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Abstract. We introduce a new subgroup embedding property of a finite group called

nearly CAP -embedded subgroup. Using this subgroup property, we determine the struc-

ture of finite groups with some nearly CAP -embedded subgroups of Sylow subgroups.

Our results unify and generalize some recent theorems on p-nilpotency and supersolva-

bility of finite groups.
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1. Introduction

In this paper, all groups considered are finite. Let π(G) stand for the set of all
prime divisors of the order of a group G. Let F denote a formation, U the class
of supersolvable groups. H Char G means that H is a characteristic subgroup of
G. The other notations and terminology are standard (see[9]).

Let H be a subgroup of G, and A/B be a G-chief factor. We say that H
covers A/B if HA = HB; and H avoids A/B if H ∩ A = H ∩ B. H is said
to have cover-avoiding property in G, in brevity, H is a CAP -subgroup of G, if
H either covers or avoids any G-chief factor. In 1962, Gaschütz[5] introduced a
certain conjugacy class of subgroups of a solvable group called the pre-Frattini
subgroups. These subgroups have cover-avoidance property. Thereafter, many
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authors devoted to find some kind of subgroups of a solvable group having this
property, for example, Gillam[6] and Tomkinson[14]. In 1993, Ezquerro[4] con-
sidered the converse questions, he gave some characterizations for a group G to
be p-supersolvable and supersolvable based on the assumption that all maximal
subgroups of some subgroups of G are CAP -subgroups. Asaad in [1] obtained
further results within the framework of formation theory. As a generalization of
CAP -subgroups, Guo and Guo in[7] introduced CAP -embedded subgroups. A
subgroup H of G is said to have the CAP -embedded property in G or is called a
CAP -embedded subgroup of G if, for each prime p dividing the order of H, there
exists a CAP subgroup K of G such that a Sylow p-subgroup of H is also a Sylow
p-subgroup of K. Moreover, they presented some conditions for a finite group
to be p-nilpotent and supersolvable under the condition that some subgroups of
Sylow subgroup are CAP -embedded.

In recent years, it has been of interest to use some supplemented properties
of subgroups to determine the structure of a group. For example, Wang in [15]
introduced the concept of c-normal subgroups. A subgroup H of G is c-normal
in G if there is a normal subgroup K1 of G such that G = HK1 and H ∩K1 ≤
HG = CoreG(H). As applications, he gave some criteria for the solvability and
supersolvability of groups.

We provide examples in Section 2 to show that CAP -embedded property and
c-normality cannot imply from one to the other one. In this paper, we will try an
attempt to unify the two concepts and introduce a new subgroup embedding prop-
erty of a finite group called nearly CAP -embedded subgroup. As applications,
we study the influence of nearly CAP -embedded subgroups on the structure of
finite groups. We present some sufficient conditions for a group to be p-nilpotent,
p-supersolvable and supersolvable.

2. Basic definitions and preliminary results

When we recall the concepts of a c−normal subgroup and a CAP -embedded
subgroup, it is easy to see that a normal subgroup N of G is both c-normal and
CAP -embedded. The following examples show that c-normal and CAP -embedded
are different properties:

Example 2.1. Let G = A5, the alternative group of degree 5. Then all Sylow
subgroups of G are CAP -embedded subgroups of G, but every Sylow subgroup is
not a c-normal subgroup of G.

Example 2.2. Let A4 be the alternative group of degree 4 and C = ⟨c⟩ be a
cyclic group of order 2. Let G = C × A4. Then A4 = [K4]C3, where K4 = ⟨a, b⟩
is the Klein Four Group with generators a and b of order 2 and C3 is the cyclic
group of order 3. Take H = ⟨ac⟩ be the cyclic subgroup of order 2 of G. Then
G = HA4 and H ∩A4 = 1. By definition, H is c-normal in G. However, H is not
a CAP -embedded subgroup of G, if not, then there exists a CAP -subgroup B of
G such that H ∈ Syl2(B), so B covers or avoids (C ×K4)/C, it is impossible.
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In the c-normal case, G = HK1, if we let K2 = HGK1, then G = HK2 and
H ∩K2 = HG; H ∩K2 is, of course, a CAP -embedded subgroup of G. Based on
the observation, we introduce the following:

Definition 2.3. A subgroup H of a group G is said to be nearly CAP -embedded
in G if there are a subnormal subgroup T of G and a CAP -embedded subgroup
Hce of G contained in H such that G = HT and H ∩ T ≤ Hce.

