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Abstract. Let R be a commutative ring with identity and M be a unital R-module.

The primary-like spectrum SpecL(M) is the collection of all primary-like submodules Q

of M such that M/Q is a primeful R-module. The Zariski-like topology on SpecL(M),

denoted T , is described by taking the set η = {ν(N) | N is a submodule ofM} as the set
of closed sets of SpecL(M), where ν(N) = {Q ∈ SpecL(M) |

√
(N : M) ⊆

√
(Q : M)}.

We establish necessary and sufficient conditions for topological space (SpecL(M), T )

to be a Noetherian space. We show that if M is a finitely generated R-module and

|SpecL(M)| < ∞, then the combinatorial dimension of (SpecL(M), T ) and the Krull di-

mension of R/Ann(M) are equal. In particular, for the Noetherian space (SpecL(M), T )

of zero combinatorial dimension the set of irreducible components is finite, and its ele-

ments have the form ν(pM) for some minimal prime ideal p ⊇ Ann(M).

Keywords: primary-like spectrum, Z-Radical of a submodule, Noetherian spectrum,

combinatorial dimension.
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1. Introduction

Throughout this article, R is a commutative ring with 1 ̸= 0 andM is a unitary R-
module. For any ideal I of R containing Ann(M), I and R will denote I/Ann(M)
and R/Ann(M), respectively. Also the spectrum Spec(R) of a ring R, consists of
all prime ideals of R, will be considered as a topological space in which the closed
sets are of the form V (I) = {p ∈ Spec(R) | I ⊆ p}, where I is an ideal of R (see,
for example, [4], [9]).
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Definition 1.1. For M as an R-module and P , Q, N its submodules, we define
the following:

(1) The colon ideal ofM intoN is (N : M) = {r ∈ R | rM ⊆ N} = Ann(M/N).
Dually, the colon submodule ofM into an ideal I of R is (N : I) = {m ∈ M |
Im ⊆ N}. In the case that I = Rr, we write (N : r).

(2) P is prime if P ̸= M , and whenever rm ∈ P , r ∈ R and m ∈ M , then
m ∈ P or r ∈ (P : M) [20];

(3) The prime spectrum (or simply, the spectrum) of M , denoted by Spec(M),
is the set of all prime submodules of M . Also if p is a prime ideal of R, we
let Specp(M) = {P ∈ Spec(M) | (P : M) = p} [20];

(4) The radical of N , denoted by radN , is the intersection of all prime sub-
modules of M which contain N , unless no such primes exist, in which case
radN = M [23]. The radical of an ideal I of R will be denoted by

√
I;

(5) Q is primary-like if Q ̸= M and rm ∈ Q implies that r ∈ (Q : M) or
m ∈ radQ [12];

(6) M is a primeful R-module if either M = (0) or Specp(M) ̸= ∅. N satis-
fies the primeful property if M/N is a primeful R-module. In this case,√
(N : M) = (radN : M) [18];

(7) If Q is a primary-like submodule satisfying the primeful property, then
(Q : M) is a primary ideal [12, Lemma 2.1]. In this case, Q is p-primary-like,
where p =

√
(Q : M) = (radQ : M);

(8) The primary-like spectrum of M denoted by SpecL(M) is the set of all
primary-like submodules of M satisfying the primeful property [12]. If p is
a prime ideal of R, we set Xp = {Q ∈ SpecL(M) |

√
(Q : M) = p};

(9) M is a multiplication module if for every submodule N of M , there exists
an ideal I of R such N = IM . In this case, we can take I = (N : M) [11].

In the literature, there are many different generalizations of the Zariski topo-
logy on the prime spectrum of a ring to modules ([2], [7], [10], [19], [22]. In the
following lemma, we introduce one of them.

Lemma 1.2. Let M be an R-module. Then, for submodules N,N ′ and {Ni | i ∈ I}
of M , we have

(1) ν(0) = SpecL(M) and ν(M) = ∅.

(2)
∩
i∈I

ν(Ni) = ν

(∑
i∈I

(Ni : M)M

)
.

(3) ν(N) ∪ ν(N ′) = ν(N ∩N ′).
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Proof. (1) and (3) are straightforward.

(2) follows from the following implications:

Q ∈
∩
i∈I

ν(Ni) ⇒
√

(Q : M) ⊇
√

(Ni : M) ∀i ∈ I

⇒
√

(Q : M) ⊇ (Ni : M) ∀i ∈ I

⇒
√

(Q : M) ⊇
∑
i∈I

(Ni : M)

⇒
√

(Q : M)M ⊇ (
∑
i∈I

(Ni : M))M

⇒ (
√

(Q : M)M : M) ⊇

((∑
i∈I

(Ni : M)

)
M : M

)

⇒ ((radQ : M)M : M) ⊇

((∑
i∈I

(Ni : M)

)
M : M

)

⇒ (radQ : M) ⊇

((∑
i∈I

(Ni : M)

)
M : M

)

⇒
√

(Q : M) ⊇

√√√√((∑
i∈I

(Ni : M)

)
M : M

)

⇒ Q ∈ ν

((∑
i∈I

(Ni : M)

)
M

)
.

