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1. Introduction

Concept of Fuzzy initiated by Zadeh [8] in 1965 with the publication of his
paper fuzzy sets. The notion of fuzzy set is a turning point in the development
of mathematics. Consequently the last three decades were very productive of
mathematics. In this paper we establish general common fixed point theorems,
which generalize the result of Singh and Chouhan [3, 4], Singh and Sharma [5,
6, 7] in S-fuzzy metric space.

In 2002, an analogue of a Banach contraction principle for integral type in-
equality Branciari [1] obtained a fixed point theorem for a single mapping. A
lot of research works have been carried out on generalizing contractive condi-
tions of integral type for different contractive mappings satisfying various known
properties.

*. Corresponding author
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Theorem 1.1 ([1]). Let (X,d) be a complete metric space, ¢ € (0,1) and let
f: X — X be a mapping such that for each x,y € X,

d(f.v) (o)
/ <Mﬂﬁ§c/‘ o(t)dt.
0 0

Where ¢ : [0,+00) — [0,400) is a Lebesque - integrable mapping which is
summable on each compact subset of [0,+00), non negative and such that for
each € > O,foE o(t) > 0, then f has a unique fized point a € X such that for
each r € X, lim,_, "z = a.

Theorem 1.2 ([2]). Let (X,d) be a complete metric space and f : X — X such
that

d(fz,fy) d(z, fx)+d(y,fy) d(z,y)
/ u@aga/' u®ﬁ+5/ u(t)dt
0 0 0

/max{d(ai,fy) Ay, fy)}

+7 u(t)dt,

0
For each x,y € X, with non-negative real o, 8,7y such that 2a+ B + 2y < 1.
Where u : [0,+00) — [0,400) is a Lesbesque integrable mapping which is
summable, non negative and such that for each € > 0, foa u(t)dt > 0. Then f
has a unique fized point in X.

There is a gap in the proof of Theorem 1.2 In fact, the authors [2] used
the inequality f0a+bu(t) < [ u(t)dt + fob u(t)dt for 0 < a < b, which is not
true in general. In this chapter we present in the presence of this inequality an
extension of Theorem 1.2 using altering distance functions.

On taking the concept of Branciari [1] we establish common fixed point

theorems in S fuzzy space for four integral type mappings.

2. Preliminaries

Definition 2.1. The 3-tuple (X, S, %) is said to be a S-Fuzzy Metric Space if X
1 an arbitrary set, x is a continuous t-norm and S is a Fuzzy set on X3 x (0, 00),
satisfying the following conditions:

(i) S(x,y,z,t) > 0;
(i3

)
)
(4i7)
)

1) S(
i) S(x,y,2,t) =1 if and only if v =y = 2;
) S(x,y,z,t) = S(y, z,x,t) = S(z,y, 2, t) (Symmetry);

S(mvya Z, 7+ 5+ t) > S(ﬂﬁ,yywﬂ“) * S(£U7w7 Zy S) * S(w7y7 Zut) (TetrahEdTal
inequality);

(1v

(v) S(x,y,z,.):(0,00) = [0,1] is continuous for all z,y,z,w € X andr,s,t >
0.
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Geometrically S(x,y, z,t) represents the Fuzzy Perimeter of the triangle
whose vertices are the points z,y and z with respect to ¢ > 0.

Definition 2.2. Two mappings A and S on fuzzy metric space X are weakly
compatible iff S(ATu, T Au,y,t) > S(Au, Tu,y,t) foru e X.

Lemma 2.3. If for all x,y € X, t > 0 and for a number q € (0,1),
S(x7y7z7qt) Z S(%%Zat),
then x =y = z.

Lemma 2.4. Let X be a set, f,g be weakly compatible self maps of X. If f
and g have a unique point of coincidence, w = fxr = gz, then w is the unique
common fixed point of f and g.

