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1. Introduction

Throughout, X denotes a complex Banach space and B(X) denotes the Banach
algebra of all bounded linear operators on X, we denote by 7%, N(T'), R(T),
RX(T) = (oo RT™), K(T), Hy(T), p(T), 0up(T), 0ou(T), op(T) and o(T),
respectively the adjoint, the null space, the range, the hyper-range, the analytic
core, the quasi-nilpotent part, the resolvent set, the approximate point spectrum,
the surjectivity spectrum, the point spectrum and the spectrum of 7.

Next, let T" € B(X), T has the single valued extension property at \g € C
(SVEP) if for every open neighborhood U C C of Ay, the only analytic function
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f : U — X which satisfies the equation (7' — zI)f(z) = 0 for all z € U is the
function f = 0. T is said to have the SVEP if T" has the SVEP for every A € C.
Obviously, every operator 7' € B(X) has the SVEP at every A € p(T), then T" and
T* have the SVEP at every point of the boundary d(c(T")) of the spectrum. In
particular, 7" and T™ have the SVEP at every isolated point of the spectrum. We
denote by S(T') the open set of A € C where T fails to have SVEP at A, and we
say that T has SVEP if S(T') = (. It is easy to see that S(T') C o,(T) ([1], [11]).

An operator T' € B(X) is said to be decomposable if for any open covering
Uy, Us of the complex plane C, there are two closed T-invariant subspaces X; and
Xy of X such that X; + Xo = X and o(T|Xy) C Uy, k = 1,2. Note that T is
decomposable implies that 7" and 7™ have the SVEP.

A bounded linear operator is called an upper semi-Fredholm (resp, lower
semi-Fredholm) if dimN(T) < oo and R(T) is closed (resp, codimR(T) < o).
T is semi-Fredholm if it is a lower or upper semi-Fredholm. The index of a semi
Fredholm operator T is defined by ind(T') = dimN(T') — codimR(T).

T is a Fredholm operator if is lower and upper semi-Fredholm, and T is called
a Weyl operator if it is a Fredholm of index zero.

The upper, lower and semi-Fredholm spectra of T" are closed and defined by

ouwr(T) = {AeC: T — Al is not an upper semi-Fredholm operator}
orp(T) = {AeC: T — A is not a lower semi-Fredholm operator}
osr(T) = {AeC: T — A is not a semi-Fredholm operator}

The essential and Weyl spectra of T are closed and defined by
o.(T) = {AeC: T — X isnot a Fredholm operator}
ow(T) = {AeC: T — A isnot a Weyl operator}

Now, consider a class of operators, introduced and studied by Berkani et al. in a
series of papers which extends the class of semi-Fredholm operators [5]-[8]. For
every T' € B(X) and a nonnegative integer n, let us denote by T,, the restriction
of T to R(T™) viewed as a map from the space R(T") into itself (we set To = T)).

An operator T' € B(X) is said to be upper (lower) semi B-Fredholm, if for
some integer n > 0 the range R(T™) is closed and T), is an upper (lower) semi-
Fredholm operator. Moreover, if T}, is a Fredholm operator, then T is called a
B-Fredholm operator. A semi B-Fredholm operator is an upper or a lower semi
B-Fredholm operator. It is easily seen that every nilpotent operator, as well as any
idempotent bounded operator is B-Fredholm. The class of B-Fredholm operators
contains the class of Fredholm operators as a proper subclass.

Let T' € B(X), according to [6, Proposition 2.6, T" is a B-Fredholm operator
if and only if there exists (X7, X3) a pair of T-invariant closed subspaces of X,
such that X = X1 ® Xy and T' = T1 @15 where T} is Fredholm and 75 is nilpotent.
The upper, lower and B-Fredholm spectra are defined by

ouwpr(T) = {Ae€C: T — Al is not upper B-Fredholm}
opr(T) = {Ae€C: T — Al is not lower B-Fredholm}
opr(T) = {AeC: T — Al is not B-Fredholm}
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Also T' € B(X) is a B-Weyl operator if there exists (X, X3) a pair of T-invariant
closed subspaces of X, such that X = X; ® Xy and T' =T & Ty where T} is Weyl
operator and T5 is nilpotent. The B-Weyl spectrum is defined by

opw(T)={A € C: T — A is not B-Weyl}.

