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Abstract. In this paper we establish some fixed point results for fuzzy mapping in a
complete b-metric space. Our results unify, extend and generalize several results in the
existing literature. An example is also given to support our results.
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1. Introduction and preliminaries

Fixed point theory plays an important role in the various fields of mathematics.
It provides very important tools for finding the existence and uniqueness of the
solutions. The Banach contraction theorem has an important role in fixed point
theory and became very papular due to iterations which can be easily imple-
mented on the computers. The idea of fuzzy set was first laid down by Zadeh
[9]. Later on Weiss [8] and Butnariu [3] obtained many fixed point results for
fuzzy mapping in metric spaces. Afterward, Heilpern [4] initiated the idea of
fuzzy contraction mappings and proved a fixed point theorem for fuzzy contrac-
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tion mappings which is a fuzzy analogue of Nadler’s fixed point theorem for
multivalued mappings [6]. Further work on fuzzy mappings can be seen in [7].

In this paper, we obtain a fixed point and a common fixed point for fuzzy
mapping in complete b-metric space. An example is also given which supports
the obtained results.

Here, the obtained results for fuzzy mapping in b-metric space under certain
contractive conditions are helpful for Hausdorff dimensions computing which are
helpful in high energy physics to understand e*-spaces. In high energy physics
these results are also helpful for solving the arising geometric problems due to
the involvement of fuzzy sets.

Definition 1.1 ([2]). Let X be any nonempty set and b > 1 be any given real
number. A function d : X x X — RT is called a b-metric, if it satisfies the
following conditions for all z,y, z € X:

i) d(z,y) = 0 if and only if x = y,
ii) d(z,y) = d(y,z),
i) d(zx,z) < bld(x,y) + d(y, 2)].
Then, the pair (X, d) is called a b-metric space.

Definition 1.2 ([5]). Let (X, d) be a b-metric space and {z,} be a sequence in
X. Then,

i) {z,} is called a convergent sequence if and only if there exists z € X, such
that for all € > 0 there exists n(e) € N such that for all n > n(e), we have
d(xn, ) < €. So, we write lim,, o0 T, = .

ii) {zp} is called a Cauchy sequence if and only if for all € > 0 there exists
n(e) € N such that for each m,n > n(e), we have d(x,, zn,) < €.

iii) (X,d) is called complete if every Cauchy sequence in X converges to a
point x € X such that d(x,z) = 0.

Definition 1.3 ([6]). Let (X,d) be a metric space. We define the Hausdorff
metric on CB(X) induced by d. Then,

H(A, B) = max{supd(z, B),supd(A4,y)},
z€A yeB

for all A, B € CB(X), where CB(X) denotes the family of closed and bounded
subsets of X and

d(z,B) = inf{d(x,a) : a € B},
for all x € X.
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A fuzzy set in X is a function with domain X and values in [0, 1], F'(X) is
the collection of all fuzzy sets in X. If A is a fuzzy set and x € X, then the
function value A(z) is called the grade of membership of x in A. The a-level set
of fuzzy set A, is denoted by [A],, and defined as:

[Ale = {z:A(x) >a}, where «e€(0,1],
[Alo = {x:A(z) > 0}.

Let X be any nonempty set and Y be a metric space. A mapping T is called
a fuzzy mapping, if T is a mapping from X into F(Y). A fuzzy mapping T
is a fuzzy subset on X x Y with membership function T'(z)(y). The function
T(z)(y) is the grade of membership of y in T'(z). For convenience, we denote
the a-level set of T'(x) by [T'x], instead of [T'(x)]s [1].

Definition 1.4 ([1]). A point € X is called a fuzzy fixed point of a fuzzy
mapping 7" : X — F(X) if there exists a € (0, 1] such that = € [Tz],.

Lemma 1.5 ([1]). Let A and B be nonempty closed and bounded subsets of a
metric space (X,d). If a € A, then

d(a, B) < H(A, B).

Lemma 1.6 ([1]). Let A and B be nonempty closed and bounded subsets of a
metric space (X,d) and 0 < o € R. Then, for a € A, there exists b € B such
that

d(a,b) < H(A, B) + a.

2. Main results

Now, we present our main results.

