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Abstract. This paper deals with the existence solution for the following type of boun-
dary value problems:{

∆
(
|x|p(x) |∆u|p(x)−2∆u

)
= λ |u|q(x)−2 u, in Ω,

u = ∆u = 0, on ∂Ω,

where Ω is a smooth bounded domain in ℜN . It is established for a negative λ, there

exists at least one weak solution. Our approach relies on the variable exponent theory

of generalized Lebesgue-Sobolev spaces and a variant of the Mountain Pass theorem.
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1. Introduction

The literature of various mathematical problems with variable exponent have re-
ceived a lot of attention in recent years [1], [12]. Fourth order equations appears
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in many contexts. Some of these problems come from different areas of applied
mathematics and physics such as Micro Electro-Mechanical systems, surface dif-
fusion on solids, flow in Hele-Shaw cells [5]. In addition, this type of equation
can describe the static from change of beam or the sport of rigid body. There
are many authors have pointed out that type of non linearity furnishes models to
study travelling waves in suspension bridges [2], [8].

Given a bounded smooth domain Ω ⊆ ℜN , we recall some definitions and ba-
sic properties of the variable exponent Lebesgue space and Sobolev space Lp(x)(Ω)

and W
k,p(x)
0 (Ω), where p(x) : Ω̄ → (1,∞) is a continuous function. For further

information in this regards we refer to [7] and [10]. On the other hand, regarding
applications of variable exponent Lebesgue and Sobolev spaces to PDEs we refer
to [6] while for some physical motivations of such problems we remember the con-
tributions of Rajagopal and Ruzicka [11], Ruzicka [12] and Zhikov[14]. For any
continuous function h : Ω → (1,∞), set

h+ = sup
x∈Ω

h (x) and h− = inf
x∈Ω

h (x).

Given p (x) ∈ C
(
Ω, (1,∞)

)
, the variable exponent Lebesgue space

Lp(x)(Ω) :=

 u; u is measurable real-valued function on Ω

such that

∫
Ω

|u(x)|p(x)dx <∞

 .

Lp(x)(Ω) endowed with the Luxemburg norm

(1.1) |u|p(x) = inf

{
µ > 0;

∫
Ω

∣∣∣∣u (x)µ

∣∣∣∣p(x) dx ≤ 1

}

is a reflexive Banach space [4].

It is well know that if p1 (x) ≤ p2 (x) almost everywhere in Ω then there
exists a continuous embedding Lp2(x) (Ω) ↪→ Lp1(x) (Ω), whose norm does not
exceed |Ω|+ 1. We denote by Lq(x) (Ω) the conjugate space of Lp(x) (Ω), where
1

p(x)
+ 1

q(x)
= 1. For any u ∈ Lp(x) (Ω) and v ∈ Lq(x) (Ω) the Holder type inequality

valid [4]

(1.2)

∣∣∣∣∫
Ω

uvdx

∣∣∣∣ ≤ (
1

p−
+

1

q−

)
|u|p(x) |v|q(x) ≤ 2 |u|p(x) |v|q(x) .

An important role in manipulating for generalized Lebesgue-Sobolev spaces
is played by the modular of the Lp(x) (Ω) space, which is the mapping
ρp(x) : L

p(x) (Ω) → ℜ defined by

ρp(x) (u) =

∫
Ω

|u|p(x) dx.
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If (un) and u are a sequence and an element respectively in Lp(x) (Ω) and p+ <∞
then the following relations hold [4]:

|u|p(x) > 1 ⇒ |u|p
−

p(x) ≤ ρp(x) (u) ≤ |u|p
+

p(x) ,(1.3)

|u|p(x) < 1 ⇒ |u|p
−

p(x) ≤ ρp(x) (u) ≤ |u|p
−

p(x) ,(1.4)

|un − u|p(x) → 0 ⇔ ρp(x) (un − u) → 0,(1.5)

|un|p(x) → ∞ ⇔ ρp(x) (un) → ∞.(1.6)

As usual W
1,p(x)
0 (Ω) is the closure of C∞

0 (Ω) under the norm

∥u∥ = ∥∇u∥p(x) .

Set

C+

(
Ω̄
)
=

{
p ∈ C

(
Ω̄
)
; inf
x∈Ω̄

p (x) > 1

}
.

For any p (x) ∈ C+

(
Ω̄
)
, denote by p∗k (x) =

Np(x)
N−kp(x)

if p (x) < N
k
and p∗k (x) = +∞

if p (x) ≥ N
k
. Define the variable exponent Sobolev space W k,p(x) (Ω) by

W k,p(x) (Ω) =
{
u ∈ Lp(x) (Ω) : Dαu ∈ Lp(x) (Ω) , |α| ≤ k

}
.

where Dα = ∂|α|

∂x1
α1 ...∂xN

αN
with α = (α1, α2, ..., αN) is multi-index and |α| =

N∑
i=1

αi.

