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1. Introduction

Let A be the class of functions f normalized by
(1.1) f(z) :z+Zanz”,
n=2

which are analytic in the open unit disk
U={z:2€Cand |z| < 1}.

As usual, we denote by S the subclass of A consisting of functions which are
also univalent in U. The well known subclasses of & are the class of starlike
functions(ST) and convex functions(CV). A function f(z) € S is starlike of order

a(0 < a < 1) denoted by ST («), if Re (%) > « and it is convex of order

a(0 < a < 1) denoted by CV(8), if Re (1 + fo,/—ég)) > (. It is an established fact
that f € CV(a) <= zf" € ST ().
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For functions f € A given by (1.1) and g € A given by g(z) = z+> o0, b, 2"
we define the Hadamard product (or convolution) of f and g by

(1.2) (fxg)(z —z+Zanbz (z € U).
Let T denote the subclass of A consisting of functions of the form

(1.3) = Zanz (a, > 0; z€ ).

n=2

The class T was introduced by Silverman [10]. We denote by 7*(a) and C(«)
denote the class of functions of the form (1.3) which are, respectively, starlike of
order o and convex of order v with 0 < v < 1.

The Gaussian hypergeometric function F'(a,b;c, z) given by

= (a), (b)
1.4 b; " el
(1.4) F(a,b;c;2) ngzocnlnz (z )
where, a,b, ¢ are complex numbers such that ¢ # 0,—1,—-2,-3,..., (a)g = 1 for

a # 0 and for each positive integer n, (a), = ala +1)(a+2)...(a+n —1) is
the Pochhammer symbol, and is the solution of the homogenous hypergeometric
differential equation

2(1 = 2)w"(z) + [c — (a+ b+ 1)z]w'(2) — abw(z) = 0

has rich applications in various fields such as conformal mappings, quasi conformal
theory, continued fractions and so on. The Gauss Summation theorem

o0

(1.5)  Fl(a,b;c;1) ZO Z : f ). FEE : Z)l_“(bc)li(lf; for Re(c—a —0) >0

and the function F(a,b;c;1) is bounded if Re(¢ — a — b) > 0 and has a pole at
z=1if Re(c—a—10) <0.

For f € A, we recall the operator I, .(f) of Hohlov [5] which maps A into
itself defined by means of Hadamard product as

(1.6) lope(f)(2) = 2F(a, b6 2) * [(2)

Therefore, for a function f defined by (1.1), we have

(17) Lupel ) = 2+ 3 (Pt 20

(1.8) o(n) = ———=— (a,b>0; n>2).
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A function f € A is said to be in the class R7(A, B), (te C\{0}, —1<B < A<1),
if it satisfies the inequality

‘ f'(z) -1
(A= B)r = B[f'(z) — 1]

The class R7(A, B) was introduced earlier by Dixit and Pal [3]. If we put

<1 (z€l).

7T=1, A= and B=-0 (0<p<1),
we obtain the class of functions f € A satisfying the inequality

%‘<5 (zeU;0<p<1)

which was studied by (among others) Padmanabhan [8] and Caplinger and Causey
[2], (see also [12]). We recall the following lemma relevant for our discussions.

Lemma 1.1 [3] If f € R™(A, B) is of form (1.1), then

(1.9) lan| < (A—B)%', neN\{1}.

The result is sharp for the function

f(z):/oz<1+%>dz, (n>2; € ).

In this paper, we consider the following subclass of S due to Kamali et al. [7]
as given below:

For some a(0 < a < 1) and A(0 < X < 1), we let K(\, &) be a new subclass
of § consisting of functions of the form (1.1) satisfying the analytic criteria

Re (Az3f"'(Z) +@2A+ 1D)22f"(2) + 2f'(2)
A2 f"(z) + 2f'(2)

We recall the following lemma due to Kamali et al. [7] to prove the main results.

>>a, zeU.

Lemma 1.2 A function f € T belongs to the class K(\, ) if and only if

(1.10) D n(n—a)(l+nd—Na,| <1-a.
n=2
Lemma 1.3 [10] A function f of the form (1.3) is in T*(«) if and only if

Z(n—a)angl—a 0<a<l)

n=2

and is in C(a) if and only if

in(n—a)angl—oz 0<a<l).

n=2
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Motivated by the earlier works on hypergeometric functions studied recently
n [9], [11]-[14], we will study the action of the hypergeometric function on the
class K(\, a).

