..., 2rn(Q)),
= 2r(G). ]

The following theorem gives an absolute difference between the eccentricities of
any two adjacent vertices.

Theorem 2.16. For any two adjacent vertices x and y in an m—polar fuzzy
graph G, le(x) —e(y)| < 1.

By assuming any two arbitrary vertices z and y in Theorem 2.16, we obtain the
following result.

Theorem 2.17. For any two vertices x and y in an m-polar fuzzy graph G,
le(z) —e(y)| < d(z,y).

Theorem 2.18. For any two adjacent vertices x and y in an m-polar fuzzy
graph G, |d(z,z) — d(y, z)| < 1, for every vertezx z in G.

We now generalize Theorem. 2.18 for any two vertices x and y in the following
theorem.
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Theorem 2.19. For any two vertices x and y in an m—polar fuzzy graph G,
|d(IE, Z) - d(y’ Z)| < d(CC, y)

Theorem 2.20. If G is a self centered m—polar fuzzy graph, then each vertex
of G is an eccentric vertex.

Proof. Let y be an eccentric vertex of = then, e(x) = d(x,y). Since G is self
centered, e(x) = e(y) = r(G), e(y) = d(x,y). It shows that x is an eccentric
vertex of yy . Since x was taken to be arbitrary, theorem is true for all vertices. [

Remark 2.2. The converse of Theorem. 2.20 is not true in general as it can
be seen in the following example.

Example 2.14. Consider a 2—polar fuzzy graph as shown in the Fig. 2.14.
e(x) = (0.9,0.5), e(y) = (0.9,0.5), e(z) = (0.8,0.5) e(w) = (0.8,0.5), r(G) =

x (0.9,0.6) Y
@ »
- ?’og A
= Y © S
5 =
S S
z (0.8,0.5) w

Figure 11: 2—polar fuzzy graph

(0.8,0.5), diam(G) = (0.9,0.5). All vertices of G are eccentric but G is not
self-centered 2—polar fuzzy graph because the center of G is shown as,

z (0.8,0.5) w

Theorem 2.21. Let G be a self centered m-polar fuzzy graph. For every two
vertices ¢,y € G if x € Y*, then y € X*, where X* is the set of all eccentric
vertices of x any Y™ is the set of all eccentric vertices of y.

Proof. Since x is a eccentric vertex of y, e(z) = d(z,y) = = € Y*. It is given
that G is a self centered m—polar fuzzy graph, so e(y) = e(z) = d(y, x), i.e., y
is an eccentric vertex of x. Hence y € X*. O

Remark 2.3. The converse of Theorem. 2.21 is not true in general. From
example 2.14, z € Y*, y € X*, z € W* and w € Z* but G is not self-centered.

Theorem 2.22. Let G be an m-polar fuzzy graph then all peripheral vertices
are eccentric vertices.

Proof. Let x be a peripheral vertex and y be its eccentric vertex then, diam(G) =
e(r) = d(z,y) = d(y,z). It is only possible if diam(G) = d(y,z) = e(y). It
shows that x is an eccentric vertex of y. Hence the proof. U
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Remark 2.4. The condition in Theorem. 2.22 is not sufficient. In example
2.14, z and w are eccentric vertices of each other but these are not peripheral
vertices.

Theorem 2.23. Let G be a complete m—polar fuzzy graph such that P;oC(x1) <
PioC(z9) < PioC(x3) < ... < PioC(xy), for each 1 <1i < m, then the distance
between any two vertices x; and x; is (PyoD(xjx;) N2Py o C (1), Py o D(215) A
2P2 o C((L‘l), ce 7Pm o D(.’Ijl.%'j) A\ 2Pm o C(.%'l))

Proof. Let z; and x; be any two vertices of G then for some xl(cl) , :c,(f), . :c,(gm) €

X, the distance between x; and x; can be defined as,

d(fEl, x]) = (dl(xla CC]), dQ(‘Tl) x])’ s ,dm(CCl, ':C])))
= (inf{Py o D(zy;), P o D(wyzl?) + Py o D(2V )},
(2.9) inf{P o D(zz;), P> 0 D(xlxl(f)) +Po D(xl(f)xj)},
. inf{P,, 0 D(a;), Py 0 D(z,2\™) + Pp o D(a{™x;)}.