If H is a CAP -embedded subgroup of G, taking T = G, we get H is a nearly
CAP -embedded subgroup of G. Hence nearly CAP -embedded subgroup is a real
uniform generalization of a c-normal subgroup and a CAP -embedded subgroup.

For the sake of convenience, we list here some known results which will be
useful in the sequel.

Lemma 2.4 (([7, Lemma 1])). Suppose that U is CAP -embedded in a group G
and N �G. Then UN/N is CAP -embedded in G/N .

Lemma 2.5. ([19, Lemma 2.4]) Let H be a normal subgroup of a group G such
that G/H is p-nilpotent and let P be a Sylow p-subgroup of H, where p is a prime
divisor of |G|. If |P | ≤ p2 and one of the following conditions holds, then G is
p-nilpotent:

(1) (|G|, p− 1) = 1 and |P | ≤ p;

(2) G is A4-free if p = minπ(G);

(3) (|G|, p2 − 1) = 1.

Lemma 2.6. ([20, Theorem 3.1]) Let F be a saturated formation containing U ,
and G a group with a normal subgroup N such that G/N ∈ F . If all Sylow
subgroups of F ∗(N) are cyclic, then G ∈ F .

Lemma 2.7. ([17, Theorem 3.1]) Let F be a saturated formation containing U ,
G a group with a solvable normal subgroup H such that G/H ∈ F . If for any
maximal subgroup M of G, either F (H) ≤ M or F (H)∩M is a maximal subgroup
of F (H), then G ∈ F . The converse also holds, in the case where F = U .

Lemma 2.8. Let U be a nearly CAP -embedded subgroup and N a normal subgroup
of a group G. Then

(1) If N ≤ U , then U/N is nearly CAP -embedded in G/N .

(2) If (|U |, |N |) = 1, then UN/N is nearly CAP -embedded in G/N .

Proof. By the hypotheses, there are a subnormal subgroup T of G and a CAP -
embedded subgroup Uce of G contained in U such that G = UT and U ∩T ≤ Uce.

(1) G/N = (U/N)(TN/N), TN/N ��G/N by [3, Chap A, Lemma 14.1(b)],
and (U/N) ∩ (TN/N) = (U ∩ TN)/N = (U ∩ T )N/N ≤ (UceN)/N . By Lemma
2.4, (UceN)/N is CAP -embedded in G/N . Hence U/N is nearly CAP -embedded
in G/N .

(2) Let π be the set of all prime divisors of |U |, thenN is a normal π′-subgroup
and U is a π-subgroup of G. Since |G|π′ = |T |π′ = |TN |π′ , we have that |T ∩N | =
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|T ∩ N |π′ = |N |π′ = |N | and hence N ≤ T . Therefore, G/N = (UN/N)(T/N),
T/N��G/N by [3, Ch. A, Lemma 14.1(b)], and (UN/N)∩T/N = (U∩T )N/N ≤
(UceN)/N . By Lemma 2.4, we have (UceN)/N is CAP -embedded in G/N . Hence,
(UN)/N is nearly CAP -embedded in G/N .

3. Main results and their proofs

Theorem 3.1. Let G be a group, N a normal subgroup of G such that G/N is p-
nilpotent and P a Sylow p-subgroup of N , where p ∈ π(G) with (|G|, p−1) = 1. If
all maximal subgroups of P are nearly CAP -embedded in G, then G is p-nilpotent.

Proof. Assume that the result is false. Let G be a minimal counterexample with
least |N |+ |G|.

(1) G has a unique minimal normal subgroup L contained in N , G/L is
p-nilpotent and L � Φ(G).