Let T € B(X), the ascent of T is defined by a(T)=min{p € N : N(T?)=N(T?*1)},
if such p does not exists we let a(7T) = oco. Analogously the descent of T is
d(T) = min{q € N: R(T%) = R(T*")}, if such q does not exists we let d(T) = oo
[12]. It is well known that if both a(T") and d(T") are finite then a(T") = d(T") and
we have the decomposition X = R(TP?) & N(T?) where p = a(T) = d(T).

The descent and ascent spectra of T' € B(X) are defined by

04es(T) = {X € C, T — A has not finite descent}
Oace(T) = {X € C,T — A has not finite ascent}

Let T' € B(X), T is said to be a Drazin invertible if there exists a positive
integer k£ and an operator S € B(X) such that

ST =TS, TFH'S =T% and S*°T =S,

which is also equivalent to the fact that T" = T} & T,, where T is invertible and
T, is nilpotent. It is well known that 7" is Drazin invertible if it has a finite ascent

and descent.
Define two sets LD(X) and RD(X) as [4], [15]:

LD(X) = {T €B(X):a(T) < oo and R(T*D*1) is closed }
RD(X) = {T €B(X):d(T) < oo and R(T¥*1) is closed }

An operator T' € B(X) is said to be left (resp. right) Drazin invertible if
T € LD(X) (resp. T'€ RD(X)). The left and right Drazin invertible spectra are
defined by:
op(T) = {AeC, T—-\ ¢ LD(X)}
op(T) = {ANeC, T—-\ ¢ RD(X)}

and we have [4], [5]:
O'D(T) == O'ZD(T) U O'TD(T>
The concept of Drazin invertible operators has been generalized by Koliha
[13]. In fact, T € B(X) is generalized Drazin invertible if and only if 0 ¢ acc(o(T))
(acc(o(T)) is the set of all points of accumulation of o(T")), which is also equivalent

to the fact that T' = T} & T where 17 is invertible and 75 is quasi-nilpotent. The
generalized Drazin invertible spectrum defined by

osp(T) ={A € C: T — Al is not generalized Drazin invertible}

In [14], the authors introduced and studied a new concept of left and right gene-
ralized Drazin inverse of bounded operators as a generalization of left and right
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Drazin invertible operators. In fact, an operator 7" € B(X) is said to be left ge-
neralized Drazin invertible if Hy(T') is closed and complemented with a subspace
M in X such that T'(M) is closed which equivalent to T' = T7 & T3 such that T}
is left invertible and 75 is quasi-nilpotent see [14, Proposition 3.2].

An operator T € B(X) is said to be right generalized Drazin invertible if
K(T) is closed and complemented with a subspace N in X such that N C Hy(T')
which equivalent to T" = T & T5 such that T} is right invertible and 75 is quasi-
nilpotent see [14, Proposition 3.4]. The left and right generalized Drazin spectra
of T' € B(X) are defined by:

on(T) = {AeC, T — A is not left generalized Drazin}
ogp(T) = {Ae€C, T'— Al is not right generalized Drazin}

From [14], we have:
74p(T) = 019 (T) U 014 (T)

orgp(T) C o,p(T)
oyp(T) C oip(T)
A€ 0yp(T) <= X € acc(og,(T))
A€ 0,gp(T) <= X € acc(o,(T))

This paper is organized as follows. In Sections 2 and 3, we introduce and study
the class of pseudo upper semi B-Fredholm and pseudo lower semi B-Fredholm,
and we show that the pseudo upper semi B-Fredholm and pseudo lower semi B-
Fredholm spectra, for a bounded linear operator on a Banach space, are compact
in the complex plane. Also, we prove equality up to S(7") between the left gene-
ralized Drazin spectrum and the pseudo upper semi B-Fredholm spectrum. Some
applications are given in Section 4. In Section 5, we prove that the left and the
right generalized Drazin spectra of an operator are invariant under additive com-
muting power finite rank perturbations. Some sufficient conditions are given to
assure that the pseudo upper semi B-Fredholm, pseudo lower semi B-Fredholm
and pseudo B-Fredholm are stable under additive commuting power finite rank
and nilpotent perturbations.