Since G is a complete m-polar fuzzy graph, foreach 1 < ¢ < m, PioD(:cl:cg)):Ro
C(z))\ P o C’(m,(f)), Since, for each 1 < i < m, P,o C(x1) < P, o C(x2) <
PoC(z3) <... < PoC(zy). Therefore, for xg) =1, PioD(xlxg)) = RoC(x,(;))
= P; o C(x1). Similarly, P; o D(xg)xj) =P o C(mg)) = P; o C(z1). Equation.
(2.10) takes the form as, d(x;,x;) = (P1 o D(xjx) A2P; o C(x1), Py o D(xj25) A
2Py 0 C(x1),...,PpoD(xixj) N2Py 0 C(xy)). O

Theorem 2.24. Let G be a complete bipartite m—polar fuzzy graph where,
X1 ={z1,22,..., 2} and Xo = {y1,v2,...,¥,/ }, such that for each 1 <i < m,
PioC(z1) < PioC(x2) < PioC(xz) < ... < PoC(xy),and Pyo C(y;) <
PioCly2) < PioC(ys) < .. < BoClyy) If PioC(x1) < PioC(y1) and
PioC(y1) < PyoC(xj) , for each 2 < j <mn, then,

2P0 C(z1), wu,v € Xo

P,oC(x1)+ PoC(y1), u,v€ Xij,u=x1 orv=um
2P, 0 C(y1), w,v€ Xj,u+# 21,0 # 21

ProD(uw) A (2P oC(z1)+ PLoC(y1)), u€ Xy and v € Xo.

di(u,v) =

If PioC(y1) < PioC(x1) and Pyo C(x1) < PioC(y;) , for each 2 < j < n,
then

2P, 0 C(y1), wu,ve€ Xy

P,oC(y1) + PioC(x1), u,ve Xo,u=y; orv=uy;

2P, 0 C(x1), u,v € Xo,u # y1,v # 1

PioDuww) AN (2P, oC(y1) + PLoC(x1)), wuw€ X1 and v € Xo.

di(u,v) =
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Proof. Consider the case PjoC(x1) < P;oC(y1) and P;o C(y1) < Py o C(xj),

for each 2 < j < n. Let u,v € X1 be any two vertices of G then for some

y,il),y,f), ... ,y,ﬁm) € X, the distance between u and v can be defined as:

d(u,v) = (dy (1, v), da (0, v), .., dop (1, 0)),
= (Pro D(uy") + Pr o D(y"v), Py o D(uy”) + Py o D(yPv),

(2.10)
Py o D(uy,gm)) + P, 0 D(y,gm)v)).

Since, P; o D(uy,(:)) = P oC(u) NP o C’(y,(:)). If w = 21, then for yg) =
y1, P; o D(uyl(c)) P; o C(u) = P; o C(xy). Similarly, P; o D(y](:)v) = P, o
Cy ()) P;oC(y1). Equation. (2.10) takes the form as, d(u,v) = (PyoC(z1) +
PyoC(y), Pro Car) + P o Cyr), ..., P o Ca1) + Prno Cyn)). If w,v #
x1, then for y,g) y1, P; o D(uy,i)) = P o C’(y,(f)) = P, o C(y1). Similarly,
P; o D(y, (@) v) = PioCl(y ()) = P; o C(y1). Equation. (2.10) takes the form as,

d(u,v) = (2P o C’(yl),QPg oC(y1),...,2Py, 0o C(y1)). If u,v € Xo, there exist

some xé ),mg), ... ,xém) € X such that,

d(u,v) = (di(u,v),d2(u,v), ..., dn(u,v)),
= (P o D(uz)) + Py o D(z{'v), Py o D(uz?) + Py o D(xv),

(2.11) (m) (m)
s PpoD(uzy, ) + Py o D(x), 'v).