Let L be a minimal normal subgroup of G contained in N . Consider the
factor group G = G/L. Clearly G/N ∼= G/N is p-nilpotent and P = PL/L is
a Sylow p-subgroup of N , where N = N/L. Now let P1 = P1L/L be a maximal
subgroup of P . We may assume that P1 is a maximal subgroup of P . Then
P1 ∩ L = P ∩ L is a Sylow p-subgroup of L. By the hypothesis, there are a
subnormal subgroup T of G and a CAP -embedded subgroup (P1)ce contained
in P1 of G such that G = P1T and P1 ∩ T ≤ (P1)ce. Clearly TL/L � �G/L.
Now we let π(G) = {p1, p2, · · · pn} where p1 = p, and Tpi be a Sylow pi-subgroup
of T (i = 2, · · · , n). Then Tpi is also a Sylow pi-subgroup of G, hence Tpi ∩ L
is a Sylow pi-subgroup of L (i = 2, · · · , n). Write V = ⟨L ∩ Tp2 , · · · , L ∩ Tpn⟩,
then V ≤ T ∩ L. Note that (|L : P1 ∩ L|, |L : V |) = 1, L = (P1 ∩ L)V , thus
P1L∩TL = (P1L∩T )L = (P1V ∩T )L = (P1∩T )V L = (P1∩T )L. It follows from
Lemma 2.4 that (P1L/L) ∩ (TL/L) = (P1 ∩ T )L/L ≤ (P1)ceL/L and (P1)ceL/L
is CAP -embedded in G/L. Therefore P1 is nearly CAP -embedded in G. The
choice of G implies that G is p-nilpotent. Since the class of p-nilpotent groups is
a saturated formation, L is a unique minimal normal subgroup of G contained in
N and L � Φ(G).

(2) Op′(G) = 1.
If E = Op′(G) ̸= 1, we consider G = G/E. Clearly, G/N ∼= G/NE is p-

nilpotent because G/N is, where N = NE/E. Let P1 = P1E/E be a maximal
subgroup of PE/E. We may assume that P1 is a maximal subgroup of P . Since
P1 is nearly CAP -embedded in G, P1E/E is nearly CAP -embedded in G/E by
Lemma 2.8 (2). The minimality of G yields that G is p-nilpotent, therefore G is
p-nilpotent, a contradiction.

(3) Op(N) = 1 and so L is not p-nilpotent.
If not, then by (1), L ≤ Op(N) and, there is a maximal subgroup M of G

such that G = LM and L ∩ M = 1. Since Mp < P , where Mp ∈ Sylp(M), we
may let P1 be a maximal subgroup of P containing Mp. Because P1 is a nearly
CAP -embedded subgroup of G, there are a subnormal subgroup T of G and a
CAP -embedded subgroup (P1)ce contained in P1 of G such that G = P1T and
P1 ∩ T ≤ (P1)ce ∈ Sylp(K), where K is a CAP subgroup of G. If K covers
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L/1, then L ≤ K. It follows from (P1)ce ∈ Sylp(K) that L ≤ P1, thus P =
LMp = LP1 = P1, a contradiction. So K must avoids L/1, i.e., K ∩ L = 1, hence
P1 ∩ T ∩ L = 1. Consequently, |T ∩ L| ≤ p. Since T/L ∩ T ∼= TL/L ≤ G/L,
T/L ∩ T is p-nilpotent. It follows that T is p-nilpotent by Lemma 2.5. Let Tp

′

be the normal p-complement of T . Then Tp′ is a Hall p
′
-subgroup of G and

Tp
′ Char T ��G, so Tp

′ �G, contrary to Op′(G) = 1.
If L is p-nilpotent, then Lp′ Char L � N , so Lp′ ≤ Op′ (N) ≤ Op′ (G) = 1

by (2). Thus L is a p-group, L ≤ Op(N) = 1, a contradiction. Hence (3) holds.
(4) The final contradiction.
If P ∩ L ≤ Φ(P ), then L is p-nilpotent by Tate’s theorem [9, IV, Th 4.7],

contrary to (3). Consequently, there exists a maximal subgroup P1 of P such
that P = (L ∩ P )P1. Let T be a subnormal supplement of P1 in G, we have
P1 ∩ T ≤ (P1)ce ∈ Sylp(K), where K is a CAP subgroup of G. If K covers L/1,
then L ≤ K. It follows from (P1)ce ∈ Sylp(K) that P1 ∩K = (P1)ce ∈ Sylp(K),
then P1 ∩ L ∈ Sylp(L). Thus L ∩ P = L ∩ P1. We obtain P = (L ∩ P )P1 = P1,
a contradiction. So K must avoids L/1, i.e., K ∩ L = 1, hence P1 ∩ T ∩ L = 1.
Consequently, |P ∩ T ∩ L| ≤ p. Since T/L ∩ T ∼= TL/L ≤ G/L, T/L ∩ T is
p-nilpotent. It follows that T is p-nilpotent by Lemma 2.5. Let Tp′ be the normal

p-complement of T . Then Tp′ is a Hall p
′
-subgroup of G and Tp′ Char T � �G,

so Tp′ �G, contrary to Op′(G) = 1. This contradiction completes the proof.

