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Abstract. In this paper, we first introduce the notion of disjoint extended limit set
for a tuple of bounded linear operators on a separable Banach space X, and we extend
some results from a single operator to a tuple of sequences of operators.
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1. Introduction

For a infinite-dimensional separable complex Banach space X, B(X) will denote
the algebra of all bounded linear operators on X.
For z € X, the orbit of x under (7,,), is the set

Orb(T,,x) ={T,x :n € Z,}.

A sequence (T},), of operators is called hypercyclic if there is some x whose orbit
under (7},), is dense in X. In such a case, z is called a hypercyclic or universal
vector for (7,),. A sequence (7T),), of operators is called topologically transitive if
for every nonempty open subsets U and V of X there is some n > 0 such that

T.(U)NV £ 0.

Let T} ,,, T, be continuous linear sequences of operators acting on an infinite
dimensional separable Banach space X. For x € X, the orbit of x under the pair
Tn = {11, T2) }nez, is the set

Orb(Ty,x) = {T1nTonr :n € Z, }.

LCorresponding author.
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Definition 1.1. Let 7, = {(T1,, T2n) }nez, be a pair sequences of operators ac-
ting on an infinite dimensional Banach space X. A vector z is called a hypercyclic
vector for T, if Orb(T,, x) is dense in X and in this case the pair {(T1,,, T,) tnez.
is called hypercyclic.

Definition 1.2. We say that the pair of sequence of operators T, ={ (11, T2,) tnez,
is topologically transitive if for every nonempty open subsets U and V' of X there
exists n € Z; such that 71, T, (U) NV # 0.

Definition 1.3. We say that the pair of sequence of operators {(71,, T2.5) nez,
is topologically mixing if for every nonempty open subsets U and V' of X there
exists ng € Z, such that 71,75 ,,(U) NV # 0, ¥n > ny.

Definition 1.4. Let {n;} be a strictly increasing sequence of positive integers.
We say that {(T1,,, T,n) }nez, the pair of continuous linear sequence of operators
on X satisfy the Hypercyclicity Criterion with respect to {n;} provided there exist
two dense subsets X, and Yj in X, and mappings S; : Yy — X satisfying

1. For each x € Xo, Ty, Ton,x — 0 as j — oo.
2. For each y € Y, S;y — 0 as j — oo.
3. For each y € Yo, T1,,,, T2, Sy — y as j — oo.

For some sources on these topics, see [3], [4], [14]-[18], [22].

The notion of disjoint hypercyclicity, a strengthening of hypercyclicity, con-
cerning a tuple of linear operators, was introduced independently by Bernal [5]
and by Bes and Peris [10] in 2007.

For any integer N > 2, the tuple (71, T, ..., Tx) of operators, acting on the
same topological vector space X is said disjoint hypercyclic, or d—hypercyclic for
short, provided there exists (z, ..., z) in X* such that

{(1T7'2, T3z, ....,T{z) :n € Ly}

is dense in X¥~. Such a vector z is called a d—hypercyclic vector for the tuple
(11, Ty, ..., Ty).

Recall that S. Shkarin in [21] gave a short proof of existence of disjoint hyper-
cyclic tuples of operators of any given length on any separable infinite dimensional
Fréchet space. Similar argument provides disjoint dual hypercyclic tuples of ope-
rators of any length on any infinite dimensional Banach space with separable
dual.

We say that the operators 7, T, ..., Ty in B(X) with N > 2 are d-topologi-
cally transitive if for any non-empty open subsets Vg, Vi, ..., Vy in X, there exists
a positive integer n so that

0#Vo n T (V) NIy (Va) NN (V)

For recent results on disjoint hypercyclicity, see [6]-[9], [19]-[21].
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Definition 1.5. Let 7' : X — X be a bounded linear operator on a Banach
space X. For every x € X, the sets

J(z) = {y € X : there exist a strictly increasing sequence of positive integers
k, and a sequence x,, C X such that z,, — z and T*x, — y}

Jme(z) = {y € X : there exist a sequence z,, C X such that z, — z and
T"x, — y}

will be called the extended limit set of x under 7" and the extended mixing limit
set of x under T respectively.