Since P; o C(z1) < P;o C(y1), for :cg) =z, Po D(umé)) =P o C(ch))
P;oC(xy). Similarly, P; oD(:c,(;)v) =Po C(:c,(;)) =Po C(:cl) Equation. (2.11
takes the form as, d(x;,z;) = (2P o C(21),2P, 0 C(21),...,2Py o C(x1)). 1
u € X7 and v € Xo,

,_,_;\_/

d(u,v) = (dy(u,v),da(u,v), ..., dn(u,v)),
= (P o D(uv) A (Py o D(uy1) + Py o D(y121) + Py o D(z1v)),
(2.12) Py o D(uv) A (Py o D(uyy) + P2 o D(yaxa) + Po o D(x1v))},
-y Py o D(uv) A (P, 0 D(uy1) + Py o D(y121) + P, 0 D(z1v))}).

Equation (2.12) becomes, d(u,v) = (PyoD(uv) A (2P, oC(x1)+ PioC(y1)), Pao
D(uv) A (2P0 C(x1) 4+ PyoC(y1)), ..., PmoD(uv) A (2P, 0C(x1) 4+ P1oC(ym)))
Other cases can be proved similarly. O

We now present an algorithm for computing distance, eccentricity of vertices,
radius and diameter of any m—polar fuzzy graphs.

Description and Time Complexity: First the algorithm takes number of
vertices v and pth, 1 < p < m, adjacency matrix of membership values a(3, j)
as input. Starting from a vertex r, lines 1 — 5 find a vertex ¢ adjacent to r such
that ri has the least weight. Lines 6 — 14 calculate the distances of vertex r to
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Algorithm

1. Input: Enter the number of vertices v and the ith adjacency matrix of
membership values a(i,j) row-wise.

2. Output: The distance between all the vertices, eccentricity of vertices,
radius and diameter.

3. dorfrom1tow

4 distance = oo

D. find a vertex ¢ adjacent to r with minimum weight

6. Take u(n) = i,sum(r,i) = a(r,i) and sum(r, k) = oo
7
8
9

do k from 1 to v
if (sum(r, u(n)) + a(u(n), k) < sum(r, k))
sum(r,u(n)) + a(u(n), k) < sum(r, k)

10. u(n) =k

11. else

12. sum(r, k) < sum(r, k)

13. end if

14. min{distance(r, k), sum(r, k)} < distance(r, k)
15. end do

16. print of all the distances

17. end do

18. find eccentricities, radius and diameter.

all other vertices. The distances are printed in line 15. Line 17 calculates the
eccentricities, radius and diameter. Repeat this algorithm m times to find the
distances in m—polar fuzzy graph.

The running time complexity of lines 1 — 6,15 — 17 is v and lines 7 — 14 is
v X v. Therefore, the net time complexity of the algorithm is O(v?), where v is
the number of vertices of an m—polar fuzzy graph.

Applications of m-polar fuzzy graphs

We describe a pair of example applications of m—polar fuzzy graphs in decision
support system.

A. m—polar fuzzy graphs in product manufacturing

A product can increase the profit of a company if it is sold in multiple
areas. Before manufacturing a product, engineers and manufacturers test several
important things in a product. Usually, graphical models are used in such
decision making problems. m-polar fuzzy graphs are mostly used in decision
making problems when it is necessary to gather a group of agreements. Suppose
a multinational enterprize(MNE) has to decide to manufacture a product among
four products P;, P», P3 and P; to market it in different countries. Every
company consider the following points before manufacturing a product.

e Does the product follow the mass market demands?
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e Is the product fast or time consuming to manufacture?
e Is the product sold at a high or low cost?
e Does the product appeal the people at global level?