For the reverse inclusion, we have

Q ∈ ν

((∑
i∈I

(Ni : M)

)
M

)
⇒

√
(Q : M) ⊇

√√√√((∑
i∈I

(Ni : M)

)
M : M

)

⇒
√

(Q : M) ⊇

((∑
i∈I

(Ni : M)

)
M : M

)
⇒

√
(Q : M) ⊇ ((Ni : M)M : M) ∀i ∈ I

⇒
√

(Q : M) ⊇ (Ni : M) ∀i ∈ I

⇒
√

(Q : M) ⊇
√

(Ni : M) ∀i ∈ I

⇒ Q ∈
∩
i∈I

ν(Ni).

Let η(M) denotes the collection of all subsets ν(N) of SpecL(M). Lemma 1.2
shows that η(M) satisfies the axioms for the closed subsets of a topological space
on SpecL(M), called Zariski-like topology and denoted by T .
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Definition 1.3. For a topological space X we define the following:

(1) X is Noetherian provided that the open (respectively, closed) subsets of X
satisfy the ascending (respectively, descending) chain condition[9, § 4.2];

(2) X is irreducible if the intersection of two non-empty open subsets of X is
non-empty [9, §4.1];

(3) We consider strictly decreasing (or strictly increasing) chain Y0, Y1 , · · · , Yr

of length r of irreducible closed subsets Yi of X. The supremum of the
lengths, taken over all such chains, is called the combinatorial dimension of
X and denoted by dimX. For the empty set, the combinatorial dimension
of ∅ is defined to be −1 [17].

Definition 1.4. In this paper we define and use the following notions:

(1) Let η∗(M) denotes the collection of all subsets

ν∗(N) = {Q ∈ SpecL(M) | radN ⊆ Q},

of SpecL(M). It is easily seen that η∗(M) contains the empty set and
SpecL(M), and η∗(M) is closed under arbitrary intersections. We shall
say that M is a top-like module, if η∗(M) is closed under finite unions, for
in this case η∗(M) induces a topology T ∗ on SpecL(M).

(2) Z-radical (resp. Z∗-radical) of a submodule N of M , denoted by Z
√
N (resp.

Z∗√
N), to be the intersection of all members of ν(N) (resp. ν∗(N));

(3) A submoduleN ofM is a Z-radical (resp. Z∗-radical) submodule if Z
√
N = N

(resp. Z∗√
N = N);

(4) If SpecL(M) ̸= ∅, the mapping ϕ : SpecL(M) → Spec(R) such that ϕ(Q) =√
(Q : M) for every Q ∈ SpecL(M), is called the natural map of SpecL(M)

(5) A finitely generated module M is quasi-Laskerian if every submodule of M
is the intersection of a finite number of primary-like submodules. A ring R
is a Laskerian ring if R is a quasi-Laskerian R-module [14];

(6) An R-module M is a ZFG-module if for every submodule N of M we have
Z
√
N = Z

√
IM for some finitely generated ideal I of R;

(7) An R-moduleM is a FIC-module if every closed subset of SpecL(M) relative
to the Zariski-like topology T has a finite number of irreducible components.

In recent years, the study of modules whose spectra have a Zariski-topology
has grown in various directions. From an algebraic view, the varieties of sub-
modules (closed sets related to a Zariki topology) forms a semimodule which also
is called a Zariski-space (see for example [13], [21], [24]). Some of authors have
investigated the interplay between algebraic properties of a module one hand and
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the topological properties of its spectrum on the other hand (see for example [1],
[2], [3], [7], [8], [10], [17], [19], [22], [25]). In the present work, we study mo-
dules whose primary-like spectrums equipped with the Zariski-like topology are
Noetherian spaces. For this purpose we need to obtain results about Z-Radical
and Z∗-Radical of submodules that are essential for the later sections of this ar-
ticle. Let M be an R-module. We see that if (SpecL(M), T ) is a Noetherian
space, then every Z-radical submodule of M satisfies ACC (Theorem 3.2). More-
over, if M is a top-like R-module and (SpecL(M), T ∗) is a Noetherian space, then
every Z∗-radical submodule of M satisfies ACC (Theorem 3.2). We also show
that if M is a multiplication R-module and the natural map ϕ is surjective, then
M is a ZFG-module if and only if (SpecL(M), T ) is a Noetherian space (Theo-
rem 3.14). Finally, it is proved that if M is a finitely generated R-module with
|SpecL(M)| < ∞, then the combinatorial dimension of SpecL(M) and the Krull
dimension of R are equal (Theorem 4.6).