The notions of the limit and extended limit sets are well known in the theory
of topological dynamics, see [11].

For z € X, the orbit of x under T is the set Orb(T,z) = {T"x : n € N}.
A vector z is called a hypercyclic vector for T if Orb(T, z) is dense in X and
the operator T is said to be hypercyclic if there is some vector € X such that
Orb(T, ) is dense in X. We say T € B(X) is topologically transitive if for every
open sets U,V there exists a non negative integer n such that 7-"(U) NV # (.
It is well known that 7' € B(X) is hypercyclic if and only if T is topologically
transitive. For more information on the topics of the hypercyclicity, see [1], [3],
[15]-[17]. It is not difficult to show that 7" is topologically transitive if and only
if J(x) = X for every x € X and that T is topologically mixing if and only if
Jmie(x) = X for every x € X see [13]. For more information on the J-class set
see [2], [12], [13].

In this paper, we introduced the notion of disjoint extended limit set for a
tuple of bounded linear operators on a separable Banach space X, and we extend
some results known for a single operator to a tuple of sequences of operators.

2. Main results
Definition 2.6. Let T}, T, ..., Ty in B(X) with N > 2. For every z € X, the sets

d-Jery 1y, ) (x0)={ (1, ..., z5) € XV for every neighborhoods Vp, V4, ..., Viy
of g, x1,...,xn respectively, there exists a positive integer n, so that
0#Vo n Ty (V) NIy (Vo) NN T (Viv) b

d-Ji,  pgy(@o)={(21, ..., xx) € XV: for every neighborhoods Vo, Vi, ..., Viy
of g, xq,...,xn respectively, there exists a positive integer m, so that
DAV Ty (V) NIy " (Vo) N NTR" (V) for every n > m}

will be called the extended limit set of xy under 77,75, ..., Ty and the extended
mixing limit set of xg under 71,75, ..., Ty respectively.

Proposition 2.1. An equivalent definition for the sets d-Jop, .. 1y)(T0) and
d-Jip%, (o) is the following



22 A. TAJMOUATI, M. EL BERRAG

d-Jiry 1y, 1) (T0) = {(z1,...;an) € XN: there exist a strictly increasing
sequence of positive integers k, and a sequence (x,,) C X such that x, — xg
and Tik"xn — x; for all 1 <i < N}, and

d‘Jgisz,.--,TN)(%) = {(z1,....,zx5) € X¥: there exists a sequence (x,) C X

such that x,, — xo and Tz, — x; for all1 <i < N},

.....

d-Jir, m,,... 73y (20) is similar. Let us prove that

d‘J(T?‘?,CTQ,...,TN)(xO) C {(z1,...,zx) € XV: there exists a sequence (x,) C X
such that z,, = xo and T/'z,, — x; for all 1 <i < N}.
Let (z1,...,xN) € d—J(’ZA,Ef”fTQMTN)(xO) and consider the open balls

Von =B (IO, %) Vin=21B (J?l', %) centered at zg,z; € X and radius 1/n for
n=12,..,and 1 <i<N.

Then there exists a positive integer m so that 0 # Vo, N T, (Vi) N Ty " (Vay,) N
.NTN"(VN,,) for every n > m. Hence there exists z,, € Vp,, = B(xo, %) such that

N
T, € ﬂTi—”(Vi,n), this implies that 177" (z,) € V;,, for all i = 1, ..., N. Therefore,
i=1

there exists a sequence (x,) C X such that z, — z¢ and 1"z, — x; for all
1 < ¢ < N. The converse is obvious. "

Theorem 2.1. Let Ty, Ts,...,Tx in B(X) with N > 2. Then the following con-
ditions are equivalent:

(1) Ty, Ty, ..., Ty is d-transitive.
(2) For every xg € X, d-Jir, 1,...13) (T0) = X V.

