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Abstract. In this paper we introduce and study the concepts of a pesudo-topological
hypervector space and strongly pseudo-topological hypervector space. Further, we de-
fine a regular equivalence relation on a hypervector space and construct a new hypervec-
tor space with respect to this regular equivalence relation. Finally, by using a topology
on the power set of a hypervector space, we introduce a topological hypervector space
and investigate some of its properties.
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1. Introduction and preliminaries

Hyperstructures theory was initially introduced in 1934 by Marty [10]. He de-
fined hypergroups that are a generalization of groups and studied some prop-
erties and applications of them in non-commutative groups, rational functions
and algebraic functions. In the recent years, various aspects of hyperstructures
are studied [3, 4]. Especially, many connections between hyperstructures and
topological concepts has been established and investigated. For example, the
notions of topological hypergroups, topological hypergroupoids, fuzzy pseudo-
topological hypergroupoids and intuitionistic fuzzy topological polygroups were
introduced and studied in [1, 2, 5, 6, 7, 8, 9].

*. Corresponding author
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In 1998, the notion of hypervector spaces was initially introduced and studied
by Tallini [13, 15]. Also some properties of hypervector spaces were studied by
Raja and Taghavi in [11, 12].

In this paper we study some new structures. The organization of this paper
is as follows:

In section 2; we introduce the concepts of a pesudo-topological hypervec-
tor space and strongly pseudo-topological hypervector space and study some
of their properties. Further, we introduce a regular equivalence relation on a
hypervector space and construct a new hypervector space with respect to this
regular equivalence relation.

In section 3, by using a topology on the power set of a hypervector space, we
present a new topological hypervector space and investigate some of its proper-
ties.

We begin with the following definitions which are used in our paper.

Definition 1.1. A hypervector space over a field K is a quadruplet (V, +, 0, K),
that (V,+) is an abelian group and

o: K xV —P*V)

is a mapping of K x V into the power set of V' (deprived of the empty set), such
that the following properties holds:

(1.1) (a+b)ox C (aox)+ (box), Va,be K, VxelV,
(1.2) ao(x+y) C (aox)+(aoy), VaeK, Vr,yecV,
(1.3) ao(box) = (ab)ox, Va,be K, VaxeV,

(1.4) x € loxz, VzelV

(1.5) ao(—zr) = —aox, Ya€K,VrelV.

If in (1.1) the equality holds, the hypervector space is called strongly left dis-
tributive. If in (1.2) the equality holds, the hypervector space is called strongly
right distributive. The distributive hypervector spaces were studied in [13].

Let V be a hypervector space over the field K; H C V is a subspace of V, if

H+6¢, H—HCH, aoHC H, VYacK.

Definition 1.2. Let (V,+,0, K) and (V’,+/,0’, K) be two hypervector spaces
over the same field K. A mapping

f:vV=v
is called a homomorphism between V and V', if Va € K, Vx,y € V:

fle+y) = flx)+ flv),
flacz) C ad f(x).
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If in (1.7) the equality holds, then f is called strong homomorphisms.

Theorem 1.3 ([14]). Let V' and W be hypervector spaces. If H is a subspace
of V, then f(H) is a subspace of W. In particular Imf is a subspace of W,
conversely if H' is a subspace of W, then f~Y(H') is a subspace of V.

Throught out of the paper, the ground field of a hypervector space V is
presented with K, This field is usually considered by R or C.

2. Pseudo-topological hypervector spaces

In this section, the concepts of a pesudo-topological hypervector space and
strongly pseudo-topological hypervector space are introduced and some of their
properties are studied.

Definition 2.1. Let (V,+,0, K) be a hypervector space and (V,7) be a topo-
logical space. The mapping o is called:

i) pseudo-continuous, or for short p-contiuous, if for every open set U (mem-
ber of 7), the set

U*={(k,z) e KXV |kox CU}
is open in K x V', with respect to the product topology on K x V.

i1) Strongly pseudo-continuous, or for short strongly p-contiuous, if for every
open set U (member of 7), the set

U.={(k,z) e K xV |koxNU # ¢}
is open in K x V', with respect to the product topology on K x V.