Theorem 2.1. Let (X,d) be a complete b-metric space with constant b > 1.
Let T : X — F(X) be a fuzzy mapping and for x € X, there exist a(x) € (0, 1]
satisfying the following condition:

H([Tx]a(m)v [Ty]a(y)) < apd(x, [Tx]a(w)) + azd(y, [Ty]a(y)) + agd(z, [Ty]a(y))
(2.1) +asd(y, [Tr] o)) + asd(z,y)
d(@, [Tx]a() (1 + d(@, [Tz]aw))
a6 1+d(z,y) ’

for all xz,y € X. Also, a; > 0, where i = 1,2,...6 with bay + ag + b(b+ 1)as +
blas + ag) < 1 and Z?:1 a; < 1. Then, T has a fizved point.
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Proof. Let zg be any arbitrary point in X, such that x1 € [Txo]a(xo). Then, by
Lemma 1.6 there exists 3 € [T'71]4(z,), such that

d(z1,22) < H([T0]a(ag): [T71]a(zr)) + (a1 + baz + a5 + as)
< a1d(20, [T%0] a(ao)) + a2d(21, [TZ1]a(2y)) + a3d(20, [TT1]a(2y))
+ asd(z1, [TT0]o(z)) + asd(wo, 21)+
a6 d(20, [T%0]a(20)) (1 + d(z0, [T20] o (0)))
1+ d(zg, 1)
< ard(zo, 1) + agd(z1, x2) + basld(xo, x1) + d(x1, x2)]
+ asd(xp, x1) + agd(zo, 1) + (a1 + bag + as + ag)
a1 + bas + as + ag

+ (a1 + bag + a5 + ag)

d < d
(z1,72) < 1— (az + bay) (z0,21)
(2.2) (a1+ba3+a5+a6).
1 — (ag + bas)
Let
(a1 + baz + a5 + ag) <1
N 1 — (ag + bag) b’

Then by (2.2), we have
d(z1,22) < Td(x0,21) + T
Again by Lemma 1.6, x3 € [T'w2]4(s,) such that

(a1 + bag + as + (16)2
1 — (az + bag)
< ard(z, [To1]o(ay)) + a2d(@2, [T22]a(r,)) + azd(@1, [T2]a(x,))
+ aqd(x2, [Tx1]a(x1)) + asd(x1, x2)+
a6 d(x1, [T21]a(z1)) (1 + d(z1, [T21]0(21))) N (a1 + bag + as + ag)?
1+ d(x1,z2) 1 — (ag + basg)
d(za,x3) < ard(z1, z2) + agd(ze, x3) + bas[d(x1, x2) + d(x2, x3)] + asd(x1, x2)
(a1 + bag + as + a6)2
1 — (ag + bag)
(a1 + bas + as + ag)
—  1—(ag+ ba3)
2
i) < (PR

2
P ((a1 + bas + as + ag)) by (2‘2)

d(q}?? 563) < H([Txl]a(xl)v [T:L?]a(xz)) +

+ a6d(x1, xg) +

(a1 + bas + as + a6)2
(1 — (CL2 + bag))2

d(xy,x9) +

1 — (ag + bagy)
d(x9,x3) < 72d(x0, 1) + 272
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Continuing the same way, we obtain a sequence {z,, } such that 2, € [Tz 11]q(
we have

$n+1)7

(2.3) d(Tp, Tpy1) < 7"d(z0, 1) + nT".

Now, for any positive integers m,n (n > m), we have

(T, ) < b[d(m, Tms1) + d(Tmat1, T0)]
< b(d(Tm, Tm+1)) + b[b{d(Tm+1, Tmt2) + d(Tm+2, Tn)}]
< b(d(Trm, Trms1)) + b2 (d( @it 1, Ting2)) + -+ 0" (d(Tp—1, 7))

< br™d(xg, 1) + mbr™ + V27 d(xg, 1) + b2 (m 4+ 1) 7" 4
+ 0" (g, 1) + 0V (n — 1)L by (2.3)

n—1 . .
<brM(14br 4+ 0 N d (2, ) + Xy

br™
—1-b71

n—1 .
d(xo,x1) + X "™t
=m

Since br < 1, it follows from Cauchy root test that X" ™i7’ is convergent and
hence {z,} is a Cauchy sequence. Since, (X, d) is complete. Then, there exists
z € X such that z,, — z as n — oco.

