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1. Introduction

Let A be the class of functions f normalized by

(1.1) f(z) = z +
∞∑
n=2

anz
n,

which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1}.

As usual, we denote by S the subclass of A consisting of functions which are
also univalent in U. The well known subclasses of S are the class of starlike
functions(ST ) and convex functions(CV). A function f(z) ∈ S is starlike of order

α(0 ≤ α < 1) denoted by ST (α), if Re
(

zf ′(z)
f(z)

)
> α and it is convex of order

α(0 ≤ α < 1) denoted by CV(β), if Re
(
1 + zf ′′(z)

f ′(z)

)
> β. It is an established fact

that f ∈ CV(α) ⇐⇒ zf ′ ∈ ST (α).
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For functions f ∈ A given by (1.1) and g ∈ A given by g(z) = z+
∑∞

n=2 bnz
n,

we define the Hadamard product (or convolution) of f and g by

(1.2) (f ∗ g)(z) = z +
∞∑
n=2

anbnz
n, (z ∈ U).

Let T denote the subclass of A consisting of functions of the form

(1.3) f(z) = z −
∞∑
n=2

anz
n (an ≥ 0; z ∈ U).

The class T was introduced by Silverman [10]. We denote by T ∗(α) and C(α)
denote the class of functions of the form (1.3) which are, respectively, starlike of
order α and convex of order α with 0 ≤ α < 1.

The Gaussian hypergeometric function F (a, b; c, z) given by

(1.4) F (a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n(1)n

zn (z ∈ U)

where, a, b, c are complex numbers such that c ̸= 0,−1,−2,−3, . . . , (a)0 = 1 for
a ̸= 0 and for each positive integer n, (a)n = a(a + 1)(a + 2) . . . (a + n − 1) is
the Pochhammer symbol, and is the solution of the homogenous hypergeometric
differential equation

z(1− z)w′′(z) + [c− (a+ b+ 1)z]w′(z)− abw(z) = 0

has rich applications in various fields such as conformal mappings, quasi conformal
theory, continued fractions and so on. The Gauss Summation theorem

(1.5) F (a, b; c; 1) =
∞∑
n=0

(a)n(b)n
(c)n(1)n

=
Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)
for Re(c− a− b) > 0

and the function F (a, b; c; 1) is bounded if Re(c − a − b) > 0 and has a pole at
z = 1 if Re(c− a− b) ≤ 0.

For f ∈ A, we recall the operator Ia,b,c(f) of Hohlov [5] which maps A into
itself defined by means of Hadamard product as

(1.6) Ia,b,c(f)(z) = zF (a, b; c; z) ∗ f(z)

Therefore, for a function f defined by (1.1), we have

(1.7) Ia,b,c(f)(z) = z +
∞∑
n=2

(a)n−1(b)n−1

(c)n−1(1)n−1

anz
n.

(1.8) Φ(n) =
(a)n−1(b)n−1

(c)n−1(1)n−1

(a, b > 0; n ≥ 2).
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A function f ∈A is said to be in the class Rτ (A,B), (τ ∈C\{0}, −1≤B < A≤1),
if it satisfies the inequality∣∣∣∣ f ′(z)− 1

(A−B)τ −B[f ′(z)− 1]

∣∣∣∣ < 1 (z ∈ U).

The class Rτ (A,B) was introduced earlier by Dixit and Pal [3]. If we put

τ = 1, A = β and B = −β (0 < β ≤ 1),

we obtain the class of functions f ∈ A satisfying the inequality∣∣∣∣f ′(z)− 1

f ′(z) + 1

∣∣∣∣ < β (z ∈ U; 0 < β ≤ 1)

which was studied by (among others) Padmanabhan [8] and Caplinger and Causey
[2], (see also [12]). We recall the following lemma relevant for our discussions.

Lemma 1.1 [3] If f ∈ Rτ (A,B) is of form (1.1), then

(1.9) |an| ≤ (A−B)
|τ |
n
, n ∈ N \ {1}.

The result is sharp for the function

f(z) =

∫ z

0

(
1 +

(A−B)τzn−1

1 +Bzn−1

)
dz, (n ≥ 2; z ∈ U).

In this paper, we consider the following subclass of S due to Kamali et al. [7]
as given below:

For some α(0 ≤ α < 1) and λ(0 ≤ λ < 1), we let K(λ, α) be a new subclass
of S consisting of functions of the form (1.1) satisfying the analytic criteria

Re

(
λz3f ′′′(z) + (2λ+ 1)z2f ′′(z) + zf ′(z)

λz2f ′′(z) + zf ′(z)

)
> α, z ∈ U.

We recall the following lemma due to Kamali et al. [7] to prove the main results.

Lemma 1.2 A function f ∈ T belongs to the class K(λ, α) if and only if

(1.10)
∞∑
n=2

n(n− α)(1 + nλ− λ)|an| ≤ 1− α.