Definition 2.2. Let (V,+,0) be a hypervector space over the field K and also
(V,7) be a topological space endowed with a topology 7. V' is called:

i) Pseudo topological hypervector space (or for short p-topological hypervec-
tor space), if the mapping + : V x V' — V is continuous and the mapping
o: K xV — P*(V) is p-contiuous.

i1) Strongly pseudo topological hypervector space (or for short strongly p-
topological hypervector space), if the mapping + : V x V — V' is contin-
uous and the mapping o : K x V' — P*(V) is strongly p-contiuous.

Example 2.3. Let V = R. Define
o:R xR — P*(R)

aox = {ax},
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for all a,z € R. If R is endowed with the discrete topology, then for all U € R,
U*={(a,x) : acx CU},

is an open set in R x R with respect to the product topology. So (R, +,0,R) is
a p-topological hypervector space.

Example 2.4. Let V = R?. Define
o:RxR?— P*(R2)
Such that for all @ € R and (z,y) € R,
voloy — { (@)} a0
{(0,0p  a=0

Let R be endowed with the discrete topology, R? be endowed with the standard
topology and U = B,.(2',y') (B.(2',y') is an open ball in R? centered at a point
(«',y"), with radius r > 0). So we have

U* ={(a,(z,y)) = ac(z,y) CU}

)

If (0,0) € U, then
‘/L,/ y/
* s (2 2 2
U = U{a}me(a, —)U{0} x R?,
a#0
that is open set in R x R? with respect to the product topology, if (0,0) ¢ U,
then

. xl y/
U" = U{a’} X Bﬁ(gvg)a
a#0
that U* is an open set in R x R2. So (R?, +,0,R) is a p-topological hypervector
space.
Remark 2.5. Let H be a subspace of hypervector space (V,+,0). Then
(H,+,0 |p) is obviously a hypervector space.

Theorem 2.6. Let V be a p-topological hypervector space and H be an open
subspace of V.. Then H 1is a p-topological hypervector space with respect to
subspace topology.

Proof. According to Remark 2.5, H is a hypervector space. Also +: H x H —
H is obviously continuous. Now we show that o : K x H — P*(H) is p-
continuous. Let Uy be an open set in H. So Uy = U N H where U is an open
set in V. Since V is a p-topological hypervector space, thus

U*={(k,z) e KxV |kox CU}

is an open set in K x V. It is enough to show that Uj; = U N (K x H). Suppose
that (k,h) € Uf; <=

kohCUy=UNH® (kh) € U* & (kh) € U N (K x H). O
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Theorem 2.7. Let (V,+,0) be a p-topological hypervector space and (V' ,+',0")
be a hypervector space endowed with topology 7, f : V — V' be a strong homo-
morphism that is open and continuous and H be an open subspace of V. Then
the following statements are valid:

i) f(H) is a p-topological hypervector space.
1) Im(f) is a p-topological hypervector space.
i1i) If f is onto, then V' is a p-topological hypervector space.
Proof. i) According to Theorem 1.3, f(H) is a subspace of V’'. Since f is

a continuous strong homomorphism. It can be easily seen that the map + :
f(H) x f(H) — f(H) is continuous.
Suppose that U is an open set in f(H). It is enough to show that
Us = (idr > [)((f7HU))s)-
Let z € U,. Then z = (k, f(z)) € K x f(H) and also ko' f(x) C U. Since f is
a strong homomorphism, so we have

ko f(z) = f(koxz)CU.
It implies that kox C f~1(U). So z = (k, f(2)) € (idg x f)((f~2(U)),). Simply

we see that

(idi x [)((f71(U))«) C Us.
The proof of (ii) and (iii) is immediate from the part (i). O
Theorem 2.8. Let (V, 4+, 0) be a hyper topological space that endowed with topol-
ogy 7, (V',4',0") is a p-topological hypervector space and f : V — V' be a strong
homomorphism that is open and continuous. Then the following assertions hold:

1) f~Y(H) is a p-topological hypervector space.
2) In particular, V is p-topological hypervector space.
Proof. If U is an open set in f~1(H), then U, = (idg o f~1)(f(U)4). O

Proposition 2.9. Let (V,+,0) and (V',+',0") be two hypervector spaces. If
f V. — V' is an one-to-one open continuous strong homomorphism, then
fL V' =V is an open strong homomorphism.