Now,

d(z’ [Tz]a(z)) [d(za xn-i-l) + d(xn-i-l? [Tz]a(z))}

<b
< b [d(z,2nr1) + H([T%n]ae,): [T7a()] -
Using (2.1), with n — oo we get

(1 —=b(az2 + a3))d(z, [T2]az)) < 0.
So, we get

z € [Tz]a(z).

Hence, z € X is a fixed point. O
Theorem 2.2. Let (X,d) be a complete b-metric space with constant b > 1.

Let S,T : X — F(X) be two fuzzy mappings and for © € X, there exist
ags(z), ar(z) € (0,1] satisfying the following condition:

H([Tx]aT(x)7 [Sy]ag(y)) < ald(x, [Tx]aT(x)) + a2d(y7 [Sy]as(y))
+ a3d(l‘, [Sy]as(y)) + a4d(y7 [Tx]ozT(:v))
(2.4) + asd(z, ).
forall z,y € X. Also a; > 0, wherei=1,2,...5 with (a1 + a2)(b+ 1) + b(ag +

ag)(b+ 1) + 2bas < 2 and .°_, a; < 1. Then, S and T have a common fized
point.



AQEEL SHAHZAD, ABDULLAH SHOAIB, QASIM MAHMOOD 424

Proof. Let zg be any arbitrary point in X, such that x1 € [Txo]a(xo). Then, by
Lemma 1.6 there exists a3 € [S71]q(s,), such that

d(w1,2) < H([Tw0]a(z)s [ST1]a(ey)) + (a1 + bag + as)
< ard(wo, [T%0]a(wy)) + a2d(21, [ST1]a(ey)) + a3d(Z0, [ST1]a(ay))
+ agd(x1, [Tw0]a(ay)) + asd(xo, z1) + (a1 + baz + as)
< ard(xo, x1) + agd(x1, x2) + bas[d(xg, x1) + d(z1, 22)]

(2.5) + a5d(x0, .’Bl) + (a1 + bas + a5)
aj + bag + as (a1 + bas + as)
d < ———d - .
(%1,.132) - 1- (CL2 + bag) (I0,$1) + 1-— (a2 + bag)

Similarly, by symmetry we have

d(z9, 21) < H([ST1]a(a1), [TZ0]a(zo)) + (a2 + bay + as)
< ard(w1, [ST1]a(ay)) + a2d(@o, [T20]a(zg)) + azd(@1, [TT0]a(zg))
+ a4d(z0, [ST1]a(z,)) + asd(z1, x0) + (a2 + bag + as)
< ard(z1, x2) + agd(zo, 1) + bas[d(zo, 1) + d(z1, x2)]

(2.6) + a5d(x1, l’o) + (CLQ + bay + a5)
as + bay + as (az + bayg + as)
d <= 24d —_—
(w2,21) < 1 — (a1 + bay) (20, 1) + 1 — (a1 + bay)

Adding (2.5) and (2.6), we get

a1 + as + bas + bag + 2as
d(x1,12) <
2 — (a1 + as + bas + ba4)
a1 + as + baz + bayg + 2as
2 — (a1 + az + bag + bay)

d(mo, 961)

a1 + a9 + bas + bay + 2as
T = <
2—(a1+a2+ba3+ba4)

1
5
Then by (2.7), we have

d(z1,29) < 7d(x0,21) + T
Again by Lemma 1.6, 3 € [T'w2]4(s,) such that

d<$27 1'3) < H([le]oz(xlﬁ [TxQ]a(xz))

(a1 + a2 + bag + bay + 2a5)”
2 — (a1 + ag + bas + bay)
< 72d(xg, z1) + 272
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Continuing the same way, we obtain a sequence {x,, } such that zo,4+1€[Tz2,] a(@an)
and xon40 € [S$2n+1]a(x2n+1), with

d(w2n+1, Tan+2) < H([TZ2n]a(zan)s [ST2n+1]a(@ansr))
(a1 + bag + az)?"+!
(1 — (ag + baz))*"
< a1d(z2n, [TT2n]a(ws,)) + a2d(T2041, [ST2n41]a(2an 1))

+ a3d(T2n, [ST2n+1]aesn,)) + @1d(@2n41, [TTon]a(esn))
+ asd(x2n, Tont1)

(a1 + bag + as)?" !