Proof. We first prove that (1) implies (2). Let z; € V; (0 < ¢ < N) and
Vo, Vi, ...,V be relatively open subsets of X. There exists n € N such that

N

0 # Von ﬂTZ’"(Vl) Thus (21, ...,2n) € d-Jiny 1. 1n)(T0), and consequently
i=1

d‘J(Tl,Tg,...,TN)(fEO) =XV,

We will show that (2) implies (1). Let Vy, Vi, ..., Vx the nonempty open.
Consider z; € V; (0 < i < N). Since d-Jizy 1y, 7y (20) = X ™. There exists n € N

N T

such that § # Vo N () Z,"(V;). By definition, Ty, T, ..., Tly is d-transitive. .
=1

Proposition 2.2. Let T}, Ty, ..., Ty in B(X) with N > 2. Then

d — Joun poTo, pnth) (0) = d = Jpy 1y, 1) (0)
forevery |\ =1 (1<i<N).
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Proof. Let (z1,...,2n) € d-Jo 1 aoms,.. anTy)(0). Then there exist a strictly in-
creasing sequence of positive integers k, and a sequence (z,) C X such that
r, — 0 and )\f”Tf”xn — x; for all 1 < i < N. Since [A\;| =1 then /\fnxn — 0
and since T/ (\i"z,,) — z; it follows that (z1,...,2n5) € d-Jir, 1y, .1x)(0).

Let (#1,...,2n) € d-Jiry 1, 7y)(0). Then there exist a strictly increasing se-
quence of positive integers k, and a sequence (x,) C X such that x, — 0 and
Tf”xn — x; forall 1 < ¢ < N.Since || =1 (1 <¢ < N), without loss of
generality we can assume that )\f" — p; for some |p;] = 1. Hence )\f"ﬂk"(z—”) — T

i
for all 1 <i < N and since i—" — 0 then (z1,...,2n5) € d-Jo, 1y poTn,.. anTy)(0). =

Proposition 2.3. Let T\, T, ..., T in B(X) with N > 2 and o, T10, - TNp
be the sequences in X such that xo, — xo and x,, — x; for some xo,x; € X
(1<i<N).

(1) ]f (ajl,na ceey :CN,n
then (z1,...,xyN

)

)
(2) ]f (xl,na"wan) (Tl,TQ, ,TN)
then (xlv 7$N) € d JT’?’?,BTQ, SITN)

Ton) for everyn =1,2, ...,

(o,
(.’L’o).
(

(

€ d- J(Tl,Tg, )
E d JTlaT27 77"1\],)

Ton) for everyn =1,2,.

Proof. (1) For n = 1 there exists a positive integer k; such that
[|Top — @o|| <& and ||ae, —i]] <3 (L <i<N).

Since (21,4, .oy TN gy ) €d-Jiry 10, 73) (Tok,) We may find a positive integer i1 and
z1 € X such that

21 — X0,k 5 and ]z 21 — T4k, 5 1 .
Therefore,
21— Tl < al 2 — Xl < (4 .
1 and ||Th 1(1<i<N

Proceeding inductively we find a strictly increasing sequence of positive integers
[, and a sequence z, in X such that

|z — zo|| < & and ||T}"z, — x| < £ (1 <i < N).

This completes the proof of assertion (1).

(2) For n =1 there exists a positive integer k; such that
|op — 2o|| <2 and ||aip, —i]] <5 (1 <i<N).

Since (1 4y, - TNgy ) € d- J%?Tm 1) (Tok,) we may find a positive integer /; and
zn € X such that

20 — 2omll < 5 and [Tz, — 2|l < 3 (1 <i < N).

For every n > [;. Therefore,
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l|zn — xol| <1 and ||T'z, — x| <1 (1 <i < N).