Theorem 3.2. Let p be a prime dividing the order of the group G and let N
be a p-solvable normal subgroup of G such that G/N is p-supersolvable. If there
exists a Sylow p-subgroup P of N such that every maximal subgroup of P is nearly
CAP -embedded in G, then G is p-supersolvable.

Proof. Assume that the result is false and let G be a counterexample of minimal
order. Now, arguing as in the proof of Theorem 3.1, the following statements (1)
and (2) about G are true.

(1) G has a unique minimal normal subgroup L contained in N , G/L is
p-supersolvable and L � Φ(G).

(2) Op′(G) = 1.
Since G is p-solvable and Op′(G) = 1, L is a p-group and L ≤ P . If L ≤ Φ(P ),

by [12, Theorem 5.2.13], L ≤ Φ(G), a contradiction. Consequently, there exists
a maximal subgroup P1 of P such that P1L = P . Since P1 is a nearly CAP -
embedded subgroup of G, there are a subnormal T of G and a CAP -embedded
subgroup (P1)ce of G such that G = P1T and P1 ∩ T ≤ (P1)ce ∈ Sylp(K), where
K is a CAP subgroup of G. If K covers L/1, then L ≤ K. It follows from
(P1)ce ∈ Sylp(K) that L ≤ P1, thus P = LP1 = P1, a contradiction. So K must
avoids L/1, i.e., K ∩ L = 1, hence P1 ∩ T ∩ L = 1. Consequently, |T ∩ L| ≤ p.
Noting that G/TG is p-group, so N ∩ TG ̸= 1. If not, then G = G/N ∩ TG .
G/N × G/TG is p-supersolvable, a contradiction. So L ≤ N ∩ TG by (1). Hence
|L| = |T ∩L| = p. The p-supersolvability of G/L implies that G is p-supersolvable,
final contradiction.
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Remark 3.3. The hypothesis that N is p-solvable in Theorem 3.2 is essential.
For example, if we let G be the alternating group A5 of degree 5, N = G and
p = 3, then it is clear that the statement of Theorem 3.2 does not hold.

Theorem 3.4. Let G be a group. Then G is supersolvable if and only if there exists
a normal subgroup N such that G/N is supersolvable and all maximal subgroups
of any Sylow subgroup of N are nearly CAP -embedded in G.

Proof. The necessity part can be obtained if we let N = G and apply a result
due to Ezquerro[4]. So we need to prove the sufficiency part.

Let p be the smallest prime divisor of |G|. The supersolvability of G/N
implies that G/N is p-nilpotent. By Theorem 3.1, G is p-nilpotent. Furthermore
G is solvable. Applying Theorem 3.2, it is easy to see that G is supersolvable.

Theorem 3.5. Let F be a saturated formation containing U . Suppose that G is
a group with a normal subgroup N such that G/N ∈ F . If all maximal subgroups
of any Sylow subgroup of N are nearly CAP -embedded in G, then G ∈ F .

Proof. Let G be a minimal counterexample. With similar arguments as in the
proof of Theorem 3.1, we have the following claim (1).

(1) G has a unique minimal normal subgroup L contained in N such that
G/L ∈ F and L � Φ(G).

(2) L is an elementary abelian p-group for some prime p.
Let q be the smallest prime divisor of |N |, Q a Sylow q-subgroup of N . If

Q ∩ L � Φ(Q), then there exists a maximal subgroup Q1 of Q such that Q =
(Q∩L)Q1. By the hypotheses, there are a subnormal T ofG and a CAP -embedded
subgroup (Q1)ce of G such that G = Q1T and Q1 ∩ T ≤ (Q1)ce ∈ Sylq(K), where
K is a CAP subgroup of G. If K covers L/1, then L ≤ K. It follows from
(Q1)ce ∈ Sylq(K) that L∩Q1 = L∩Q, thus Q = (Q∩L)Q1 = (Q1 ∩L)Q1 = Q1,
a contradiction. So K must avoids L/1, i.e., K ∩ L = 1, hence Q1 ∩ T ∩ L = 1.
Consequently, |T ∩ L| ≤ q. Noting that G/TG is q-group, so N ∩ TG ̸= 1. If not,
then G = G/N∩TG . G/N×G/TG belongs to F , a contradiction. So L ≤ N∩TG

by (1). Hence |L| = |T ∩ L| = q. By applying Lemma 2.6, we obtain G ∈ F , a
contradiction. Therefore, Q ∩ L ≤ Φ(Q), then L is q-nilpotent by Tate’s theorem
[9, IV, Th 4.7] and, by the Odd Order Theorem, L is solvable, statement (2) is
true.