Lemma 1.3 [10] A function f of the form (1.3) is in T ∗(α) if and only if

∞∑
n=2

(n− α)an ≤ 1− α (0 ≤ α < 1)

and is in C(α) if and only if

∞∑
n=2

n(n− α)an ≤ 1− α (0 ≤ α < 1).
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Motivated by the earlier works on hypergeometric functions studied recently
in [9], [11]–[14], we will study the action of the hypergeometric function on the
class K(λ, α).

2. Main results

Theorem 2.1 [14] Let a, b ∈ C \ {0}, and c be a real number. If f ∈ ST and the
inequality

λ
|a||b|(1+|a|)(1+|b|)(2+|a|)(2+|b|)(3+|a|)(3+|b|)

c(1+c)(2+c)(3+c)
2F1(4+|a|, 4+|b|; 4+c, 1)(2.11)

+[1− λ(α− 9)]
|a||b|(1+|a|)(1+|b|)(2+|a|)(2+|b|)

c(1+c)(2+c)
2F1(3+|a|, 3+|b|; 3+c, 1)

+[6− λ(5α− 19)− α]
|a||b|(1+|a|)(1+|b|)

c(1+c)
2F1(2+|a|, 2+|b|; 2+c, 1)

+(1− α)
|ab|
c

2F1(1+|a|, 1+|b|; 1+c, 1) ≤ 1− α

is satisfied, then Ia, b, c(f) ∈ K(λ, α).

Theorem 2.2 [14] Let a, b ∈ C \ {0} and let c be a real number. If f ∈ CV and
the inequality

λ
|a||b|(1 + |a|)(1 + |b|)(2 + |a|)(2 + |b|)

c(1 + c)(2 + c)
2F1(3 + |a|, 3 + |b|; 3 + c, 4; 1)(2.12)

+[1− λ(α− 5)]
|a||b|(1 + |a|)(1 + |b|)

c(1 + c)
2F1(2 + |a|, 2 + |b|; 2 + c, 3; 1)

+[3− 2λ(α− 2)− α]
|ab|
c

2F1(1 + |a|, 1 + |b|; 1 + c, 2; 1)

+(1− α) 2F1(|a|, |b|; c, 1; 1) ≤ 2(1− α)

is satisfied, then Ia, b, c(f) ∈ K(λ, α).

Theorem 2.3 Let a, b ∈ C \ {0} and let c be a real number such that
c > |a|+ |b|+ 1. If f ∈ Rτ (A,B) and if the inequality

λ
|a||b|(1 + |a|)(1 + |b|)

c(1 + c)
F (2 + |a|, 2 + |b|, 2 + c; 1)(2.13)

+[1−λ(α−2)]
|ab|
c

F (1+|a|, 1+|b|, 1+c; 1)+(1−α)F (|a|, |b|, c; 1)

≤ (1− α)

(
1

(A−B)|τ |
+ 1

)
is satisfied, then Ia, b, c(f) ∈ K(λ, α).
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Proof. Let f be of the form (1.1) belong to the class Rτ (A,B). By virtue of
Lemma 1.1, it suffices to show that

(2.14)
∞∑
n=2

n(n− α)(1 + nλ− λ)

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

an

∣∣∣∣ ≤ 1− α.

Taking into account the inequality (1.9) and the relation |(a)n−1| ≤ (|a|)n−1, we
deduce that

∞∑
n=2

n(n− α)(1 + nλ− λ)

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

an

∣∣∣∣
≤ (A−B)|τ |

(
λ

∞∑
n=2

(n− 1)(n− 2)

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

∣∣∣∣
+ [1− λ(α− 2)]

∞∑
n=2

(n− 1)

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

∣∣∣∣ + (1− α)
∞∑
n=2

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

∣∣∣∣
)

≤ (A−B)|τ |

(
λ

∞∑
n=2

(|a|)n−1(|b|)n−1

(c)n−1(1)n−3

+ [1− λ(α− 2)]
∞∑
n=2

(|a|)n−1(|b|)n−1

(c)n−1(1)n−2

+ (1− α)
∞∑
n=2

(|a|)n−1(|b|)n−1

(c)n−1(1)n−1

)

= (A−B)|τ |

(
λ
(|a|2)(|b|2)

(c)2

∞∑
n=2

(2 + |a|)n−3(2 + |b|)n−3

(2 + c)n−3(1)n−3

+ [1−λ(α−2)]
|ab|
c

∞∑
n=2

(1+|a|)n−2(1+|b|)n−2

(1+c)n−2(1)n−2

+(1−α)
∞∑
n=2

(|a|)n−1(|b|)n−1

(c)n−1(1)n−1

)

= (A−B)|τ |
(
λ
|a||b|(1 + |a|)(1 + |b|)

c(1 + c)
F (2 + |a|, 2 + |b|, 2 + c; 1)

+ [1−λ(α−2)]
|ab|
c

F (1+|a|, 1+|b|, 1+c; 1)+(1−α) (F (|a|, |b|, c; 1)−1)

)
,

where we use the relation (a)n = a(a+ 1)n−1.