For every n > [. Proceeding inductively we find a strictly increasing sequence of
positive integers [y > [; and a sequence w,, C X such that

|w, — xo|| < 3 and  ||T]w, — ;]| < 5 (1 <i<N).
For every n > ly. Set v,, = z, for everyl; < n <5, hence
llon —x0|| <1 and ||T]'v, — 24| <1 (1 <i < N).

Proceeding inductively we find a strictly increasing sequence of positive integers
ny and a sequence v,, C X such that if n > k then

[|vn — mol| < % and ||T7v, — x| < % (1<i<N).

Take any € > 0. There exists a positive integer kg such that % < ¢. Hence for
every n > ny, we get

||on, — o] < % <e and ||Tv, —xi|| < k—lo <e(1<i<N).

This completes the proof of assertion (2). .

If 77,7y, ..., Ty in B(X) with N > 2, we denote

d-L(zo) := {(x1,...,z5) € XV: there exists a strictly increasing sequence of
positive integers k,, such that Tf”xo — x; for all 1 <i < N}.

Proposition 2.4. Let T\, Ty, ..., T in B(X) with N > 2. If T; is power bounded
for all 1 <i < N then d-Jir, m,,.. 1y (%0) = d-L(xg) for every xg € X.

Proof. Since T; is power bounded for all 1 < ¢ < N there exists a positive
number M such that ||T7*|| < M for every positive integer n and 1 <4 < N. Let
zg € X. I d-Jiry 1,1y (20) = O there is nothing to prove. Therefore assume that
d-Jiry 1y, 1) (20) # 0. Since the inclusion d-L(z¢) C d-Jiny 1, 1) (%0) is always
true, it suffices to show that d-Jip, 1, 1y)(20) C d-L(xo). Take (z1,...,2y) € d-
Jr s, ry)(%0). There exist a strictly increasing sequence of positive integers k;,
and a sequence (z,,) C X such that z,, — x¢ and Tf”xn —x; forall 1 <7< N.
Then we have

T} 2o — Tfma,|| + | T2, — 24|

M||zo = | + [| T} 20 — @i

T} — | <
<

and, letting n goes to infinity to the above inequality, we get that (xy,...,zy) €
d—L(I'()). u

From now on, let T} ,,1%,,...,75 n, with N > 2, be continuous linear se-
quences of operators acting on an infinite dimensional separable Banach space X.
We extend some results from a single operator to a tuple of sequences of operators.
For simplicity we state and prove our results for a pair that is a tuple with N = 2,
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and the general case follows by a similar method. Let x € X, the orbit of x under
the pair 7, = {(T1,n, Ton) }nez, is the set

Orb(Ty,x) = {1, Tonr :n € Z, }.

In the proof of the following lemma, we use a method of the proof of [15,
Theorem 1.2] to extend results for tuples. We will use HC(T,,) for the collection
of hypercyclic vectors for the pair of sequence 7,

Lemma 2.1. Let X be a separable infinite dimensional Banach space and
{(Th 0, Ton) }nez, be the pair of the sequence operators Ty, and Tb,. Then,
{(T1 0, Ton) }nez, 1s topologically transitive if and only if HC(T,) is dense in X.

Proof. Fix an enumeration {B,,n € Z,} of the open balls in X with rational
radii, and centers in a countable dense subset of X. By the continuity of the
sequences 17 ,, and T, the sets

Gr = T, T5,(By) :n € Z1}
are open. Clearly, HC(T,) is equal to

Now, let 7, be topologically transitive and let U by an arbitrary nonempty open
set in X. Then for all k € Z,, there exist n(k) in Z; such that

Tiny Tomuy(U) N By # 0

which implies that U N Gy # 0 for all k. Thus each G}, is dense in X and so by
the Bair Category Theorem HC(T,) is also dense in X.