(3) A final contradiction.
From (1) and (2), there exists a maximal subgroupM of G such that G = LM

and L ∩ M = 1. Let P be a Sylow p-subgroup of N . Then P = LMp where
Mp ∈ Sylp(G). Since Mp < P , we may let P1 be a maximal subgroup of P such
that Mp ≤ P1. By the hypotheses, there are a subnormal T of G and a CAP -
embedded subgroup (P1)ce ofG such thatG = P1T and P1∩T ≤ (P1)ce ∈ Sylp(K),
where K is a CAP subgroup of G. If K covers L/1, then L ≤ K. It follows from
(P1)ce ∈ Sylp(K) that L ≤ P1, thus P = LMp ≤ P1, a contradiction. So K must
avoids L/1, i.e.,K∩L = 1, hence P1∩T∩L = 1. Consequently, |T∩L| ≤ p. Noting
that G/TG is p-group, so N ∩TG ̸= 1. If not, then G = G/N ∩TG . G/N ×G/TG
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belongs to F , a contradiction. So L ≤ N ∩ TG by (1). Hence |L| = |T ∩ L| = q.
By applying Lemma 2.6, we obtain G ∈ F , final contradiction. We are done.

Theorem 3.6. Let F be a saturated formation containing U and let N be a
solvable normal subgroup of G such that G/N ∈ F . If all maximal subgroups
of any Sylow subgroup of F (N) are nearly CAP -embedded subgroups of G, then
G ∈ F .

Proof. Assume that the result is false and let G be a counterexample of minimal
order. First we have Φ(G) = 1. Suppose that Φ(G) ̸= 1 and take a prime p
dividing |Φ(G)|. Denote D = Op(Φ(G)) ̸= 1. Clearly D � G. Let F (ND/D) =
L/D. By L/D Char ND/D � G/D, L/D � G/D. Hence L � G. Since L/D
is a normal nilpotent subgroup of G/D and D ≤ Φ(G), applying a result due to
Gaschütz[9, III, Theorem 3.5] , we have that L is a normal nilpotent subgroup
of ND. Thus L ≤ F (ND). Consequently F (ND/D) = F (ND)/D = L/D. By
[2, Lemma 3.1], F (ND/D) = F (N)D/D. It is clear that (G/D)/(ND/D) ∼=
G/ND ∼= (G/N)/(ND/N) belongs to F . Now, by Lemma 2.8(1), the hypotheses
of the theorem hold in G/D. By the minimality of G, G/D ∈ F . Since F is
saturated, G ∈ F , a contradiction. We obtain Φ(N) ≤ Φ(G) = 1. Let M be a
maximal subgroup of G such that F (N) � M . Then there exists a prime p such
that Op(N) � M . It follows that G = Op(N)M . Clearly, Op(N) ∩M < Op(N),
so we may take a maximal subgroup P1 of Op(N) containing Op(N) ∩M . Then
P1 ∩ M = Op(N) ∩ M � G, therefore P1 ∩ M ≤ (P1)G. If (P1)GM = G, then
Op(N) = Op(N) ∩ (P1)GM = (P1)G(Op(N) ∩M) = (P1)G, a contradiction. Thus
(P1)GM < G, so (P1)G ≤ Op(N) ∩ M and P1 ∩ M = Op(N) ∩ M = (P1)G. Let
Op(N)/K be a chief factor of G with Op(N)∩M ≤ K. Then Op(N)∩M = K∩M .
If KM = G, then Op(N) = Op(N)∩KM = K(Op(N)∩M) = K, a contradiction.
Thus KM < G, so K ≤ M and K = Op(N) ∩ M = (P1)G. Since P1 is a
nearly CAP -embedded subgroup of G, there are a subnormal T of G and a CAP -
embedded subgroup (P1)ce of G such that G = P1T and P1 ∩ T ≤ (P1)ce ∈
Sylp(B), where B is a CAP subgroup of G. Clearly (P1)G(Op(N) ∩ T ) is normal
in G. From the fact that Op(N)/(P1)G is a G-chief factor, we know that either
(P1)G = (P1)G(Op(N) ∩ T ) or (P1)G(Op(N) ∩ T ) = Op(N). If the former holds,
then Op(N) ∩ T ≤ (P1)G. Furthermore, Op(N) ∩ T = P1 ∩ T and Op(N) = P1