The proof now follows by an application of the Gauss summation theorem
and (1.5).

Next, we prove the following properties for the operator Ia,b;c(f), when a
function f belongs to the class K(λ, α).

Theorem 2.4 Let a, b > 0, c ≥ max{0, a + b − 1, (1/2)(ab + a + b − 1)} and let
a function f of the form (1.3) be in K(λ, α). Then

(2.15) |z| − (1− α)

2(2− α)(1 + λ)

ab

c
|z|2 ≤ |Ia,b;cf(z)| ≤ |z|+ (1− α)

2(2− α)(1 + λ)

ab

c
|z|2
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and

(2.16) 1− (1− α)

(2− α)(1 + λ)

ab

c
|z| ≤ |(Ia,b;cf(z))′| ≤ 1 +

(1− α)

(2− α)(1 + λ)

ab

c
|z|.

The results are sharp.

Proof. We note that

Ia,b;cf(z) =
(
zF (a, b; c; z) ∗ f

)
(z) = z −

∞∑
n=2

Φ(n)anz
n,

where

Φ(n) =
(a)n−1(b)n−1

(c)n−1(1)n−1

(a, b > 0; n ≥ 2)

and 0 < Φ(n+ 1) ≤ Φ(n) (n ≥ 2) under the assumption for c. Since f ∈ K(λ, α),
by Lemma 1.2, we have

(2.17) 2(2− α)(1 + λ)
∞∑
n=2

an ≤
∞∑
n=2

n(n− α)(1 + nλ− λ)an ≤ 1− α.

Therefore, by using (2.17), we obtain

|Ia,b;c(f)| ≤ |z|+
∞∑
n=2

Φ(n)an|z|n

≤ |z|+ Φ(2)|z|2
∞∑
n=2

an

≤ |z|+ (1− α)

2(2− α)(1 + λ)

ab

c
|z|2

and

|Ia,b;c(f)| ≥ |z| −
∞∑
n=2

Φ(n)an|z|n

≥ |z| − Φ(2)|z|2
∞∑
n=2

an

≥ |z| − (1− α)

2(2− α)(1 + λ)

ab

c
|z|2.

From (2.17), we note that

(2.18)
∞∑
n=2

nan ≤ (1− α)

(2− α)(1 + λ)
.

By using (2.18), we obtain (2.16). The results are sharp for the function
f(z) = z − 1−α

2(2−α)(1+λ)
z2.

Now, we find the order β (0 ≤ β < 1) for which the operator Ia,b;c(f) belongs
to the classes T ∗(β) and C(β) when a function f belongs to the class K(λ, α).
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Theorem 2.5 Let a, b > 0, max{2ab/3, a+ b− 1, (1/2)(ab+ a+ b− 1)} ≤ c ≤ ab
and let a function f of the form (1.3) be in K(λ, α). Then Ia,b;c(f) ∈ T ∗(β), where

(2.19) β = 1− Φ(2)(1− α)

2(2− α)(1 + λ)− Φ(2)(1− α)
.

Proof. Let f ∈ K(λ, α). Consider the operator

Ia,b;cf(z) = z +
∞∑
n=2

Φ(n)anz
n,

where

Φ(n) =
(a)n−1(b)n−1

(c)n−1(1)n−1

(a, b > 0; n ≥ 2).

Since Φ(n) is a decreasing function for n, by Lemma 1.3, we need to find β
(0 ≤ β < 1) that

Φ(2)
∞∑
n=2

n− β

1− β
an ≤ 1.

Since f ∈ K(λ, α), by Lemma 1.2, we have

∞∑
n=2

n(n− α)(1 + nλ− λ)an ≤ 1− α.

To complete the proof, it suffices to find β such that

(2.20)
n− β

1− β
Φ(2) ≤ n(n− α)(1 + nλ− λ)

1− α
.

From (2.20), we obtain
β ≤ Ψ(n),

where

(2.21) Ψ(n) =
n(n− α)(1 + nλ− λ)− nΦ(2)(1− α)

n(n− α)(1 + nλ− λ)− Φ(2)(1− α)
·

By the assumption of the theorem, it is easy to see that Ψ(n) is an increasing
function for n (n ≥ 2). Setting n = 2 in (2.21), we have

β =
2(2− α)(1 + λ)− 2Φ(2)(1− α)

2(2− α)(1 + λ)− Φ(2)(1− α)
,

hence we get(2.19). Therefore we complete the proof of Theorem 2.5.