2. Z-radical and Z∗-radical of submodules

We start this section with some elementary facts about ν(N) and ν∗(N).

Lemma 2.1. Let I be an ideal of R. Let N , N ′ and {Nj | j ∈ J} be submodules
of an R-module M . Then the following hold.

(1) If N ⊆ N ′, then ν(N ′) ⊆ ν(N) and ν∗(N ′) ⊆ ν∗(N).

(2) ν∗(N) ⊆ ν(N).

(3) ν(IM) = ν(
√
IM) = ν∗(IM) = ν∗(

√
IM).

(4) ν(N) = ν((N : M)M) = ν(
√

(N : M)M) = ν∗((N : M)M)

= ν∗(
√
(N : M)M).

(5) If
√

(N : M) =
√

(N ′ : M), then ν(N) = ν(N ′). The converse is also true
if both N and N ′ are primary-like.

(6) ν∗(N) = ν∗(radN).

Proof. (1) Clear.

(2) Assume Q ∈ ν∗(N). Hence N ⊆ radQ. Thus
√

(N : M) ⊆
√

(Q : M), i.e.,
Q ∈ ν(N).

(3) We have ν∗(
√
IM) ⊆ ν∗(IM) ⊆ ν(IM), by (1) and (2). Now we show that

ν(IM) ⊆ ν∗(
√
IM). Suppose Q ∈ ν(IM). Thus (radQ : M) ⊇

√
(IM : M) ⊇√

I. It follows that radQ ⊇
√
IM , i.e., Q ∈ ν∗(

√
IM) and so ν(IM) ⊆ ν∗(

√
IM).

Hence we have ν∗(
√
IM) ⊆ ν∗(IM) ⊆ ν(IM) ⊆ ν∗(

√
IM). Thus the assertion

holds when I is replaced by
√
I.

(4) It suffices to show that ν(N) = ν((N : M)M) by (3). Q ∈ ν(N) if and only if
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√
(Q : M) ⊇

√
(N : M) =

√
((N : M)M : M) if and only if Q ∈ ν((N : M)M).

Thus ν(N) = ν((N : M)M).

(5) is clear.

(6) ν∗(radN) ⊆ ν∗(N) by (1). Suppose Q ∈ ν∗(N). Hence N ⊆ radQ. Thus
radN ⊆ radQ and so Q ∈ ν∗(radN).

Proposition 2.2. Let I be an ideal of R and M an R-module. If N , N ′ are
submodules of M , then the following hold.

(1) Z
√
N ⊆ Z∗√

N .

(2) Z
√
IM =

Z
√√

IM = Z∗√
IM =

Z∗√√
IM .

(3) Z
√
N = Z

√
(N : M)M = Z

√√
(N : M)M = Z∗√

(N : M)M)

= Z∗
√√

(N : M)M .

Proof. (1) By Lemma 2.1(2), ν∗(N) ⊆ ν(N). Thus Z
√
N ⊆ Z∗√

N .

(2) Use Lemma 2.1(3).

(3) It is clear by Lemma 2.1(4).

From now on, we use X to denote SpecL(M) for short. Let Y be a subset of
X . We will denote the closure of Y in X by Y and the intersection of all elements
in Y by γ(Y) (note that if Y = ∅, then γ(Y) = M). It is easy to verify that, if
Y1,Y2 ⊆ X , then γ(Y1 ∪ Y2) = γ(Y1) ∩ γ(Y2).

Lemma 2.3. Let M be an R-module, |X | < ∞ and Y ⊆ X . Then ν(γ(Y)) = Y.
In particular, Y is closed if and only if ν(γ(Y)) = Y.

Proof. Suppose Q ∈ Y . Hence γ(Y) ⊆ Q. Therefore
√

(Q : M) ⊇
√

(γ(Y) : M).
Thus Q ∈ ν(γ(Y)) and so Y ⊆ ν(γ(Y)). Next, let ν(N) be any closed sub-
set of X containing Y . Then

√
(Q : M) ⊇

√
(N : M) for every Q ∈ Y so

that
√

(γ(Y) : M) ⊇
√
(N : M). Hence, for every Q′ ∈ ν(γ(Y));

√
(Q′ : M) ⊇√

(γ(Y) : M) ⊇
√

(N : M). Then ν(γ(Y)) ⊆ ν(N). Thus ν(γ(Y)) is the smallest
closed subset of X containing Y and so ν(γ(Y)) = Y .

Lemma 2.4. Let M be an R-module and N be a submodule of M . If |X | < ∞,
then ν(γ(ν(N))) = ν( Z

√
N) = ν(N).

Proof. It is clear by Lemma 2.3.

In the following proposition, we list some more properties of Z
√
N and Z∗√

N
for a submodule N of M .