as P1T = Op(N)T = G, a contradiction. So (P1)G(Op(N) ∩ T ) = Op(N), we
obtain Op(N) ≤ (P1)GT . Thus G = P1T = (P1)GT . Noting that B is a CAP
subgroup of G. If B covers Op(N)/(P1)G, then Op(N) ≤ B(P1)G. It follows
from (P1)ce ∈ Sylp(B) that Op(N) ≤ P1, a contradiction. So B must avoids
Op(N)/(P1)G, i.e., (P1)ce = B ∩ Op(N) = B ∩ (P1)G, hence (P1)ce ≤ (P1)G.
Consequently (P1)G ∩ T = P1 ∩ T , we have P1 = (P1)G = Op(N) ∩M . Therefore
|G : M | = |Op(N) : Op(N) ∩ M | = p. By Lemma 2.7, we get G ∈ F , a final
contradiction.

Remark 3.7. The hypothesis that N is solvable in Theorem 3.6 cannot be re-
moved. For example, if we let G = SL(2, 5) and N = G, then F (N) is a group
of order 2. Thus all maximal subgroups of any Sylow subgroup of F (N) have the
nearly CAP -embedded property in G, but G is not supersolvable.
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4. Some applications

Since many relevant families of subgroups, such as normal subgroups, c-normal
subgroups, CAP subgroups, CAP -embedded subgroups and c♯-normal subgroups,
enjoy the nearly CAP -embedded property, a lot of nice results can be obtained
according to our theorems.

Recall first the concept of c♯-normal subgroups mentioned above. Let H be
a subgroup of G. We call H a c♯-normal subgroup of G if there exists a normal
subgroup T of G such that G = HT and H ∩T is a CAP subgroup of G (see[16]).

Now, we here list special cases of our theorems which can be found in the
literature.

Theorem 3.1 immediately implies:

Corollary 4.1. ([7, Theorem 3.1]) Let p be a prime dividing the order of the group
G with (|G|, p − 1) = 1 and let H be a normal subgroup of G such that G/H is
p-nilpotent. If there exists a Sylow p-subgroup P of H such that P is cyclic or
every maximal subgroup of P is CAP -embedded in G, then G is p-nilpotent.

Proof. If P is a cyclic group, by [9, p. 420, Theorem 2.8], we have G is p-
nilpotent. So every maximal subgroup of P has the CAP -embedded property in
G. Hence G is p-nilpotent by Theorem 3.1.

Corollary 4.2. ([8, Theorem 3.4]) Let p be the smallest prime number dividing
the order of a group G and P a Sylow p-subgroup of G. If every maximal subgroup
of P is c-normal in G, then G is p-nilpotent.

Corollary 4.3. ([16, Theorem 3.1]) Let G be a group, H a normal subgroup of G
such that G/H is p-nilpotent and P a Sylow p-subgroup of H, where p is a prime
divisor of |G| with (|G|, p − 1) = 1. If all maximal subgroups of P are c♯-normal
in G, then G is p-nilpotent. In particular, G is p-supersolvable.

From Theorem 3.2 we obtain:

Corollary 4.4. ([7, Theorem 4.1]) Let p be a prime dividing the order of the
group G and let H be a p-solvable normal subgroup of G such that G/H is p-
supersolvable. If there exists a Sylow p-subgroup P of H such that every maximal
subgroup of P is CAP -embedded in G, then G is p-supersolvable.

Corollary 4.5. ([16, Theorem 3.4]) Let G be a p-solvable group, H a normal
subgroup of G such that G/H is p-supersolvable and P a Sylow p-subgroup of H,
where p is a prime. If all maximal subgroups of P are c♯-normal in G, then G is
p-supersolvable.

By Theorem 3.5 we have:

Corollary 4.6. ([13, Theorem 1]) If the maximal subgroups of the Sylow subgroups
of G are normal in G, then G is supersoluble.