3. Main results

Theorem 3.1. Let A, B, E and F be self mappings of a complete S fuzzy metric
space (X, S,*) with continuous t-norm % defined by a *x b * ¢ = min{(a,b,c) :
a,b,c € [0,1]} satisfying the following conditions

(3.1) A(X) € F(X), B(X) C E(X).

Mappings F and Fare continuous.
{A,E} and {B, F'} are weakly compatible mappings
For all z,y,z € X,t >0, k € [0, 1]

S(Az,By,z,kt) J
(3.2) / o(t)dt > / o(t)dt.
0 0

Where

J = min{S(Az, Ex, z,t), S(By, Fy, z,t), S(Ezx, Fy, z,t)
S(Az, Ex, z,2t)S(By, Fy, z,2t) S(Bx,Ex,z,2t)
S(Ez,Fy,z,t) " S(Ex, Fy,z,t)
S(Bx, Fy, z,t) + S(By, Ex, z,t) )
2 )
for all z,y, z € X,lim S(x,y, z,t) — 1 as t — oc.

Then A, B, F and F' have a unique common fixed point in X.

Proof. Let g € X be arbitrary. Since A(z) C F(x), we can find a point x
in X such that Axg = Fx;. Also since B(z) C E(x), we can choose a point xo
with Bz1 = Exs.
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Using this argument repeatedly we can construct sequence {y,} in X such
that yon,—1 = Fron—1 = Bron—2 and yo, = Fxoy = Bra,—1,n=1,2,3.
From (3.2) we have

S(Y2n+1,Y2n+2,2,kt)
/ o(t)dt =

/S(szn,BI2n+lvz:kt)

Ji
¢wﬁzA o(t)dt.

0 0

Where

J1 = min{S(Azay,, Exop, 2, 1), S(Bxop+1, Froni1, 2,t)S(Exon, Froni1, 2,t)
S(A.rgn, E.'L'Qn, Z, t)S(B:L'Qn_H, Fx2n+1, zZ, Qt)
S(Exgn,Fx2n+1,z,t) ’
S(Azap, Exop, z,2t)
S(Exgn, Fx2n+1, Z, t) ’
S(A.rgn, F.CCQn_H, Z, t) + S(Bl‘gn_H, Exgn, z, t)

2 }
Jo
/O o(t)dt.

Where

Jo = min{S(y2n, Y2n+1, 2, t), S(Y2n+2: Y2n+1, 2, t), S(Y2n, Y2n+1, 2, ),
S(Y2n+1,Y2n, 2, 26)S(Y2n+2, Yon+1, 2, 2t)  S(Y2n+1, Y2n, 2, 2t)

S(an,y2n+17Z,t) ’ S<y2n7y2n+17zvt) ’
S(y2n+17 Yon+1, 2, t) + S(y2n+27 Yon, 2, t) }
2
S(y2n+1,Y2n+2,2,kt) S(Y2n,Y2n+1,2:t)
/ o= [ (1),
0 0

Which implies in general

S(yn,yn+1,Z,kt) S(yn—lvynvz7t)
(3.3) / o(t)dt > / o(t)dt.

0 0

To prove that {y,} is a Cauchy sequence we shall prove

(3'4) S(ymyn—l-ma th) >1-A

is true for all n > ng and every m € N.
Here we use induction method from (3.3) we have

S(YnsYn+1,2,t) S(yn—lzynvzyi)
/ o= [ (1)
0 0

S(yn727yn71 7Zat/k2)~-~s(y0:yl ’th/kn)
(3.5) > / o(t)dt — 1 as n — oo,

0
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ie. Fort > 0, A € (0,1) we can choose ng € N such that S(yn, ynt1,2,t) > 1=\
Thus (3.4) is true for m = 1 suppose (3.4) is true for m then we shall prove that
it is also true for m + 1.