2. Main results

Theorem 2.1 [14] Let a,b € C\ {0}, and ¢ be a real number. If f € ST and the
inequality

|al[b[(1+[a]) (1+[6]) (2+al) (2+[b]) (3+al) (3+]0])

(2.11) A 1212 51 2 Fy(4+]al, 44|b]; 4+¢c, 1)
|al[b](1+]a])(1+0]) (2+]al) (2+[b]) .
+[1 = Ma —9)] (10210 Fi(34]al, 34]b]; 34¢, 1)
|al[b|(1+]a])(1+]0]) ,
+[6 — A(ba — 19) — a] 110 Fi(2+]al, 24]b]; 24¢, 1)
+(1— )| Cb| o F1 (1+]al, 14]b]; 14¢,1) <1 — «

is satisfied, then I, .(f) € K(A, a).
Theorem 2.2 [14] Let a,b € C\ {0} and let ¢ be a real number. If f € CV and
the inequality
3 Jallbl (L + [al)(1 + [B))(2 + [a)(2 + [b])
c(14+¢)(2+¢)
|al[bI(L + |a)(1 + [b])
c(1+c¢) 2

b
+[3 = 2X\ (v — 2 )—a]m oF1(1+al, 1 +1b); 14 ¢,2;1)

(2.12)

oF1(3+ |al, 3+ |b];3 + ¢, 4;1)

+[1 — Mo — 5)] Fi(2+al,2+ [b);2+¢,3;1)

+(1 —a) 2Fi(lal, [bl; ¢, 1;1) <2(1 — )
is satisfied, then I, .(f) € K(\, a).

Theorem 2.3 Let a,b € C \ {0} and let ¢ be a real number such that

c>la| + |b| + 1. If f € R7(A, B) and if the inequality

|albI(1 + |al) (1 + [5])
c(1+c¢)

(2.13) A F(2+lal,2+1b[,2+¢1)

b
M2 P (1ol L+b] L 1)+ (1-0) (. o 1)

1
<= (=g )
is satisfied, then I, .(f) € K(A, a).
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Proof. Let f be of the form (1.1) belong to the class R7(A, B). By virtue of
Lemma 1.1, it suffices to show that

(2.14) Znn—a (14+nA—X) —a,| <1—a.
n=2

Taking into account the inequality (1.9) and the relation |(a),—1| < (|a|)n-1, we
deduce that

Znn—a (14+nA—X)
n=2

< (A- B)|7| ()\Z(n —1)(n —2) |-

1= Mo =2 3o (n— 1) (L 4 (1 —a) Y et )

= (1o
e Ee
+ [1—A<a_2)]lclbl ;<1+(|161>5n2<21(;lbl o i"; D |byn n11>
A=y (AL s s

+ 1122 P14l 18, 1 1)+ (1) (F(Jal o 1>—1>) ,

where we use the relation (a), = a(a + 1),_1.

The proof now follows by an application of the Gauss summation theorem
and (1.5). n

Next, we prove the following properties for the operator I,;.(f), when a
function f belongs to the class K(\, «).

Theorem 2.4 Let a,b >0, ¢ > max{0,a+b—1,(1/2)(ab+a+b—1)} and let
a function f of the form (1.3) be in K(\, «). Then

(1—0() a_b|’2

(1-a)
(2.15) |2] - 22— )1+ N

22— a)(1+\)

ab
- |2 < [Tapef (2)] < |2| +
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and
(1-a)
(2—a)(1+X)

The results are sharp.

(1—a) ab

(2.16) 1- R

ab
— Izl = |(Tapef (2))'] < 1+

Proof. We note that
Lvef(2) = (2F(abie;2)« £) (2) = 2= > @(m)ans",
n=2

where

(a)n—l(b)n—l
O(n) = ——F"—

") = O
and 0 < ®(n+1) < ®&(n) (n > 2) under the assumption for c. Since f € K(A, «),
by Lemma 1.2, we have

(a,b>0; n>2)

(2.17) 22—a)(1+N) ian < in(n —a)(l+nA—Na, <1—a.