Corollary 4.7. ([11, Theorem 3.5]) Assume that G/H is supersolvable and all
maximal subgroups of the Sylow subgroups of H are normal in G. Then G is
supersolvable.
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Corollary 4.8. ([15, Theorem 4.1]) If the maximal subgroups of the Sylow sub-
groups of G are c-normal in G, then G is supersoluble.

Corollary 4.9. ([16, Theorem 4.1]) Let F be a saturated formation containing U .
Suppose that G is a group with a normal subgroup H such that G/H ∈ F . If all
maximal subgroups of any Sylow subgroup of H are c♯-normal in G, then G ∈ F .

As immediate corollaries of Theorem 3.6, we have the following:

Corollary 4.10. ([11, Theorem 3.1]) Assume that G is solvable and every max-
imal subgroup of the Sylow subgroups of F (G) is normal in G. Then G is super-
solvable.

Corollary 4.11. [7, Theorem 4.3] Let G be a group. Then G is supersolvable
if and only if there exists a solvable normal subgroup H such that G/H is su-
persolvable and all maximal subgroups of any Sylow subgroup of F (H) have the
CAP -embedded property in G.

Corollary 4.12. ([10, Theorem 2]) Let G be a group and E a soluble normal
subgroup of G such that G/E is supersoluble. If all maximal subgroups of the
Sylow subgroups of F (E) are c-normal in G, then G is supersoluble.

Corollary 4.13. [1, Theorem 4.4] Let F be a saturated formation containing U .
Suppose that G is a solvable group with a normal subgroup H such that G/H ∈ F .
If all maximal subgroups of all Sylow subgroups of F (H) are CAP -subgroups of
G, then G ∈ F

Corollary 4.14. ([18, Theorem 1]) Let F be a saturated formation containing U .
Suppose that G is a group with a soluble normal subgroup H such that G/H ∈ F .
If all maximal subgroups of all Sylow subgroups of F (H) are c-normal in G, then
G ∈ F .
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[5] Gaschütz, W., Praefrattini gruppen, Arch. Math., 13 (1962), 418-426.

[6] Gillam, J.D., Cover-avoid subgroups in finite solvable groups, J. Algebra,
29 (1974), 324-329.

[7] Guo, P.F., Guo, X.Y., On CAP -Embedded Subgroups in Finite Groups,
Journal of Mathematical Research & Exposition, 29 (6) (2009), 992-998.

[8] Guo, X.Y., Shum, K.P., On c-normal maximal and minimal subgroups of
Sylow p-subgroups of finite groups, Arch. Math., 80 (2003), 561-569.

[9] Huppert, B., Endliche Gruppen I, Springer, New York, Berlin, 1967.

[10] Li, D.Y., Guo, X.Y., The influence of c-normallity of subgroups on the
structure of finite groups, II. Comm. Algebra, 26 (1998), 1913-1922.

[11] Ramadan, M., Influence of normality on maximal subgroups of Sylow sub-
groups of finite groups, Acta Math. Hungar, 73 (1996), 335-342.

[12] Robinson, D.J.S., A Course in the Theory of Groups, Springer-Verlag, New
York, 1993.

[13] Srinivasan, S., Two sufficient conditions for supersolvability of finite
groups, Israel J. Math., 35 (3) (1980), 210-214.

[14] Tomkinson, M.J., Cover-avoidance properties in finite soluble groups, Can.
Math. Bull., 19 (2) (1976), 213-216.

[15] Wang, Y.M., c-normality of groups and its properties, J. Algebra, 180
(1996), 954-965.

[16] Wang, Y.M., Wei, H.Q., c♯-Normality of Groups and its Properties, Al-
gebras and Representation Theory, 16 (1) (2013), 193-204.

[17] Wang, Y.M., Wei, H.Q. Li, Y.M., A generalization of a theorem of
kramer and its appications, Bull. Austral. Math. Soc., 65 (2002), 467-475.

[18] Wei, H.Q., On c-normal maximal and minimal subgroups of Sylow subgroups
of finite groups, Comm. Algebra, 29 (2001), 2193-2200.

[19] Wei, H.Q., Wang, Y.M., On CAS-subgroups of finite groups, Israel J.
Math., 159 (2007), 175-188.

[20] Xu, Y., Zhao, T., Li, X.H., On CISE-normal subgroups of finite groups,
Turish J. Math., 36 (2012), 231-243.

Accepted: 22.12.2015