Using the definition of fuzzy metric space by (3.3) and (3.4) we have

S(yn,yn+m+1 ,Z,t) min {S(y’ﬂ7yn+’m7zvt/2)7s(yn+m7yn+m+1 ,Z,t/2)}
/ p(t)dt Z/ o(t)dt > 1—\.
0

0

Hence (3.4) is true for m + 1. Thus {y,} is a Cauchy sequence. By complete-
ness for (X, S, *), {yn} converges to some point z in X. Thus {Aza,}, {Ezan},
{Bxon-1} and {Fz2,_1} also converges to z;. Now Axg, — z and E is contin-
uous.

Hence FAxy, — Ez.

Thus for t>0, A€(0, 1) there exist an ng€N such that S(EAxay,, Ez1, 2,t/2)
>1—\, for all n > ng. Using given condition (weak compatible mappings) we
have

S(AExapn,EAxay,2,t/2)
/ p(t)dt — 1
0
S(AEzan,Ez,z,t/2) min {S(AExon,EAxon,2,t/2),S(EAxon,Ez,2,t/2)}
/ (1)t > / o(t)dt
0 0
>1—=A
3.6) Hence AExy, — Ez.

Similarly BFxon,_1 — Fz1.

Using (3.2) we have

/S(AE:EQTL ,BFx9,_1 ,Z,kt)

J3
; go(t)dtz/o o(t)dt.

Where

J3 =
= min {S(AExo,, E?xo,, 2,t), S(BF o1, F?20y_1, 2,t), S(E*xayn, F2x0,_1, 2, 1),
S(AExoy, E%x9,, 2,2t)S(BF 9,1, F?20n_1,2,2t) S(AExa,, E*xay, 2,2t)
S(E?xon, F2x95-1, 2, t) " S(E2w9p, F2x9, 1, 2,t)’
S(AExay, F229,_1,2, t) + S(BFxon_1, E?x9,, 2, t) )
2

Taking limit as n — oo and using (3.6) and (3.7) we get

S(Ez1Fz1,z,kt) S(Ez1,Fz1,z,t)
(3.8) / o(t)dt > / o(t)dt.
0 0
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Which implies that

(39) Ezl = FZl.
Now
S(Az1,BFzan_1,2,kt) Jy
(3.10) / e(t)dt > / o(t)dt.
0 0
Where

Jy =min{S(Az, Ez, z,t), S(BFx2,_1, F?xon_1,2,t), S(Ezy, F2xo,_1,t),
S(Az, Ez1,2,2t)S(BFwo, 1, F?29,_1,2,2t) S(AEz, Ez, z,2t)

S(Ezl,F2$2n71,Z,t) ’ S(EZl,FQZL‘anl,Z,t)’
S(AEZl, FQQL'Qn,l, Z, t) + S(BF‘TQn,l, Ez, 2, t)}
5 .

Taking the limit as n — oo and using (3.7) and (3.9) we get

S(Az,Fz1,z,kt) S(Az,Fz1,2,t)
/ o(t)dt > / o(t)dt.
0 0

Which implies that

(3.11) Az = Fz

S(Az1,Bz1,z,kt) Js
/ o(t)dt > / o(t)dt.
0 0

Where
Js = min{S(Az1, Ez1, 2,t),S(Bz1, Fz1,2,t), S(Ez1, Fz1, 2,t),
S(Az1, Ez,2,2t)S(Bz1, Fz1,2,2t) S(AEz, Ez1,2,2t)
S(Ez1, Fzi,t) " S(Ez,Fz,2,t)
S(AEzi,Fz,z,t)+ S(Bz, Ez1, 2,t)
2 }
S(Az1,Bz1,z,kt) Js
/ p0i> [ o
0 0
Where

Jemin{S(Fz, Ez,z,t),S(Bz1,Az1,2,t),S(Ez1, Fz1, 2, 1),
S(Az1,Ez,2,2t)S(Bz1,Fz1,2,2t) S(AEz1,Ez,2,2t)
S(Ez1, Fz,z,t) " S(Ez,Fz,2,t)