Proposition 2.5. Let N , N ′ be submodules of an R-module M . Then the fol-
lowing hold.
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(1) If ν(N) ⊆ ν(N ′), then Z
√
N ′ ⊆ Z

√
N . The converse is true if N ′ ⊆ Z

√
N ′.

(2) If Q ∈ ν(N), then Z
√
N ⊆ Q.

(3) If |X | < ∞, then
Z
√

Z
√
N= Z

√
N .

(4) Z
√
N ∩N ′ = Z

√
N ∩ Z

√
N ′.

(5) If ν∗(N) ⊆ ν∗(N ′), then Z∗√
N ′ ⊆ Z∗√

N . The converse is true if N ′ ⊆ Z∗√
N ′.

(6) If Q ∈ ν∗(N), then Z∗√
N ⊆ Q.

(7) Z∗√
N = Z∗√

radN .

Proof. (1) Suppose ν(N) ⊆ ν(N ′). Hence γ(ν(N ′)) ⊆ γ(ν(N)) and so Z
√
N ′ ⊆ Z

√
N .

Conversely, assume that Q ∈ ν(N). Since N ′ ⊆ Z
√
N ′ ⊆ Z

√
N , then Q ∈ ν(N ′).

(2) Suppose Q ∈ ν(N). Hence
√

(N : M) ⊆
√

(Q : M). Thus Z
√
N ⊆ Q.

(3) ν( Z
√
N) = ν(N), by Lemma 2.4. Therefore γ(ν( Z

√
N)) = γ(ν(N)). Thus

Z
√

Z
√
N = Z

√
N .

(4) Z
√
N ∩N ′ = γ(ν(N ∩ N ′)) = γ(ν(N) ∪ ν(N ′)) = γ(ν(N)) ∩ γ(ν(N ′)) =

Z
√
N ∩ Z

√
N ′, by Lemma 1.2(3).

(5) Suppose ν∗(N ′) ⊆ ν∗(N). Hence γ(ν∗(N)) ⊆ γ(ν∗(N ′)) and so Z∗√
N ⊆ Z∗√

N ′.
Conversely, assume that Q ∈ ν∗(N). Since N ′ ⊆ Z∗√

N ′ ⊆ Z∗√
N , then Q ∈ ν∗(N ′).

(6) Assume Q ∈ ν∗(N), i.e., N ⊆ radQ. Thus Z∗√
N ⊆ Q.

(7) By Lemma 2.1(6) ν∗(N) = ν∗(radN). Hence γ(ν∗(N)) = γ(ν∗(radN)). Thus
Z∗√

N = Z∗√
radN .

Proposition 2.6. Let N be a submodule of an R-module M . If N ⊆ Z
√
N , then

ν(N) = ν∗(N). In particular, Z
√
N = Z∗√

N .

Proof. ν∗(N) ⊆ ν(N) by Lemma 2.1(2). Suppose Q ∈ ν(N). Hence Z
√
N ⊆ Q

by Proposition 2.5(2). Thus N ⊆ Q ⊆ radQ and so Q ∈ ν∗(N).

Let N be a submodule of M . Unlike the prime radical case the following
example shows that N * Z

√
N may be occurred in general.

Example 2.7. Let V be a vector space over a field F . Then SpecL(V ) =
Spec(V ) = the set of all proper vector subspaces of V . Suppose W is a non-
zero subspace of V . Hence Z

√
W = 0. Thus W * Z

√
W .

Proposition 2.8. Let M be a finitely generated R-module. Then the following
hold.

(1) Z
√
N ̸= M if and only if ν(N) ̸= ∅ if and only if N ̸= M .

(2) Z∗√
N ̸= M if and only if ν∗(N) ̸= ∅ if and only if N ̸= M .
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Proof. (1) Assume N ̸= M . Then (N : M) ̸= R and so (N : M) ⊆ p for some
prime ideal p of R. SinceM is finitely generated, M is primeful by [18, Proposition
3.8]. Hence there exists Q ∈ Spec(M) ⊆ X such that

√
(N : M) ⊆

√
(Q : M).

Thus Q ∈ ν(N) and so ν(N) ̸= ∅. Now suppose ν(N) ̸= ∅ and Q ∈ ν(N). Hence
Z
√
N ⊆ Q ̸= M by Proposition 2.5(2). If Z

√
N ̸= M , then N ≠ M .

(2) Suppose Z∗√
N ̸= M . HenceN ̸= M . Now assumeN ̸= M . Then (N : M) ̸= R

and so (N : M) ⊆ p for some prime ideal p of R. Since M is primeful, there exists
Q ∈ Spec(M) ⊆ X such that N ⊆ radQ. Hence Q ∈ ν∗(N). Thus ν∗(N) ̸= ∅. If
ν∗(N) ̸= ∅ and Q ∈ ν∗(N). Hence Z∗√

N ⊆ Q ̸= M by Proposition 2.5(6).