Proof. Let y,2 € V'. Then there exist x1,29 € V such that y = f(x1),2z =
f(x2). Now we have

FHy+2) = U + f(a2)
S (e + 2))

Tl + X2

= )+ ).
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and

fHad y)=fHad f(x1) = fTH(Flaow)) =aocx =ao f(y).
Since f is continuous, so f~! is an open strong homomorphism. O

Definition 2.10. Let (V,+,0) be a hypervector space and p be an equivalence
relation on V. If A, B are non-empty subset of V, then ApB means that V a €
A, 3b € B such that apb and V V' € B, Ja’ € A such that a’pb’.

Definition 2.11. Let (V,+,0) be a hypervector space and p be an equivalence
relation on V. The equivalence relation p is called regular if for all r € K, from
apb, it follows that (r o a)p(r o b).

Proposition 2.12. Let (V,+,0) be a hypervector space, p be an equivalence
relation on 'V and V/p = {[v] : v € V}. Then V/p is a hypervector space
with respect to actions

®:V/pxV/p—=V/p,

where ([z],[y]) — [z] ® [yl = [z +y], VYa,yeV. and
O:KxV/ip—=V/p

kolr]={[z] : z€koux},
if and only if p is regular.

Proof. First we check that the mappings @ and ©® are well-defined on V/p.
Simply, we see that @ is well-defined. It is enough to show that © is well-
defined. Let (r,[z]) = (+',[2']. So r = ' and [z] = [2/]. Now we check that
r©® [z] = r © [2/]. We have zpz’. Since p is regular it follows that (rozx)p(rox’).
Hence, for all z € rox, there exists 21 € rox’ such that zpz1, which means that
[z] = [z1]. It follows that r ® [z] C 7 ® [2/] and similary we obtain the converse
inclusion.

Now we show that (V/p,®,®) is a hypervector space. Simply we see that
(V/p,®) is an abelian group. It is enough to show that ® has the properties of
Definition 1.1. For all a,b € K we have

(a+b)ofz] = {lz] : z€(a+b)ox}
C {[z] : z€aocx+boux}
= {lcJ®ld] | c€aox,debour}
= aQz]®bO ]
Also the properties (ii), (iii), (iv) in Definition 1.1 are easily obtained. O

Theorem 2.13. Let (V,+,0) be a hypervector space and p be a reqular equiv-
alence relation on V. Then the canonical projection m : V. — V/p, such that
m(x) = [z], is a strong epimorphism.
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Proof. Suppose that z,y € X. Simply, we see that m(x+y) = m(z) D7 (y). Now
we show that, for all r € K and z € V, w(rox) =r © n(z). Let [2] € m(r o z),

there exists 2/ € rox such that [z] = [2/]. We have [z] = [/] € rO[z] = rOw(z).
Conversely, if [z] € r ©® w(x) = r ® [z], then there exists z; € r oz such that
[2] =[] € w(r o). O

Remark 2.14. Let V be a hypervector space that endowed with the topology
7 and p be a regular equivalence relation on V. Then V/p is a topological
space that endowed with the quotient topology. So the canonical projection
m:V — V/pis a continuous and open map.

Theorem 2.15. Let V' be a p-topological hypervector space and p be a regular
equivalence relation on V. Then V/p is a p-topological hypervector space.

Proof. Since the canonical map 7 : V' — V/p is onto, open strong homomor-
phism and V is a p-topological hypervector space. By Theorem 2.7, V/p is a
p-topological hypervector space. O

Theorem 2.16. If (V,+,0) and (V',+',0") are hypervector spaces over field K
and f : V. — V' is a strong homomorphism, then the equivalence relation RY
associated with the map f, that xtRTy <  f(z) = f(y), is reqular and V/RS
is a hypervector space. And also ¢ : f(V) — V/R/, defined by ¢(f(x)) = [x], is
an isomorphism map.

Proof. Let aR’b and r be arbitrary element of K. If
weroa= f(u) € f(roa)=ro f(a) =ro f(b) = f(rob),

then, there exist v € rob such that f(u) = f(v), which means that uR'v. Hence,
RY is regular. So according to Proposition 2.12, (V/R/,®,®) is a hypervector
space. Now we check that ¢ is an isomorphism. Let f(z), f(y) € f(V). We
have ¢(f(z) + f(y)) = ¢(f(z +y)) = [z +y] = [z] & [y]. For all r € K and
f(z) e f(V), we have

o(ro’ f(x)) = ¢(f(rox)) ={[z] : z€roa}=roz]=rodf(x)).