S(AEzi,Fz,z,t) + S(le,Ezl,a,t)}
5 .
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Which implies that
(3.12) Az = Bz.
Using (3.9) and (3.12) we get
(3.13) Az =Bz1 = FEz = Fzn
Now fOS(A”"’le’Z’kt) o(t)dt > f0J7 o(t)dt. Where
Jr min{S(Axon, Fxop, 2,t), S(Bz1, Fz1,2,t), S(Exay, Fz1, 2,t),
S(Azonwon, z,2t)S(Bz1, Fz1,2,2t) S(Axon, Exon, z,2t)

S(Exopn, Fz1,2,t) " S(Exon, Fz1,2,t)
S(Azon, F t)+S(Bz,E t T8
( Ton, L' 21, %, );— ( Zy LiTon,y 2, )} 2 /O Sp(t)d

Where

Js = min{S(Exay, Fz1,2,t), S(Axopn, Exopn, 2,t), S(Bz1, Fz1, 2, ),
S(Axay, Exop, z,2t)S(Bz1, Fz1, 2, 2t)
S(Exan, Fz1,2,t)
S(Axapn, Exon, 2,2t) S(Ax2n,)Fz1,2,t) + S(Bz1, Exay, 2, t)}
S(Exon, Fz1,2,t) 2

Taking limit as n — oo and using (3.13) we get

S(z1,Bz1,2,kt) S(z1,Bz1,2,t)
/ o(t)dt > / o(t)dt.
0 0

Which implies that
(3.14) 21 = Bz;.

Thus z; is a common fixed point of A, B, ¥ and F'. For the uniqueness let w be
another common fixed point of said mappings. Then from (3.2)

S(Az1,Bw,z,kt) Jo
/ o> [ ot
0 0

Where

Jo = min{S(Az, Ez,z,t), S(Bw, Fw, z,t), S(Ez, Fw, z,1),
S(Az1, Ez,2,2t)S(Bw, Fw, z,2t) S(Az, Ez, z,2t)
S(Ez, Fw,t) " S(Ez, Fw,t) ’
S(Azi, Fw, z,t) + S(Bw, Ez;, z,t)}
2

fe. [E0R) opyde > [FE00R o)dt,
Hence z; = w. This completes the proof. O
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Theorem 3.2. Let p,q, f and g be self mappings of complete S fuzzy metric
space (X, S, %) with continuous t-norm * defined by a * b x ¢ = min{(a,b,c) :
a,b,c € [0,1]} satisfying the following conditions

(3.15) Pairs {p, f} and {q, g} be oscillatory weakly commutative.
(3.16) For allxz,y,z € X,t > 0,h € [0,1]
S(pz,qy,z,ht) J
/ cwi> [ oo
0 0
Where J = min{S(fz, gy, 2,t),S(fr,pz,2,t),5(qy, 9y, 2, 1), [S(px, gy, 2, 1)+

S(fx,px,z,t)]/S(fx,px, 2,t), [S(qy, fr,2,1)+S(qy, gy, 2, 1)/ S(qy, gy, 2, 1) }. For
al x,y,z € X, imS(z,y,2,t) - 1 ast — oco. And ) € @, for all 0 < t < 1,
then there exists a unique point w € X such that pw = fw = w and a unique
point z1 € X such that qz1 = gz1 = z1. Moreover, z1 = w, so that there is a
unique common fized point of p, f,q and g.

Proof. Let the pairs {p, f} and {g, g} be owc, so there are points z,y,z € X
such that pr = fx and qy = gy. We claim that px = qy. If not, by inequality

(3.16)
S(px,qy,z,ht) J
/ (1)t > / o(t)dt
0 0

Where J = min{S(fz,gy,z2,t),S(fz,pz,2,1),5(qy, 9y, 2, 1), [S(pz, 9y, 2, 1)+
S(fz,px,z,t)]/S(fx,px, z,1),[S(qy, fz,z,t) +S(qy, 9y, 2, t)]/S(qy, 9y, 2, t)}