Proposition 2.9. Let M be a multiplication R-module. Then the following hold.

(1) Z
√
N = Z∗√

N .

(2) If |X | < ∞, then
Z
√

Z∗√
N =

Z∗√
Z
√
N = Z∗√

N = Z
√
N .

Proof. (1) Since M is multiplication, ν(N) = ν∗(N) and so Z
√
N = Z∗√

N .
(2) It is clear by (1) and Proposition 2.5(3).

Proposition 2.10. Let M be an R-module and Q ∈ Xp for some prime ideal p
of R. Then Z∗√

Q = Z∗√
Q+ pM . Furthermore, if M is a multiplication module,

then Z
√
Q = Z

√
Q+ pM .

Proof. Since Q ⊆ Q + pM , then Z∗√
Q ⊆ Z∗√

Q+ pM . Now, assume Qi ∈ Xpi

such that Q ⊆ radQi, (i ∈ I). Hence
√

(Q : M) ⊆ (radQi : M). Therefore
pM ⊆ piM . So Q+ pM ⊆ radQi + piM ⊆ radQi. Thus

Z∗√
Q+ pM ⊆ Z∗√

Q.
Suppose M is a multiplication module. Thus Z

√
Q = Z

√
Q+ pM by (1) and Propo-

sition 2.9.

3. Noetherian primary-like spectrum

Recall that a topological space X is a Noetherian space provided that the open
(resp. closed) subsets of X satisfy the ascending (resp. descending) chain condi-
tion.

Theorem 3.1. Let M be an R-module and (X , T ) be a Noetherian space. Then
every Z-radical submodule of M satisfies ACC.

Proof. Suppose (X , T ) is a Noetherian space. LetN1 ⊆ N2 ⊆ · · · be an ascending
chain of Z-radical submodules of M . Then ν(N1) ⊇ ν(N2) ⊇ · · · is a descending
chain of closed sets ν(Ni) of X . Hence there exists a positive integer k such that
ν(Nm) = ν(Nk) for every m ≥ k. Thus Z

√
Nm = Z

√
Nk and so Nm = Nk for every

m ≥ k.

Theorem 3.2. Let M be a top-like R-module. If (X , T ∗) is a Noetherian space,
then every Z∗-radical submodule of M satisfies ACC.
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Proof. The proof is similar to that of Theorem 3.1.

Proposition 3.3. Let M be a multiplication R-module. Then (X , T ) is a Noethe-
rian space if and only if (X , T ∗) is a Noetherian space.

Proof. It follows from the fact that ν(N)=ν∗(N) for every submodule N of M .

Recall that if X ̸= ∅, the mapping ϕ : X → Spec(R) such that ϕ(Q) =√
(Q : M) for every Q ∈ X is called the natural map of X .

Proposition 3.4. Let M be an R-module. Then the following hold.

(1) ϕ−1(V R(I)) = ν(IM), for every ideal I ∈ V (Ann(M)). Therefore the map
ϕ is continuous for the Zariski-like topology on X .

(2) If the map ϕ is surjective, then ϕ(ν(N)) = V R((N : M)) and ϕ(X−ν(N)) =

Spec(R)−V R((N : M)) for every submodule N of M , i.e. the map ϕ is both
closed and open.

Proof. (1) Obvious.

(2) As we have seen in (1), ϕ is a continuous map such that ϕ−1(V R(I)) = ν(IM)
for every ideal I of R containing Ann(M). Hence, for every submodule N of M

we have ϕ−1(V R((N : M))) = ν((N : M)M) = ν(N). It follows that ϕ(ν(N)) =

ϕ ◦ ϕ−1(V R((N : M))) = V R((N : M)) as ϕ is surjective. Similarly, we have

ϕ(X − ν(N)) = ϕ(ϕ−1(Spec(R)−ϕ−1(V R((N : M))))=Spec(R)−V R((N : M)).

Theorem 3.5. Let M be a finitely generated R-module. Then (X , T ) is a Noethe-
rian space if and only if Spec(R) is a Noetherian space equipped with the Zariski
topology.

Proof. Suppose (X , T ) is a Noetherian space. Assume V (I1) ⊇ V (I2) ⊇ · · ·
is a descending chain of closed sets in Spec(R). Hence by Proposition 3.4(1),
ϕ−1(V (I1)) ⊇ ϕ−1(V (I2)) ⊇ · · · is a descending chain of closed sets in X . By
hypothesis, there exists an i such that ϕ−1(V (I i)) = ϕ−1(V (I i+1)). Thus V (I i) =
V (I i+1) because ϕ is surjective. Therefore Spec(R) is a Noetherian space. Con-
versely, Assume ν(N1) ⊇ ν(N2) ⊇ · · · is a descending chain of closed sets in
X . Therefore ϕ(ν(N1)) ⊇ ϕ(ν(N2)) ⊇ · · · is a descending chain of closed sets in
Spec(R). Hence there exists an i such that ϕ(ν(Ni)) = ϕ(ν(Ni+1)). It implies
that V ((Ni : M)) = V ((Ni+1 : M)) by Proposition 3.4(2). Therefore we have
V (
√

(Ni : M)) = V (
√

(Ni+1 : M)) and so ν(Ni) = ν(Ni+1).