The space W k,p(x) (Ω) endowed with norm ∥u∥ =
∑

|α|≤k

∥Dαu∥p(x) is a separable

reflexive Banach space. For p, r ∈ C+

(
Ω̄
)
in which r (x) < p∗k (x) for all x ∈ Ω̄,

there is a continuous and compact embeddingW k,p(x) (Ω) ↪→ Lr(x) (Ω). We denote

by W
k,p(x)
0 (Ω) the closure of C∞

0 (Ω) in W k,p(x) (Ω) with respect to the norm ∥u∥.
For more information one can refer to [7]-[9].

2. Existence solution

In this section, we denote by D
2,p(x)
0 (Ω) the closure of C2

c (Ω) endowed with the
norm

∥u∥ = ||x| |∆u||p(x)(
D

2,p(x)
0 (Ω) , ∥.∥

)
is a reflexive Banach space. Assume that q : Ω̄ → (1,∞) is a

continuous function satisfying 1 < q− ≤ q+ < 2Np−

2N+p−
. We investigate the existence

of solutions for the following problem

(2.1)

{
∆
(
|x|p(x) |∆u (x)|p(x)−2∆u (x)

)
= λ |u (x)|q(x)−2 u (x) for x ∈ Ω,

u (x) = ∆u = 0 forx ∈ ∂Ω,
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where λ is a negative constant. The above equation called weighted p(x)-Laplacian
equation. If∫

Ω

|x|p(x) |∆u|p(x)−2∆u∆vdx−
∫
Ω

|u|q(x)−2 uvdx = 0, ∀v ∈ D
2,p(x)
0 (Ω) ,

then u ∈ D
2,p(x)
0 (Ω) is a weak solution of problem (2.1).

Now, we show the following existence result for (2.1).

Theorem 1. For each λ < 0, (2.1) has a nontrivial weak solution.

Proof. For each λ < 0, we consider the energy functional associated with problem
(2.1), Jλ : D

2.p(x)
0 (Ω) → ℜ by

Jλ (u) =

∫
Ω

|x|p(x)

p (x)
|∆u|p(x) dx− λ

∫
Ω

1

q (x)
|u|q(x) dx

for each u ∈ D
2,p(x)
0 (Ω). Standard arguments show that Jλ ∈ C1

(
D

2,p(x)
0 (Ω) ,ℜ

)
and its derivative is given by⟨

J́λ (u) , v
⟩
=

∫
Ω

|x|p(x) |∆u|p(x)−2∆u∆vdx− λ

∫
Ω

|u|q(x)−2 uvdx,

for all u ∈ D
2,p(x)
0 (Ω). We infer that u is a solution of problem (2.1) if and only

if it is a critical point of Jλ. Consequently, we concentrate our efforts on finding
critical points for Jλ. In this context we prove the following assertions:

(a) Jλ is weakly lower semi-continuous.

(b) Jλ is bounded from below and coercive.

(c) There exists ψ ∈ D
2,p(x)
0 (Ω)− {0} such that Jλ (Ψ) < 0.

The arguments to prove (a) , (b) and (c) are detailed as below.

(a) First, we prove that the functional Λ : D
2,p(x)
0 (Ω) → ℜ defined by

Λ (u) =

∫
Ω

|x|p(x)

p (x)
|∆u|p(x) dx,

is convex. Indeed, since the function

[0,∞) ∋ t→ tθ,

is convex for any θ > 1, so for each x ∈ Ω∣∣∣∣ξ + ψ

2

∣∣∣∣p(x) ≤ (
|ξ|+ |ψ|

2

)p(x)

≤ 1

2
|ξ|p(x) + 1

2
|Ψ|p(x) , ∀ξ, ψ ∈ ℜN ,
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holds. Using this inequality,∣∣∣∣∆u+∆v

2

∣∣∣∣p(x) ≤ (
|∆u|+ |∆v|

2

)p(x)

≤ 1

2
|∆u|p(x) + 1

2
|∆v|p(x) ,

∀u, v ∈ D
2,p(x)
0 (Ω) .

Multiplying with |x|p(x)
p(x)

and integrating over Ω we obtain:

Λ

(
u+ v

2

)
≤ 1

2
Λ (u) +

1

2
Λ (v) , ∀u, v ∈ D

2,p(x)
0 (Ω) .