2. Preliminaries

More recently, B-Fredholm and B-Weyl operators were generalized to pseudo B-
Fredholm and pseudo B-Weyl [9], [18]. Precisely, T is a pseudo B-Fredholm ope-
rator if there exists (Xi, X3) a pair of T-invariant closed subspaces of X, such
that X = Xy ® Xo and T' = 17 & T, where T} = T)x, is a Fredholm operator
and T, = T)x, is a quasi-nilpotent operator. The pseudo B-Fredholm spectrum is
defined by

oppr(T) ={XA € C: T — A is not pseudo B-Fredholm}.
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An operator T is a pseudo B-Weyl operator if there exists (X7, Xs) a pair of T-
invariant closed subspaces of X, such that X = X; & X, and T =T & 15, where
Ty = Tx, is a Weyl operator and 7, = T|x, is a quasi-nilpotent operator. The
pseudo B-Weyl spectrum is defined by

oppw(T) ={A € C: T — A is not pseudo B-Weyl}.

opaw (T) and o,pr(T) is not necessarily non empty. For example, the quasi-
nilpotent operator has empty pseudo B-Weyl and B-Fredholm spectrum. Evi-
dentl, o,5r(T) C oppw(T) C o(T).

In the following, we define the pseudo upper semi B-Fredholm, pseudo lower
semi B-Fredholm and pseudo semi B-Fredholm of a bounded operator as a gene-
ralization of semi B-Fredholm and we give some fundamental results concerning
these operators.

Definition 2.1 An operator 7' € B(X) is said to be pseudo upper semi B-
Fredholm if there exists two T-invariant closed subspaces X; and X5 of X such
that X = X; & X5 and Ty, is upper semi-Fredholm operator and 7|y, is quasi-
nilpotent.

Definition 2.2 An operator 7" € B(X) is said to be pseudo lower semi B-
Fredholm if there exists two T-invariant closed subspaces X; and X5 of X such
that X = X; @ Xy and T)x, is lower semi-Fredholm operator and T x, is quasi-
nilpotent.

Definition 2.3 We say that 7' € B(X) is pseudo semi B-Fredholm if 7" is pseudo
lower semi B-Fredholm or pseudo upper semi B-Fredholm.

It is clear that T is a pseudo B-Fredholm operator if and only if 7" is a pseudo
lower semi B-Fredholm operator and pseudo upper semi B-Fredholm operator.
The pseudo upper semi B-Fredholm, pseudo lower semi B-Fredholm and
pseudo semi B-Fredholm spectra are defined by
oppur(T) = {Ae€C: T — Al is not a pseudo upper semi B-Fredholm}
oppir(T) = {AeC: T — Al is not a pseudo lower semi B-Fredholm}

oppsr(T) = {AeC: T — Al is not a pseudo semi B-Fredholm}

Therefore,
opr(T) = 0ppur(T) U oppir(T)
and
oppsr(T) = 0ppur(T) N oppir(T)
It is easy to see that T is pseudo upper semi B-Fredholm if and only if 7™ is
pseudo lower semi B-Fredholm. Then:

opur(T) = oppir (1) and oppr(T) = oppr(T™)

0pBsi(T), 0ppur(T) and o, r(T) are not necessarily non empty. For example,
the quasi-nilpotent operator has empty pseudo upper semi B-Fredholm, pseudo
lower semi B-Fredholm and pseudo semi B-Fredholm spectrum.
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Example 1 Let T} be defined on I*(N) by
T()(Il, T, ) = (Il, 0, T, 0, I3, O, )

T} is injective with closed range of infinite-codimension. Consider the operator T
defined on *(N) as

To(xy, xa,...) = (x2/2,23/3, ...).

T, is a quasi-nilpotent operator. We have T' = Ty, & T5 is a pseudo upper semi
B-Fredholm operator. Note that 0 € o,5,r(10), but 0 ¢ o,pr(10).

Example 2 Let T} be defined on I2(N) by:

T1<l’1,l’2, ) = (ZL’Q,l’g, )

is surjective, but not injective, then is a lower semi-Fredholm operator. Let
T =T, 61T, T, be as in Example 1. Then T is a pseudo lower semi B-Fredholm
operator.

3. The class of pseudo semi B-Fredholm operators

Denote the open disc centered at Ay with radius ¢ in C by D()\g, €) and
D*()\(), 6) = D()\(), E)\{)\Q}

The following theorem establishes that if 7" is a pseudo semi B-Fredholm
operator, then A\ — T is semi Fredholm in an open punctured neighborhood of 0.

Theorem 3.1 Let T € B(X) a pseudo semi B-Fredholm, then there exists a
constant € > 0 such that \I —T is semi Fredholm for all A € D*(0,€).

Proof. If T is a pseudo semi B-Fredholm operator, then there exists two closed
T-invariant subspaces X; and X, such that X = X; & Xy;Tjx, is semi Fredholm,
Tix, is quasi-nilpotent and T' = Tjx, ® T|x,.