Therefore, by using (2.17), we obtain

ape( D) < |2+ B(n)an]z]"
n=2

<[]+ 22 Y an
n=2

(1—(;) ab,
PRSI

< -+
and

[Lape(f)] = [2] = Z¢(H)GN|Z|n
n=2

(1 _a) a_b|z‘2

> —

= |2 22—a)(1+N) ¢
From (2.17), we note that

N (1-a)

2.18 na, < .
(2.18) ; T 2—a)(1+N)
By using (2.18), we obtain (2.16). The results are sharp for the function
1) =2 = s gimm = -

Now, we find the order 8 (0 < 8 < 1) for which the operator I, ;..(f) belongs
to the classes 7*(8) and C(f) when a function f belongs to the class K(\, ).
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Theorem 2.5 Let a,b > 0, max{2ab/3,a+b—1,(1/2)(ab+a+b—1)} <c<ab
and let a function f of the form (1.3) be in K(\, «). Then I, p..(f) € T*(5), where

B(2)(1 - )
22— a)(1+A) —d2)(1—a)

(2.19) B=1-

Proof. Let f € K(\, «). Consider the operator

o

Lipef(z) =2+ Z ®(n)a,z",

n=2

where )
@(n) _ (a)n71< )nfl

(©)n-1(1)n-1
Since ®(n) is a decreasing function for n, by Lemma 1.3, we need to find S
(0 <5 < 1) that

(a,b>0; n>2).

@(2)§: T:gan <1
n=2

Since f € K(A, «), by Lemma 1.2, we have

in(n—a)(l—i—n)\—)\)an <1-a.

n=2
To complete the proof, it suffices to find S such that
n—p n(n —a)(l+nk — )

From (2.20), we obtain
p < ¥(n),
where
(2.21) U(n) = n(n—a)(l+nx—A) —n®(2)(1 - a)

nn—a)(l+nA—A) —02)(1—a)

By the assumption of the theorem, it is easy to see that W(n) is an increasing
function for n (n > 2). Setting n = 2 in (2.21), we have

22— )1+ X)) —22(2)(1 — )

22— a)(14+ X)) —2(2)(1—a)’

b=
hence we get(2.19). Therefore we complete the proof of Theorem 2.5. ]

Theorem 2.6 Let a,b > 0, max{2ab/3,a+b—1,(1/2)(ab+a+b—1)} <c<ab
and let a function f of the form (1.3) be in K(A, a) Then I, p..(f) € C*(B), where

D(2)(1 — )

(2.22) = o )=o) —a)
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Proof. Let f € K(\ «). Consider the operator
Lopef(z) =2+ Z O (n)ayz",
n=2

where (@s (8
2ln) = (©)n-1(1)n-1

Since ®(n) is a decreasing function for n, by Lemmal.3, we need to find S
(0 < B < 1) that

(a,b>0; n>2).

(2) Zn’figan <1.
n=2

Since f € K(\, «), by Lemma 1.2, we have
Zn(n —a)(l4+nA—Na, <1-—a.
n=2

To complete the proof, it suffices to find § such that

n—p n(n —a)(1+n\— )

(223) n T ﬁ®<2) < s '
From (2.23), we obtain
g < Y(n),
where
(2.24) T(n) = (n—a)(l4+nA—A) —nd(2)(1 — )

mn—a)(l+nA—=X\)—®2)(1—a)

By the assumption of the theorem, it is easy to see that W(n) is an increasing
function for n (n > 2). Setting n = 2 in (2.21), we have

(2—a)(1+\) —20(2)(1 - a)

b= 2—a) 1+ AN —22)(I—a)’

hence we get (2.19). Therefore we complete the proof of Theorem 2.6. n

3. Concluding remarks

Ifa=1,b=1+4+6, c =2+ with Re(d) > —1, then the convolution operator
I.pc(f) turns into a Bernardi operator

By(2) = [Lape(f)l(2) = 1;5/0 () dt.
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Further, ;1 2(f) and I, 25(f) are known as Alexander and Libera operators, res-
pectively. Further, note that, when [b| = 1, we get I,1.(f) = L(a,c)f(z) =

(z + > (é))%z”) x f(z) =2+ > ((:;L’ianz”, the Carlson-Shaffer operator and
n=2 """ n=2 """
also for a =6+ 1(0 > —1), b =1, ¢ =1 the Ruscheweyh derivative operator

Déf(z):ﬁ*f(z)zwi(“”_l )anz”,

hence one can deduce various interesting results for the function class defined by
these operator as a corollary, we omit the details involved.
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