Next, we show that Λ is weakly lower semi continuous on D
2,p(x)
0 (Ω). Taking

into account that Λ is convex, by Corollary 3.8 in [3] it is enough to show that

Λ is strongly lower semi-continuous on D
2,p(x)
0 (Ω). We fix u ∈ D

2,p(x)
0 (Ω),

ϵ > 0 and v ∈ D
2,p(x)
0 (Ω). Since Λ is convex and holder type inequality (1.2)

holds true,

Λ (v) ≥ Λ (u) + ⟨Λ′ (u) , v − u⟩

≥ Λ (u)−
∫
Ω

|∆u|p(x)−1 |∆(v − u)| dx

≥ Λ (u)−D1

∣∣∣|∆u|p(x)−1
∣∣∣

p(x)
p(x)−1

|∆(u− v)|p(x)

≥ Λ (u)−D2 ∥u− v∥p(x)
≥ Λ (u)− ϵ,

for all v ∈ D
2,p(x)
0 (Ω) with

|u− v|p(x) <
ϵ

||∆u|p(x)−1| p(x)
p(x)−1

.

We have denoted by D1, D2 two positive constants. It follows that Λ is
strongly lower semi continuous and convex, so (by corollary 3.8 in [3]) Λ is

weakly lower semi continuous. Finally, if {un} ⊂ D
2,p(x)
0 (Ω) is a sequence

weakly converges to u in D
2,p(x)
0 (Ω), then {un} converges strongly to u in

Lq(x) (Ω). Thus, Jλ is weakly lower semi continuous and proof of (a) is
complete.

(b) It is clear that for any u ∈ D
2,p(x)
0 (Ω)

Jλ(u) ≥
1

p+

∫
Ω

|x|p(x) |∆u|p(x) dx− λ

q−

∫
Ω

|u|q(x) dx,

≥ 1

p+

∫
Ω

|x|p(x) |∆u|p(x) dx− λ

q−

(
|u|q

−

q(x) + |u|q
−

q(x)

)
.
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Since 1 < q− ≤ q ≤ q+ < 2Np−

2N+p−
< p−, by Theorem 2 in [9] there is a

continuous compact embedding of D
2,p(x)
0 (Ω) into Lq(x) (Ω) such that,

∃c > 0 : |u|q(x) ≤ c ∥u∥ ,∀u ∈ D
2,p(x)
0 (Ω) .

If ∥u∥ > 1, using this inequality,

Jλ (u) ≥
1

p+
∥u∥p

−
− kλ

q−

(
∥u∥q

−
+ ∥u∥q

+
)
,

where k is a positive constant. For λ < 0, lim
∥u∥→∞

Jλ (u) = ∞, means that Jλ

is coercive. It is clear that for any u ∈ D
2,p(x)
0 (Ω)

Jλ (u) ≥
1

p+
min

{
∥u∥p

+

, ∥u∥p
−
}
− kλ

q−

(
∥u∥q

−
+ ∥u∥q

+
)
.

We deduce that Jλ is bounded from below.

(c) Suppose that φ ∈ C2
c (Ω) , φ ̸= 0. Then, for each t ∈ (0.1),

Jλ (tφ) =

∫
Ω

|x|p(x) tp(x)

p (x)
|∆φ|p(x) dx− λ

∫
Ω

tq(x)

q (x)
|φ|q(x) dx

≤ tp
−
∫
Ω

|x|p(x)

p (x)
|∆φ|p(x) dx− λtq

+

∫
Ω

1

q (x)
|φ|q(x) dx

≤ tp
−

p−
max

{
∥φ∥p

−
, ∥φ∥p

+
}
− λtq

+

q+

(
|φ|q

+

q(x) + |φ|q
−

q(x)

)
.

Set

L1 =
1

p+
max

{
|φ|p

−
, |φ|p

+
}

and

L2 =
λ

q+

(
|φ|q

+

q(x) + |φ|q
−

q(x)

)
.

Then

Jλ(tφ) ≤ L1t
p− − L2t

q+ , q+ < p−

= L1t
p−

(
1− L2

L1

tq
+−p−

)
.

Since L1 is a positive constant, from this inequality

Jλ < 0 ⇐⇒ 1− L2

L1

tq
+−p− < 0

⇐⇒ t <

(
L2

L1

) 1
p−−q+

.
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We infer that, for any t ∈ (0,min{1, (L2

L1
)

1
p−−q+ }),

Jλ (tφ) < 0.

These facts together with Theorem (1) of [13] implies the existence of

uλ ∈ D
2,p(x)
0 (Ω) as a global minimum point of Jλ. Moreover, since (c)

hold true it follows that uλ ̸= 0.
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