S(vaqyfzvht) Jl
/ ot)dt > [ st)t,
0 0

where J1 = min{S(pz,qyz,t),S(px, pz, 2,t), S(qy, qy, 2, 1), [S(px, qy, 2, 1)+
S(px, pxr, z,1)].5(px, px, 2,t), [S(qy, px, 2,t) + S(qy, qy, 2, )] /S (qy, qy, z, ) }

S(px,qy,z,ht) Ja
/ p(t)dt > | o(t)dt,
0 0

where Jo = S(pz,qy,z,t). Therefore pxr = qy, i.e. pr = fx = qy = gy.
Suppose that there is another point z such that pz = fz then by (3.15) we
have pz = fz = qy = gy, so pr = pz and w = pxr = fx is the unique point
of coincidence of p and f. By Lemma 2.4 w is the only common fixed point of
p and f. Similarly there is a unique point z; € X such that z1 = ¢z1 = gz.
Assume that w # zz;. We have

S(w,z1,z,ht) S(pw, fz1,2,ht) S(w,z1,2,ht)
/ b(t)dt = / o(t)dt > / (t)dt.
0 0 0
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J3 = min{S(fw,gzl, Z7t)7 S(fvawa Z,t), S(qzhgzlv Z7t)7 [S(pw,gzl, Z,t)
+ S(fwapwa Z?t)]/s(fvawa 2y t)) [S(qzh fw7 Zat)
+ S(q21,921, Z,t)]/S(q21,921, Z,t)}

S(w,z1,2,ht) S(w,z1,2,ht)
/ o(t)dt > / o(t)dt.
0 0

Therefore we have z; = w. Hence z; is a common fixed point of p, f,q and g.
The uniqueness of the fixed point holds from (3.15). O

Theorem 3.3. Let complete S fuzzy metric space (X, S, *) with continuous t-
norm * defined by axbxc = min{(a,b,c) : a,b,c € [0, 1]} satisfying the following
conditions

(i) R and T be continuous mappings of X ;

(ii) if there exists continuous mappings A of X into R(X)NT(X) which
weakly compatible with R and T and

S(Ax,Ay,z,ht) J
(3.17) / pt)dt 2 / eli)d
0 0
where
- S(RﬂfyTyvzat)
J = min{S(Ty, Ay, z,t), S(Rz, Az, z,t), S(Rx, Ty, 2, 1), S(Az, Ty, 2,1)’

S(Ty, Ay, z,t) S(Raszaz,z,t)}
S(Rz, Az, z,t)" S(Ty, Ay, z,t) "’

for all x,y,z € X, t >0, and 0 < h < 1. Then R,T and A have a unique
common fixed point.

Proof. We define a sequence {z,} such that Azy, = Szo,-1 and Azg,_1 =
Txo,, n = 1,2,.... We shall prove that {Az,} is a Cauchy sequence. For this
suppose x = T, and y = Top4+1 in (3.17), we write

/S(Azgn,A:cgnJrl,z,ht)

Ji
0 o(t)dt > /0 o(t)dt

where

J1 = min{S(Txon+1, ATont1, 2,t), S(Rxaopn, Axon, 2,t), S(Rre, Txon41, 2, 1),
S(Rxon, Txont1, 2, t)
S(Azon, Troni1,2,t)’
S(Txopt1, ATont1, 2, t) S(Rxan, Axon, 2,t)
S(Rxon, Azon, z,t) " S(Txont1, ATonyi1, 2, t)

/S(AIQn ,A1‘2n+1 7Z7ht)

Jo
; go(t)dtz/o o(t)dt
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where

JQ - min{S(AfL'Qn, Ax?n-l—h Z, t)a S(A.’L'Qn+1, AwQ’ru Z, t)v S(AxQTL-I—h Aanv Z, t)7
S(A$2n+1, T."L‘Qn, Z, t) S(AZL‘Qn, A$2n+1, Z, t) S(A:E2n+1, AQS‘Qn, Z, t)
S(Al'Qn, A2n7 Z, t) ’ S(A$2n+1, Al’Qn, Z, t) ’ S(A$2na A$2n+17 Z, t) ‘