(1 — (ag + baz))*"

a1 + bas + as

2.8) d < =2 7
( ) (x2n+17$2n+2) 51 (a2 T bag)
(a1 + baz + a5)*"*!

(1— (ag + bag))*"

d(z2an, Tont1)

Similarly,

d(@2n+2, Tont1) < H([STont1]a(ean 1)) [T22n]a(zan))
(az + bay + az)?"+!
(1 — (a1 + bay))™"
< ard(T2n+1, [STan+1]a(@any)) T @2d(@2n; [TT20]o(2s,))

+ azd(zan+1, [T$2n]a(x2n)) + agd(w2n, [Sx2n+1]o¢(x2n+1))
(ag + bay + az)?" 1
(1 — (a1 + baq))™"

+ asd(xon41, Ton) +

(az + bag + as)
(1 — (a1 + bayg))
(ag + bay + az)?" 1

(1 — (a1 +bag))*"

d(z2n, Tont1)

(2.9) d(zant2,Ton+1) <

By (2.8) and (2.9),

d<x2n+1’ .’Egn+2) S Td(x2n7 x2n+1) + ,7_2n+1‘

Therefore,
a1 + as + bas + bag + 2as
~ 2— (a1 + ag + bas + bay)

N <a1 +a2+ba3+ba4+2a5>"
2 — (a1 + a2 + baz + bay)

d(l'n, -’EnJrl) < Td(l’nfl, xn) +7"

d(x’mxn—i—l) d(xn—lvxn)
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<7 [rd(zn—g, 1) + 7" + 7"

= TQd(mn,Q, Tp—1) + 27"

(2.10) d(xn, Tnt1) < 7"d(x0,21) + nT".

Now, for any positive integers m,n (n > m), we have

d(Tpm, Tn) < O[d(Tm, Tmg1) + d(Timt1, Tn))
< b(d(Tm, Tm+1)) + O[0{d(Tmi1, Tmi2) + d(@mi2, 2n)}]
< b(d(:fma merl)) + bQ(d(l'erla xm+2)) + -+ bn_m(d($n717 xn))

< br™d(xg, 1) + mbr™ + V27 d(zg, 1) + b2 (m 4+ 1) 7" 4
+ o (g, ) + 0™ (0 — 1) by (2.10)

n—1
<brM(14br 4+ 0 N d (2, ) + Z b

br™

—1-br

n—1
d(l’o, .%'1) + Z bt
i=m

Since br < 1, it follows from Cauchy root test that X" ™ir’ is convergent and
hence {z,} is a Cauchy sequence in X. Since, (X, d) is complete. Then, there
exists z € X such that x,, — z as n — oo.

Now, we prove z € X is a common fixed point of S and T

[d(z, x2n+1) + d(x2n+17 [Sz]oz(z))]
[d(za x2n+1> + H([Tx?n]a(zznﬁ [Tz]a(z))] :

Using (2.4), with n — oo we get
(1 —b(az + as))d(z, [Sz]a(z)) < 0.
So, we get
zZE [Sz]a(z)

This implies that z € X is a fixed point for S. Similarly, we can show that
z € [Tz]o(z)- Hence, z € X, is a common fixed point. O

Example 2.3. Let X = [0,1] and d(x,y) = |z — y|, whenever z,y € X, then
(X,d) is a complete b-metric space. Define a fuzzy mapping 7': X — F(X) by

1, 0<t<az/4
1/2, x/4<t<z/3
1/4, z/3<t<z/2
0, r/2<t<1

T(a)(t) =
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For all z € X, there exists a(z) = 1, such that[T'z],(,) = [0, 7]. Then,

1 T 1 Y 1 Y

H([Tx]a(r)’[Ty]a(y)) < g)iﬂ_z“f‘ﬁ y—1‘+ﬁ 93—1‘
+1 ‘ x‘+ 1 | |
20 1Y 4l T Y

1 (la=2(1+Jo—3)
30 1+ |z —y|

Since, all the conditions of Theorem 2.1 are satisfied. Therefore, 0 € X is the
fixed point of T
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