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Abstract. This study presents a numerical scheme for solving one dimensional equa-
tions of conservation law form. The Saulyev’s finite difference techniques are used to
compute the solution. Although the resulting difference equation do not appear explicit,
a suitable use of the equation make it explicit. It is shown that this explicit scheme is
unconditionally stable. A numerical example is presented to demonstrate the accuracy
and efficiency of the proposed computational procedure.
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1. Introduction

Finite elements [1], [2], Finite differences [3], [4] and recently meshless methods
[5], [6] are known to be powerful numerical methods to solve partial differential
equations with boundary conditions. In the theory of fluid flow, the equations
of motions, of continuity, and of energy can be combined into one conservation
equation of the form o)
ou oFU
(1.1) 5 + B

where U and F' are column vectors [7, 8]. The Lax-Wendroff method, can be
used to approximate Eqn. (1.1) by an explicit difference equation of second order
accuracy. Consider the following conservation equation:
ou ou

1.2 —+a— =0,
(12) ot Ox
where a is a positive constant and u is a function of  and ¢. Grid points (z;,t;) are
defined by z; = 29 +th,i =1,2,... and t; = o + jk,j = 1,2, .... The notation u; ;
is used for the finite difference approximations of u(z;,t;). By Taylor’s expansion
and elimination of the t-derivatives using the differential equation(1.2) we obtain:

o 1 9%u
(1.3) Uijr1 = Ui j — ka (a$>i,j + Qk ¢ (ax2)i,j i
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The replacement of the x-derivatives by central-difference approximations gives
the explicit difference equation:

2,2
ayp a~p
(1.4) Uigrr = Uig = - (Ui = Uim1g) + =

(wiz1j — 2u; 5 + Uit15),
where ¢ = % Scheme (1.4)is named the Lax-Wendroff explicit scheme and is
stable for 0 < ap <1 [3], [4]. In the next section we will present a scheme which
is unconditionally stable.

2. Main results

2.1. Proposed finite difference scheme

A noticeable feature of the current explicit finite difference methods for the nu-
merical solution is the restriction of the size of the time step due to stability
requirements. For most problems these are impractical methods. This limitation
is removed when the implicit finite difference schemes are used for the numeri-
cal solution of the equations. However, a disadvantage of these techniques is the
extensive amount of CPU times utilized in determining the numerical solution
compared to the explicit methods for the same selection of values of step-sizes
k and h. Implicit finite difference schemes require the solution of a large num-
ber of simultaneous linear algebraic equations at each time step. The number of
iterations require to achieve a modest accuracy may become large, particularly
for large time increments and small space mesh size. So the need to develop un-
conditionally stable Saulyev’s finite difference schemes is clear[9], [10]. The main
advantage of these techniques is that they are unconditionally stable and are ex-
plicit in nature [3], [4]. If we use the Saulyev’s A formula for (1.4) we get the
following equation:

a2 2 CL2 2 a CL2 2
Lt 5 Vg = ot + i+ (1= ) g
. ”
+ 7(%0 = Dty

Although the above approximation does not appear explicit, because u; ;41 and
u;,; are on the right-hand side, a suitable use of the equation makes it explicit. If
we begin the calculation from the left to right, the only unknown is u; j4i.

2.2. Stability analysis

For stability analysis we consider the equation

a2 a2p? a a’p? a
(1 + ;0 ) U1 = ;0 ui—l,j+1+7@ui—1vj+ (1 - TSO) Ui’j—k?w(aw_l)uiﬂ’j'

Substituting u; ; = 27 eV=1%h and eliminating common factors from the both sides
of the equation we have

2 2 2 2 2 2
(1—1— a2<p )z: _a;o ze‘ﬁ’\h—l—?e_ﬁ)‘h—k (1— _a;o )—i—%(agp—l)eﬁ’\h,
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therefore,
2 2 2 2 2 2
<1 + a2<,0 — a2go cos()\h)> zZ+ v—la L4 sin(Ah)z
2 2 2 2 2 2
=1 a2<p +a2cp cos(Ah) +v—1 (agp )Sin()\h).
Consequently,
2 2 2 2 2 4 4
(1 SOy cosww) + G2 o)
2,2 2,2 2 2
—(1-%7 + ik cos(Ah) | +ap” (% - 1) sin®(Ah),
2 2 2
so we have

. (1 + 2 cos(Ah)) +a2e? (% — 1) sin?(Mh)

|z

( aZp? a2p? 2 atpt . 2
1+ %= — COS()\h)) + sin®(Ah)

2 4

For stability we should have|z|*> < 1 and, therefore,

a2® a2
(1— 5 + 5 cos(/\h)) +atp< )sm
22 22 4
<(1+ a;@ — a; cos(Ah))? + oy sin?(\h),

simplifying the above non-equality we have (1 — ap)(1 4 cos(Ah)) < 2, therefore,

2

(1—ap) < m7

since 1 < cos(Ah) < 1,if 1 —ap < 1 or ap > 0 then the above non-equality is
hold. Because a > 0 and ¢ > 0, the relation is hold and, therefore, scheme (2.1)
is unconditionally stable.

3. Test example

For a test example, we consider the following equation

ou oU
3.1
(3.1) 2+ =0, 0<z<oo, t>0,

with the boundary condition
(3.2) U,t)=2t, t>0,

and initial conditions

(3.3) u
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The solution obtained via the proposed finite difference scheme are presented in
some mesh points(x=1 and ¢t = 0.5 ¢, ¢ = 1,2,...,8) and are compared with the
exact solution:

t 0.5 1 1.5 2 2.5 3 3.5 4

Exact -0.75 0 1 2 3 4 5 6
approximate | -0.556 | 0.185 | 1.074 | 2.028 | 3.010 | 4.004 | 5.001 | 6.000

4. Conclusions

This article has outlined an approach for the study of a particular class of hy-
perbolic partial differential equations. The Saulyev’s first kind explicit finite dif-
ference technique was applied. The Proposed finite difference method has been
proved to be unconditionally stable. The new algorithm outlined here, was tested
on a problem and was seen to produce good results that suggest convergence to
the exact solution when h goes to zero. The new scheme discussed in this report,
had the advantage of being stable and explicit. The results reveal that the method
is remarkably effective.
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