Lemma 3.6. Let M be an R-module. If Q is a primary-like submodule of M and
N is a submodule of M such that radQ∩N = rad(Q ∩N), then N ⊆ Q or Q∩N
is a primary-like submodule of N .

Proof. Suppose N * Q and for n ∈ N , rn ∈ Q ∩N such that r /∈ (Q ∩N : N).
It implies that rn ∈ Q and r /∈ (Q : M). Since Q is a primary-like submodule
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of M , we have n ∈ radQ ∩N , and so by our assumption n ∈ rad(Q ∩N). Thus
Q ∩N is a primary-like submodule of N .

Let M be a finitely generated R-module. We recall that M is a quasi-
Laskerian if every submodule ofM is the intersection of a finite number of primary-
like submodules.

Proposition 3.7. Let M be a quasi-Laskerian R-module. If N is a finitely gene-
rated submodule of M such that for every primary-like submodule Q of M we have
radQ ∩N = rad(Q ∩N), then N and M

N
are quasi-Laskerian.

Proof. Suppose that N ′ is a submodule of N . Since M is quasi-Laskerian, there
exist primary-like submodules Qi (1 ≤ i ≤ n) of M such that N ′ =

∩n
i=1 Qi.

Hence Qi ∩N is a primary-like submodule of N by Lemma 3.6. Thus N is quasi-
Laskerian. The scend part follows from [12, Corollary 3.5].

Proposition 3.8. Let M be a quasi-Laskerian R-module. Then Spec(R) is a
Noetherian space equipped with the Zariski topology.

Proof. Since M is finitely generated, R ∼= M . Hence R is a Laskerian ring. Thus
Spec(R) is a Noetherian space by [14, Theorem 4].

Corollary 3.9. Let M be a quasi-Laskerian R-module. Then (X , T ) is a Noethe-
rian space.

Proof. By Proposition 3.8, Spec(R) is a Noetherian space. Thus (X , T ) is a
Noetherian space by Theorem 3.5.

Theorem 3.10. Let M be a finitely generated R-module. Then M is quasi-
Laskerian if and only if

(1) Spec(R) is a Noetherian space equipped with the Zariski topology.

(2) For every proper submodule N of M , there is a minimal prime ideal p of√
(N : M) and an element r ∈ R\p for which the submodule (N : r) is

p-primary-like.

Proof. Assume M is quasi-Laskerian. Therefore Spec(R) is a Noetherian space
by Proposition 3.8. Suppose N is a proper submodule of M . Hence there exist
primary-like submodulesQ1, · · · , Qn such thatN = Q1∩· · ·∩Qn. Let p be minimal
prime of

√
(N : M). Then p =

√
(Qi : M) for one of the primary-like submodules.

Assume p =
√

(Q1 : M). Let r be an element in (
√

(Q2 : M)∩· · ·∩
√
(Qn : M))\p;

replace r, if necessary, by a power so that r ∈ (Q2 ∩ · · · ∩ Qn) : M). Thus
(N : r) = Q1. Conversely, supposeM satisfies (1) and (2) and N is a submodule of
M . Assume p is a minimal prime of

√
(N : M) and r ∈ R\p so that (N : r) = Q1

is p-primary-like. Then N = Q1 ∩N1, where N1 = N + rM . Since N ⊆ N1, then√
(N : M) ⊆

√
(N1 : M). Applying the process repeatedly yields two sequences of

submodules Q1, · · · , Qk and N1, · · · , Nk, where Nj−1 = Qj∩Nj and Qj is primary-

like for 1 ≤ j ≤ k. Also
√

(N1 : M) ⊆ · · · ⊆
√

(Nk : M) is a chain of prime ideals
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of R. Since Spec(R) is a Noetherian space, the sequence of radicals terminates;

but it can terminate at
√

(Nk : M) only if Nk = M . Thus N = Q1 ∩ · · · ∩Qk and
so M is quasi-Laskerian.

Proposition 3.11. Let M be an R-module. Then the set

B = {Xr = X − ν(rM) | r ∈ R}

forms a base for the topology T on X .

Proof. If X = ∅, then B = ∅ and the proposition is trivially true. Hence we
assume that X ̸= ∅ and let U be any open set in X . Hence U = X − ν(IM) for
some ideal I of R. Note that

ν(IM) = ν

(∑
ai∈I

aiM

)
= ν

(∑
ai∈I

(aiM : M)M

)
=
∩
ai∈I

ν(aiM)

by Lemma 1.2. Hence U = X −
∩
ai∈I

ν(aiM) =
∪
ai∈I

Xai . This proves that B is a

base for the topology T on X .