If X; = {0}, then T is quasi-nilpotent, then for all A # 0 A\l — T is invertible,
hence T' — AI is semi Fredholm for all A # 0.

If X7 # {0}, thus T)x, is semi Fredholm, then there exists ¢ > 0 such that
(T'— M) x, is semi Fredholm for all A € D(0,€).

As Tix, is quasi-nilpotent, then (7" — AI),x, is invertible for all A # 0, hence
(T"— M) x, is semi Fredholm. Therefore, (T'— AI) x, is semi Fredholm for all
A € D(0,¢€) and (T — M) x, is semi Fredholm for all A # 0, hence (T'— \I) is semi
Fredholm for all A € D*(0, ¢). .

From Theorem 3.1, we derive the following corollary.

Corollary 3.1 Let T' € B(X), then oppur(T),0pir(T), 0ppsr(T) are compact
subsets of C.

Moreover, our(T) \ 0ppur(T), o1r(T) \ 0ppir(T), osp(T) \ 0ppsr(T) consist
of at most countably many isolated points.
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Since UpBuF(T) C UuBF(T) C O'UF(T) and UpBlF<T> C UZBF(T) C O'lF(T) the
following corollary hold:

Corollary 3.2 Let T € B(X), then UuBF(T) \ UpBuF(T); UZBF(T> \ UpBlF(T)
consist of at most countably many isolated points.

Recall that T € B(X) is said to be Kato operator or semi-regular if R(T) is
closed and N(T') C R>*(T'). Denote by px(T) : px(T) ={X € C: T—\I is Kato}
the Kato resolvent and o (7") = C\pk(T') the Kato spectrum of 7. An operator
T € B(X) admit a generalized Kato decomposition, abbreviated as GKD if there
exists two T-invariant closed subspaces X; and X5 of X such that X = X; & X,
and Tx, is semi-regular (or a Kato) operator and T,x, is quasi-nilpotent. It is
easy to see that every pseudo semi B-Fredholm is a pseudo Fredholm. According
to [10, Theorem 2.2], the following proposition hold.

Proposition 3.1 Let T € B(X) a pseudo semi B-Fredholm operator. Then there
exists a constant € > 0 such that T — X is a Kato operator, for all A € D*(0,€).

As a consequence of the preceding Proposition, we have:

Corollary 3.3 Let T' € B(X), ox(T) \ oppsr(T) consist of at most countably
many 1solated points.

Define pBuW (X) and pBIW (X):

T € pBuW (X) if there exists two T-invariant closed subspaces X; and Xo
of X where X = X; ® X5 and Tx, is upper semi Fredholm of ind(7Tx,) <0
and Ty, is quasi-nilpotent.

T € pBIW (X) if there exists two T-invariant closed subspaces X; and X»
of X where X = X; @ X, and Ty, is lower semi Fredholm of ind(Tx,) > 0

and Tx, is quasi-nilpotent. The corresponding spectra of these sets are
defined by:

oppuw (T) ={A € C,T — X\ ¢ pBuW (X)}
—(\eC, T\ ¢ pBIW(X)}

~—

opmw (T

—~

Then UpBuF(T) Q UpBuW T) Q UlgD(T> and UpBlF(T) Q O'pBlw(T) Q O'TQD(T).

Remark 1 We have o,5,r(T") C 01,p(T), this inclusion is proper. Indeed, let L
be the unilateral left shift operator defined on the Hilbert [*(N):

L(I‘l, T, ) = (Ig, Zs, )
Since o4,(L) = {X € C; |A| < 1}, then
01gn(L) = ace(ou(L)) = {A € C; A < 1}

Observe that L is an upper semi-Fredholm operator, then 0 ¢ o,p,r(L). This
shows that the inclusion o,p,r (1) C 01yp(T") is proper. Then it is naturel to ask
about the defect set 01,p(T")\oppur (1), where T' is a bounded operator.
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In the following theorem, we get a characterization of this defect set.
Theorem 3.2 Let T € B(X). Then:
190 (T) = oppur(T) U S(T) = oppuw (T) U S(T)
Proof. S(T') C 0y,p(T) and o,p,r(T) C 01yp(T), hence
opur(T) U S(T) C o15p(T).

Indeed, let A ¢ o0y,p(T"). Then T — X is a left generalized Drazin invertible,
and then Ho(T — M) is closed, by [3, Theorem 1.7] T" has the SVEP at A, hence
S(T) C oyyp(T).