We gather the above four points in a set as, X = {Demand, Time, Cost,
Appealing}. Let the set of products is P = { Py, P, P3, P4}. This phenomenon
can be represented by a 4-polar fuzzy graph, taking P as the set of vertices.
The membership value of each product represents the degree of demand, time
consumption, sale price and attraction to people at a global level. Let C(P;) =
(0.5,0.8,0.6,0.4), C(P) = (0.8,0.2,0.5,0.9), C(P3) = (0.4,0.6,0.7,0.4), C(Py) =
(0.6,0.8,0.6,0.4). That is, the degrees of P; corresponding to demand, time con-
sumption, sale price and attraction to people are 0.5, 0.8, 0.6 and 0.4, respectively
and similarly for other products. The edge between two products represents the
degree of using common power equipments, materials, engineer employs and
agencies involved for both of the products. Let D(P;P2) = (0.5,0.5,0.7,0.4),
D(P,P;) =(0.1,0.3,0.2,0.4), D(P;Py) = (0.2,0.3,0.1,0.1), D(P,P3) = (0.3,0.4,
0.5,0.4), D(P,Py) = (0.6,0.2,0.5,0.4). This means that P; and P, use 50% com-
mon equipments, 50% same materials, 70% common trained engineers and 40%
same agencies. It can be easily verified that it is as 4-polar fuzzy graph as shown
in Fig. 2. By observation it is easy to see that the production of P» has more

P,(0.5,0.8,0.6,0.4) P5(0.8,0.2,0.5,0.9)

|4 |
@ (0.5,0.5,0.7,0.4) S
~ ‘20 %.Q =
d 110 %Q' ‘ Oﬁ
i 9D Q" )
=1 g @6" <
™ N
o (o=
— <
S 2

133(0.21,0.6,0.7,0.4) P4(0.6,0.8,0.'6,0.4)
Figure 12: 4—polar fuzzy graph

demand and attraction, minimum time consumption and its price is such that it
is in the range of all classes of people. Also it shares a lot of common things with
other products. Consequently, it will give more profit to company as compared
to other products.

B. Shortest path problem in m—polar fuzzy graphs

Graph are used as a common source to model the communication networks
such as transportation, to find the shortest paths between any two points of the
network. m—polar fuzzy graphs can be used to find the shortest paths when it
is required to consider a group of consequences. An agency wants to deliver a
secret envelope from Astana Kazakhstan to British Columbia through delivery.
The delivery car can only travel 4000 kilometers before refilling the tank. The
agency requires to deliver the envelope with minimum cost of fuel and safety.
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From Astana to Columbia, there are seventeen fuel stations namely, Moscow
Russia, London England, Barcelona Spain, Algiers Algeria, San Jaun, Boston,
Houston Taxas, Helena Montana, Beijing China, Delhi India, Tokyo, Singapore,
Australia, Honolulu, Alaska and California. The agency demands to consider

the following things.

o Refill the tank at a station having minimum fuel cost, minimum time
consumption and less danger of robbery.

e Take into account the distance travelled(in kilometers) between two fuel

stations.
e How much fuel is used from one station to another?
e Use the path in which there is less danger of robbery.

We represent the fuel stations by vertices. The membership value of each vertex
represents the degree of fuel cost, time consumption and danger. The edge
between two stations represent the degree of distance travelled, fuel used and
danger. This situation can b represented by 3-polar fuzzy graph in Fig. 2. Since,
in calculating the distance there is no use of membership value of vertices, we
do not write these values in the 3-polar fuzzy graph. It is necessary to travel

London,
England

o

0
o

San Jaun,
Puetro Rico

California

Figure 13: 3-polar fuzzy graph

through the path with least degree of “distance travelled, fuel used and danger
of robbery”. For this, we calculate the length of all paths from Astana to British
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Columbia and travel through a path with minimum length called distance. By
routine calculations, it can be easily seen that the minimum distance between
Astana and British Columbia is (2.15,1.9,2.0) which is obtained through the
path Astana—Beijing—Tokyo— Alaska—British Columbia.

3. Conclusion and future work

An m—polar fuzzy model is a generalization of the bipolar fuzzy model. The
m—polar fuzzy models give more precision, flexibility and compatibility to the
system when more than one agreements are to be dealt with. In this paper, we
have applied the concept of m—polar fuzzy model to graphs. We have presented
an algorithm for computing the distance matrix, eccentricity of the vertices,
radius and diameter in m—polar fuzzy graphs. We have also discussed applica-
tions of m—polar fuzzy graphs in traveling and product manufacturing. We are
planing to extend our research work to (1) m—polar fuzzy soft hypergraphs, (2)
Roughness in m—polar fuzzy hypergraphs, (3) m—polar fuzzy soft graphs.
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