Conversely, if HC(7,) is dense in X, then each set Gy. This implies that 7,
is topologically transitive. u

Theorem 2.2. (The Hypercyclicity Criterion for a Tuple of sequence) Suppose
that X is a separable infinite dimensional Banach space and {(T1,,Toz)nez, s
a pair of continuous linear sequence of operators on X. If there exist two dense
subsets Xog and Yy in X, and a strictly increasing sequence of positive integers
{n;} and mappings S;: Yo — X such that

(1) For each v € Xo, Ty, Tom;x — 0 as j — oo.

(2) For eachy € Yy, S;y — 0 as j — oo.

(3) For eachy € Yy, Ty, T2,S;jy —y as j — 00.
Then, Tn = {(T1n; Ton) tnez, is a hypercyclic tuple.

Proof. Let U and V' are two nonempty open sets in X, then chose x € XoNU
and y € VN Yy and let 2; = v + S;y. Then, as j — oo, z; — x and Ty, 15,25 =
Ty, Top;x+T1 0, To0,;S;y —y. Thus, for large j, we have z; €U and Ty, To ;25 €V.
By Lemma 2.1, HC(T,) is dense in X and this implies, clearly, that the pair
{(T1 0, T5) nez, is a hypercyclic pair. .
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Proposition 2.5. Let T, = {(T1n, Ton) }nez, satisfy the Hypercyclicity Criterion
with respect to a sequence {n;}. Then the pair <T1’”j’T27nj)n€Z+ are topologically
mazing. In particular {(T1n, Ton) tnez, are hypercyclic.

Proof. We show that {(T1,,;,T2,;)}nez, are topologically mixing. Let X, and
Yy be dense sets in X, that are given in the hypercyclicity criterion of Definition
1.4. Let U and V' are two nonempty open sets in X, then choose z € Xy NU and
y e VnNYyand e > 0 such that B(z,e) C U and B(y,e) C V. By Definition
1.4, there exist jo € N so that, for all j > jo, ||T1,,T20,7|| < €,[[S;(y)]| <€, and
[Ty, Ton;95(y) —y|| <e. Then, for each j > jo, we have zj=2+S;y € B(x,e) CU
and Ty, Ton,2; € B(y,e) C V. That is, Ty, To,, (U) NV # 0, Vi > jo. Hence,
{(T1;, Tom,) fnez, is topologically mixing. .

If {(T1n, To.n) tnez, is a sequence of 2—tuples of continuous self-maps on a X,
we denote

J:={(z,y) € X x X; Iup)neny C X :u, = x and Ty, 1o pu, — y}.

Proposition 2.6. Let T, = {(T1,,, T2,) tnez, is a sequence of 2—tuples of conti-
nuous self-maps on a X, such that J is dense in X x X. Then {(T1n,Ton)}nez,
are topologically mizing.

Proof. Let U and V are two nonempty open sets in X. Since J is dense in X x X,
we can find x € U and y € V' such that (x,y) € J. By definition of J, there is a
sequence (U, )neny C X such that u,, — = and T3 ,75,u, — y. Then, there exists
ko € N such that u,, € U and T ,T5 nu, € V', Vk > ko. Hence Ty, 15, (U) NV # 0,
Vk > ko. That is, T, = {(T1,n, To,n) }nez, are topologically mixing. n

We finish this paper by the following questions:

2

Question 1. Let 171,75, ..., Tn ( > 2 ) be d-hypercyclic and invertible. Must for
every € X d- JTl,Tg, ST ( ) =

Question 2. For a infinite-dimensional separable complex Banach space X, let
T1, Ty, ..., Ty in B(X) with N > 2. Suppose there exists a vector x € X such that
d-Jiry 1,y (2)° # 0. Tt is true that d-Jipy m,, 7y (2) = X7

Question 3. For a infinite-dimensional separable complex Banach space X, let
T, T5, ..., Ty in B(X) with N > 2. Suppose that d-Jip, 1,1y (2)° # 0 for every
x € X. Does it follow that T, Ts, ..., Ty is d-topologically transitive?

Question 4. Is there a relation between d-hypercyclicity see [10, Definition 1.1]
and d-J(p, 1. 7y)-Sets?
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