Proposition 3.12. Let M be an R-module and the natural map ϕ be surjective.
Then Xr is a quasi-compact subset of X .

Proof. For any open covering of Xr, there is a family {rλ ∈ R : λ ∈ Λ} of
elements of R such that Xr ⊆

∪
λ∈Λ

Xrλ by Proposition 3.11. Since the map ϕ is

surjective,

Dr = ϕ(Xr) ⊆
∪
λ∈Λ

ϕ(Xrλ) ⊆
∪
λ∈Λ

Drλ .

It follows that there exists a finite subset Λ′ of Λ such that Dr ⊆
∪

λ∈Λ′
Drλ as Dr

is quasi-compact and so

Xr = ϕ−1(Dr) ⊆
∪
λ∈Λ′

Xrλ .

Thus Xr is quasi-compact.

As noted earlier, an R-module M is a ZFG-module if for every submodule N
of M we have Z

√
N = Z

√
IM for some finitely generated ideal I of R. It is easy to

see that every multiplication module over a Noetherian ring is a ZFG-module.

Proposition 3.13. Let N be a submodule of an R-module M and
√

(N : M)=
√
I

for some finitely generated ideal I of R. Then N is a ZFG-submodule of M .

Proof. Suppose
√

(N : M) =
√
I for some finitely generated ideal I of R. Hence

by Proposition 2.2(2,3) we have

Z
√
N =

Z

√√
(N : M)M =

Z

√√
IM =

Z
√
IM.

Thus N is a ZFG-submodule of M .
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Theorem 3.14. Let M be a multiplication R-module and the natural map ϕ be
surjective. Then M is a ZFG-module if and only if (X , T ) is a Noetherian space.

Proof. Assume that N is a submodule of M . Therefore Z
√
N = Z

√
IM for some

finitely generated ideal I =
∑n

i=1 Rri of R if and only if ν(N) = ν(
∑n

i=1 riM) =
ν(
∑n

i=1(riM : M)M) =
∩n

i=1 ν(riM), by Lemma 1.2(2) and Lemma 2.4 if and
only if U = X − ν(N) = X −

∩n
i=1 ν(riM) =

∪n
i=1(X − ν(riM)) if and only if U

is quasi-compact by proposition 3.12 if and only if (X , T ) is a Noetherian space
by [9, P. 123, Proposition 9].

Corollary 3.15. Let R be a ring. Then R-module R is a ZFG-module if and only
if SpecL(R) is a Noetherian space.

Proof. It is clear by Theorem 3.14.

4. Noethrian spectrum, the number of irreducible components
and the length of their chains

Recall that a topological spaceX is irreducible if the intersection of two non-empty
open subsets of X is non-empty. Every subset of a topological space consisting of
a single point is irreducible and a subset Y of a topological space X is irreducible
if and only if its closure is irreducible [9, §4.1]. A maximal irreducible subset Y
of X is called an irreducible component of X and it is always closed.

Proposition 4.1. Let M be an R-module and the natural map ϕ be surjective. If
|X | < ∞ and Y ⊆ X , then Y is an irreducible closed subset of X if and only if
Y = ν(Q) for some Q ∈ X .

Proof. Suppose Y = ν(Q). Since {Q} is an irreducible subset of X , by [9, P. 13,
Exercise 20] {Q} is an irreducible subset of X . Thus Y = ν(Q) = {Q} is an
irreducible closed subset of X . Conversely, if Y is an irreducible closed subset of
X , then Y = ν(N) for some submodule N of M such that

√
(γ(ν(N)) : M) =√

(γ(Y) : M) = p is a prime ideal of R. Since ϕ is surjective, there exists a p-

primary-like submodule Q ∈ X such that
√
(Q : M) = p. It follows that p =√

(γ(ν(N)) : M) =
√

(Q : M). Hence ν(γ(ν(N))) = ν(Q) by Lemma 2.1(5).
Thus Y = ν(Q) by Lemma 2.3. Therefore ν(Q) is an irreducible subset of X .

Proposition 4.2. Let M be an R module, |X | < ∞ and the natural map ϕ be

surjective. Then the correspondence ν(Q) 7−→
√
(Q : M) is a bijection of the set

of irreducible components of X and the set of minimal prime ideals of R.

Proof. It is easy to see that the correspondence is well-defined and an injection

by Lemma 2.1(5). Suppose p ∈ Spec(R). Since ϕ is surjective, p =
√

(Q : M)
for some Q ∈ X . Thus the correspondence is a surjection. Since each irreducible
component of X is a maximal element of the set {ν(Q) : Q ∈ X} by Proposition
4.1, the assertion hold.
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We recall that an R-module M is said to be a FIC-module if every closed
subset of X has a finite number of irreducible components. A ring R is said to be
a FIC-ring if and only if R-module R is FIC.