Moreover, if ¢(f(x)) = #(f(y), then [z] = [y], so xRy. Tt implies that f(x) =
f(y). Hence ¢ is an injective map. One can easily check that ¢ is a surjective
map. O

Remark 2.17. According to Theorem 2.15, we see that if (V,+,0) is a p-
topological hypervector space, then (V/Rf, ®,®) is a p-topological hypervector
space with respect to quetiont topology.

Proposition 2.18. Let (V,+,0) be a hypervector space over the field K and H
be a subspace of V. Define an equivalence relation p™ on V as follows:

apflb <= a—be H.

If (V,+,0) is a strongly right distributive hypervector space, then p is a regqular
equivalence relation.
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Proof. Let zpy and r be an arbitrary element of K. So x —y € H. Since V
is strongly right distributive, we have ro (z —y) =rox —roy C H. Hence p
is regular. O

Corollary 2.19. Let V and p™ are similar to Proposition 2.18 and V/p! =
V/H={zx]=x+H | xz¢€V}. Then V/H with respect to actions

®:V/HxV/H —V/H,
where [x] & [y] = [z + y],Vz,y € V, and
©:KxV/H—V/H,
where k ® [z] ={[z] : =z € koux}, is a hypervector space.
Proof. According to Propositions 2.12 and 2.18, the proof is clear. 0

Proposition 2.20. Let H be a subspace of a strongly right distributive hyper-
vector space (V,0,+), the following statements are valid:

1) #:V — V/H such that w(x) = [z] is a strong homomorphism map.

2) IfV is a p-topological hypervector space, then (V/H,®,®) is a p-topological
hypervector space.

3. T.-topological hypervector space

In this section, by using a topology on the power set of a hypervector space, we
present a new topological hypervector space and investigate some of its proper-
ties.

Definition 3.1. Let (V,+,0) be a hypervector space over the field K and also
(V,7) and (P*(V), 7) be two topological spaces. o : K x V — P*(V) is called
Ty-continuous, if for every open set U of P*(V) ( the member of 7.) the set
{(k,z) : kox €U} is an open set in K x V.

Definition 3.2. Let (V,+,0) be a hypervector space over the field K and also
(V,7) and (P*(V), 7«) be two topological spaces. V is called a 7.~ topological
hypervector space, if the mapping + : V' xV — V is continuous and the mapping
o: K xV — P*(V) is Ty-contiuous.

Lemma 3.3. Let (H,T) be a topological space and
Sy ={UeP*(H) : UCV},
where V€ 7. Then A ={Sy : V €1} is a basis for topology Tn on P*(H).

Proof. Let Sy,, Sy, € A, where V1, V5 € 7. So we have U € Sy,ny, = Sy, NSy,
where V1 N'Va € 7. Since H € 7, so we have Sy = P*(H), thus U € Sy,
VU e P*(H). O



PSEUDO-TOPOLOGICAL HYPERVECTOR SPACES AND THEIR PROPERTIES 651

In above Lemma, 7p that induced by 7 is called the upper-topology on
P*(H).

Theorem 3.4. Let (H,+,0) be a hypervector space over the field K and (H,T)
be a topological space and 15 be the upper-topology on P*(H). Then (H,+,0)
is a p-topological hypervector space if and only if (H,+,0) is a Tp- topological
hypervector space.

Proof. Let o: K x H — P*(H), where o(r,x) = r ox. Then we have

o NSy) = {(nx)e KxH : roxeSy}
= {(nz)e KxH : rox CV}=V".

So the map o is Tp-continuous if and only if the map o is p-continuous. O
Lemma 3.5. Let (H,T) be a topological space and

Iy ={U e P*(H) : UNV # ¢},
where V€ 7. ThenT' = {Zy, V € 7} is a subbasis for topology v on P*(H).

Proof. It is enough to show that

U zv =P (H).
Ver
This proof is trivial, because Zyy = P*(H). O

In above Lemma, 7 that induced by 7 is called the lower-topology on P*(H).

Theorem 3.6. Let (V,+,0) be a hypervector space over the field K, (V,7) be
a topological space and Tt be the lower-topology on P*(H). Then (V,+,0) is a
strongly p-topological hypervector space if and only if (V,+,0) is a Tp-topological
hypervector space.

Proof. Let o: K x H — P*(H), where o(r,z) = r oxz. Then we have

o NZy) = {(rnz)e KxH : roxecSy}
= {(nz) e KxH : roxNV #¢} =V,

So o is a Tp-continuous map if and only if o is a strongly p-continuous map. [
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