Theorem 2.6 Let a, b > 0, max{2ab/3, a+ b− 1, (1/2)(ab+ a+ b− 1)} ≤ c ≤ ab
and let a function f of the form (1.3) be in K(λ, α). Then Ia,b;c(f) ∈ C∗(β), where

(2.22) β = 1− Φ(2)(1− α)

(2− α)(1 + λ)− Φ(2)(1− α)
·
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Proof. Let f ∈ K(λ, α). Consider the operator

Ia,b;cf(z) = z +
∞∑
n=2

Φ(n)anz
n,

where

Φ(n) =
(a)n−1(b)n−1

(c)n−1(1)n−1

(a, b > 0; n ≥ 2).

Since Φ(n) is a decreasing function for n, by Lemma1.3, we need to find β
(0 ≤ β < 1) that

Φ(2)
∞∑
n=2

n
n− β

1− β
an ≤ 1.

Since f ∈ K(λ, α), by Lemma 1.2, we have

∞∑
n=2

n(n− α)(1 + nλ− λ)an ≤ 1− α.

To complete the proof, it suffices to find β such that

(2.23) n
n− β

1− β
Φ(2) ≤ n(n− α)(1 + nλ− λ)

1− α
.

From (2.23), we obtain

β ≤ Υ(n),

where

(2.24) Υ(n) =
(n− α)(1 + nλ− λ)− nΦ(2)(1− α)

(n− α)(1 + nλ− λ)− Φ(2)(1− α)
.

By the assumption of the theorem, it is easy to see that Ψ(n) is an increasing
function for n (n ≥ 2). Setting n = 2 in (2.21), we have

β =
(2− α)(1 + λ)− 2Φ(2)(1− α)

(2− α)(1 + λ)− Φ(2)(1− α)
,

hence we get (2.19). Therefore we complete the proof of Theorem 2.6.

3. Concluding remarks

If a = 1, b = 1 + δ, c = 2 + δ with Re(δ) > −1, then the convolution operator
Ia,b,c(f) turns into a Bernardi operator

Bf (z) = [Ia,b,c(f)](z) =
1 + δ

zδ

∫ 1

0

tδ−1f(t)dt.
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Further, I1,1,2(f) and I1,2,3(f) are known as Alexander and Libera operators, res-
pectively. Further, note that, when |b| = 1, we get Ia,1,c(f) = L(a, c)f(z) =(
z +

∞∑
n=2

(a)n−1

(c)n−1
zn
)
∗ f(z) = z +

∞∑
n=2

(a)n−1

(c)n−1
anz

n, the Carlson-Shaffer operator and

also for a = δ + 1(δ > −1), b = 1, c = 1 the Ruscheweyh derivative operator

Dδf(z) =
z

(1− z)δ+1
∗ f(z) = z +

∞∑
n=2

(
δ + n− 1
n− 1

)
anz

n,

hence one can deduce various interesting results for the function class defined by
these operator as a corollary, we omit the details involved.
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Izv. Vysš. Učebn. Zaved. Matematika, 10 (1978), 83–89 (in Russian).

[6] Kanas, S., Wísniowska, A., Conic regions and k-starlike functions, Rev.
Roumaine Math. Pures Appl., 45 (2000), 647-657.

[7] Kamali, M., Akbulut, S., On a subclass of certain convex functions with
negative coefficients, App. Math. and Comput., 145 (2003), 341-350.

[8] Padmanabhan, K.S., On a certain class of functions whose derivatives have
a positive real part in the unit disc, Ann. Polon. Math., 23 (1970), 73–81.

[9] Srivastava, H.M., Mishra, A.K., Applications of fractional calculus to
parabolic starlike and uniformly convex functions, Comput. Math. Appl., 39
(3/4) (2000), 57-69.

[10] Silverman, H., Univalent functions with negative coefficients, Proc. Amer.
Math. Soc., 51 (1975), 109–116.

[11] Silverman, H., Starlike and convexity properties for hypergeometric func-
tions, J. Math. Anal. Appl., 172 (3) (1993), 574–581.



126 m. kasthuri, k. vijaya, k. uma

[12] Srivastava, H.M., G. Murugusundaramoorthy, G., Sivasubrama-
nian, S., Hypergeometric functions in the parabolic starlike and uniformly
convex domains, Integral Transform. Spec. Funct., 18 (2007), 511–520.

[13] Srivastava, H.M., Karlson, P.W., Multiple Gaussian Hypergeometric
Series, Halsted Press (Ellies Horwood Limited, Chichester), John Wiley and
Sons, New York, 1985.

[14] Vijaya, K., Kasthuri, M., Some Inclusion properties of starlike and con-
vex functions associated with Hohlov Operator. I, International Conference
on Mathematics And its Applications, University College of Engineering,
Villupuram, Tamilnadu, India, 2014.

Accepted: 16.02.2016