Theorem 4.3. Let M be an R-module. Then the following hold.

(1) If M is finitely generated and |X | < ∞, then M is FIC if and only if for
every submodule N of M the ideal

√
(N : M) is contained in a finite number

minimal prime ideal of R.

(2) If (X , T ) is a Noetherian space, then M is FIC.

Proof. (1) is a direct result of Proposition 4.2.

(2) Since (X , T ) is a Noetherian space, every closed subset of X is Noetherian by
[9, P. 123, Proposition 8(i)]. Hence every closed subset of X has a finite number
of irreducible components, by [9, P. 124, Proposition 10]. Thus M is FIC.

Corollary 4.4. The following are true.

(1) If |SpecL(R)| < ∞, then R is FIC if and only if every ideal I of R,
√
I is

contained in a finite number minimal prime ideal.

(2) If SpecL(R) is a Noetherian space, then R is FIC.

Proof. By Theorem 4.3 is clear.

As it was mentioned, if X is a topological space, we consider strictly de-
creasing (or strictly increasing) chain Y0, Y1, ..., Yr of length r of irreducible closed
subsets Yi of X. The supremum of the lengths, taken over all such chains, is called
the combinatorial dimension of X and denoted by dimX. For the empty set, the
combinatorial dimension of ∅ is defined to be −1.

Proposition 4.5. Let M be a finitely generated R-module and |X | < ∞. Then
X has a chain of irreducible closed subsets of X of length r if and only if R has a
chain of prime ideals of length r.

Proof. Assume that Y0 ⊂ Y1 ⊂ · · · ⊂ Yr is a strictly increasing chain of ir-
reducible closed subsets Yi of X of length r. By Proposition 4.1, Yi = ν(Qi)

for some Qi ∈ X . Hence ν(Q0) ⊂ ν(Q1) ⊂ · · · ⊂ ν(Qr). Thus
√
(Q0 : M) ⊃√

(Q1 : M) ⊃ · · · ⊃
√

(Qr : M) is a strictly decreasing chain of prime ideals of R
of length r. Conversely, suppose p0 ⊃ p1 ⊃ · · · ⊃ pr is a strictly decreasing chain
of prime ideals of R of length r. Since M is finitely generated, M is primeful by
[18, Theorem 2.2]. Hence there exists Qi ∈ Spec(M) ⊆ X such that

√
(Q0 : M) ⊃√

(Q1 : M) ⊃ · · · ⊃
√

(Qr : M). Thus ν(Q0) ⊂ ν(Q1) ⊂ · · · ⊂ ν(Qr) is a strictly
increasing chain of irreducible closed subsets X of length r by proposition 4.1.

For a ring R, the Krull dimension of R, dim(R), equals the combinatorial
dimension of Spec(R) equipped with the Zariski topology.
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Theorem 4.6. Let M be a finitely generated R-module and |X | < ∞. Then the
combinatorial dimension of X and the Krull dimension of R are equal.

Proof. Use Proposition 4.5.

Corollary 4.7. Let M be a finitely generated R-module such that X has combi-
natorial dimension zero. Then the following hold.

(1) Every irreducible closed subset of X is an irreducible component.

(2) If p ∈ V (Ann(M)) and |X | < ∞, then Xp = ν(Q) for every Q ∈ Xp.

(3) If |X | < ∞ and (X , T ) is a Noetherian space, then the set of irreducible
components of X is {ν(p1M), ..., ν(pnM)}, where the pi (1 ≤ i ≤ n) are all
the minimal prime containing Ann(M).

Proof. (1) is obvious.

(2) By Theorem 4.6, dim(X ) = dim(R). Hence p =
√

(Q : M) is a maximal ideal

of R. If Q′ ∈ ν(Q), then
√
(Q′ : M) =

√
(Q : M) = p and so ν(Q) ⊆ Xp. Now

suppose Q′ ∈ Xp. Hence
√

(Q′ : M) = p =
√

(Q : M). Thus Q′ ∈ ν(Q) and so
Xp ⊆ ν(Q).

(3) Since (X , T ) is a Noetherian space with dim(X ) = 0, R has Noetherian
spectrum and dim(R) = 0 by Theorems 3.5 and 4.6. Hence Spec(R) has only
finitely many elements p1, p2, · · · , pn each of which is both maximal and minimal
prime ideal of R by [15, P. 41, Examples 1.4, c) and d)]. Since M is a finitely
generated R-module, (piM : M) = pi is a maximal ideal of R. Hence piM ∈ Xpi .
So ν(piM) is an irreducible component of X for every i by (1) and Proposition
4.1. Thus by Proposition 4.2, {ν(p1M), · · · , ν(pnM)} is the set of all irreducible
components of X .
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