Now
Jo = min{S(Axan, Axont1, 2, 1), S(Axont1, Axop, 2, t),
S(Axoni1, Axop, z,t),1,1,1}
> min{S(Axap_1, Axon, 2, %), S(Azop, Axon—_1, 2, %)}
Thus

S(Azan,Azont1,2,ht) S(sznthxzn,Z%)
/ o(t)dt > / S(t)dt.
0 0

By induction

S(A$2k,A1‘2m+1,z,ht) S(AQTQm,Aka_l,Z,%)
/ o(t)dt > / o(t)dt.
0 0

For every k and m in N, Further if 2m + 1 > 2k, then

S(Axay, ATom+1,2,ht) S(Azop_1,AT2m,z,%)
/ o(t)dt > / o(t)dt
0 0

> >

S(Azo, AT +1-2k:%: 525T)
/ o(t)dt.

0
If 2k > 2m + 1, then

S(Azoy,AT2m11,2,ht) S(Awop_1,AT2m,2,F)
/ o(t)dt > / o(t)dt
0 0

S(AZ2k— (2m+1):A0,%, 57577
.

o(t)dt.
0

By simple induction of above two equation we have

p(t)dt >

S(Axn,Axpyp,z,ht)
/ o(t)dt.

S(Aa:o,Azp,z,hin)
0 J
Forn=2k,p=2m+1lorn=2k+1,p=2m+1

t t
(3.18) S(Azy, Axpip, 2, ht) > S(Axo, Az, 2, %) * S(Azy, Axy, 2, ﬁ)
If n=2k,p=2morn=2k+1, p=2m. For every positive integer p and n in
N, by nothing that

t
S(Azxy, Az, 2, ﬁ) — 1lasn — co.
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Thus {Az,} is a Cauchy sequence. Since the space X is complete there exists
z1 € X, such that lim,_,oo Az, = limy,_oo RTopn_1 = limy,_ oo TXoy, = 21. It
follows that Az = Rz; = Tz and by weakly compatibility therefore

S(AZ1,AAZ1,Z,ht) J3
/ p(t)dt > / o(t)dt
0 0
where
J3 =min{S(T Az, AAz1, z,t),S(Rz1, Az, 2,t), S(Az1, T Az, 2, 1),
(3.19) S(Rz1,TAz,z,t) S(TAz,AAz,1,2,t) S(Rz1, Az, 2,t)

S(Az1, TAy,z,t) " S(Rzy,Az1,2,t) " S(TAz, AAz1, 2, 1)

/S(Azl,AAZ1,Z,ht) /S(RZ1,TAZ1,Z,t)

p(t)dt
0 0

S(Rz1,AT z1,z,t) S(Az1,A% 21,2,t)
> / o()dt > / o(t)dt
0 0

p(t)dt >

S(Azl,AQzl,z,h%)
> .2 / o(t)dt.
0

Since lim,, oo S(Az1, A%21, 2, h%) =1= Az = A?2.
Thus z; is common fixed point of A, R and 7. For uniqueness, let w(w # z1)
be another common fixed point of R, T and A. By (3.17), we write

S(Az1,Aw,z,ht) Jy
/ o(t)dt > / o(t)dt
0 0

where

Jy = min{S(Tw, Aw, z,t), S(Rz1, Az1, z,t), S(Rz1, Tw, z, 1),
S(Rz1,Tw, z,t) S(Tz,Aw,z,t) S(Rzi,Az,z,1)
S(Az1, Tw, z,t)" S(Rz1, Az1, 2,t)” S(Tw, Aw, z,t)

S(Az1,Aw,z,ht) S(z1,w,2,t)
/ o(t)dt > / o(t)dt.
0 0

This implies that

S(z1,w,z,ht) S(z1,w,2,t)
/ o(t)dt > / o(t)dt.
0 0

Therefore by Lemma 2.4, we write z; = w. This complete the proof of Theorem
(3.3). O
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