Conversely, let A ¢ o,p,r(T) U S(T), then T'— AI is a pseudo upper semi
B-Fredholm, then there exists two closed subspaces T-invariant X; and X, such
that X = X1 & Xy, (T'— Al)|x, is upper semi Fredholm and (7" — AI)|x, is quasi-
nilpotent. Since T" has SVEP at A then T|x, and Tjx, have the SVEP at A. Since
(T'— M) x, is upper semi Fredholm, then (7' — AI)|x, admits a (GKD), since Tx,
has SVEP at A, by [10, Theorem 3.5], we have A\ ¢ acc(oap(Tix,)) = 01gp(Tjx,),

"

then (7' — M)y, is left generalized Drazin invertible, hence X; = X; @ X; with
(T — A )‘ ! 18 left invertible and (7" — A/ )| x 18 quasi-nilpotent, thus

X=X,86X, &X,

with (T'— AI), x! 1s left invertible and (T = A1), x"ax, 18 quasi-nilpotent, therefore,
T — M is left generalized Drazin invertible. n

By duality, we get a similar result for the right Drazin invertible spectrum.

Theorem 3.3 Let T € B(X). Then:
0rg0(T') = 0ppir(T) US(T™) = oppw (T) U S(T™)
Proof. 0,,p(T) = 01;p(T*) = 0ppur(T*) US(T*) = oppr(T) U S(T*), then
0rgp(T) = oppr(T) U S(T) .
Remark 2 Theorems 3.2 and 3.3 extend [5, Theorem 2.1} and [5, Theorem 2.2].

From the preceding theorems, we get the following corollaries.

Corollary 3.4 Let T € B(X). Then
oyp(T) = oppr(T) U S(T)US(T™)

Corollary 3.5 Let T € B(X).
If T has the SVEP then:

(1) o3p(T) = oppur(T) = oppuw (T)
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If T* has the SVEP then:
(2) 0rgp(T) = 0ppir(T) = opmw (T)

If both T and T* have the SVEP, then all the spectra in (1) and (2) coincide
and are equal to the pseudo B-Fredholm, pseudo B-Weyl and generalized Drazin
spectra.

Example 3 Let T be the unilateral weighted shift on [?(N) defined by:

{0, if n = p! for some p € N
Te, = .
éni1 Otherwise.

The adjoint operator of T is:

. 0 ifn=0o0rn=p +1 for some p e N
T%e, = .
e,_1 otherwise.

We have o(T') = D(0, 1) the unit closed disc. The point spectrum of 7" and T™* are

op(T) = 0,(T") = {0}

Hence T" and T™ have the SVEP. Then 0,,(T) = 04,(T") = o(T), hence

0gp(T') = 013p(T) = 074p(T) = D(0,1

~—

From Corollary 3.5, we have

oppur (1) = 0ppir(T) = oppr(T) = 0yp(T) = 014p(T) = 0,4p(T) = D(0,1)

4. Applications

A bounded linear operator T is called supercyclic provided there is some z € X
such that the set {A\T", A € C, n =0,1,2,...} is dense in X. It is well known
that, if T is supercyclic, then

op(T7) = {0} or  0p(T") = {a}

for some nonzero a« € C. Since an operator with countable point spectrum has
SVEP, then we have the following:

Proposition 4.2 Let T € B(X), a supercyclic operator. Then:
0rgn(T) = oppir(T)

Since every hyponormal operator 1" on a Hilbert space has the single valued ex-
tension property, we have



310 A. TAJMOUATI, M. KARMOUNI, M. ABKARI

Proposition 4.3 Let T' a hyponormal operator on a Hilbert space. Then:

o1 (T) = oppur(T)

In particular, if T is auto-adjoint then
0gp(T') = oppr(T).

Let A be a semi-simple commutative Banach algebra.

The mapping 7' : A — A is said to be a multiplier of A if T'(x)y = «T'(y)
for all z,y € A.

It is well known each multiplier on A is a continuous linear operator and that
the set of all multiplier on A is a unital closed commutative subalgebra of B(A)
[11, Proposition 4.1.1]. Also the semi-simplicity of A implies that every multiplier
has the SVEP (see [11, Proposition 2.2.1]). According to Corollary 3.5, we have

Proposition 4.4 Let T be a multiplier on semi-simple commutative Banach al-
gebra A, then the following assertions are equivalent

(1) T is pseudo upper semi B-Fredholm.
(2) T is left generalized Drazin invertible.

Now, if assume, in additiona,l that A is regular and Tauberian (see [11, Defini-
tion 4.9.7]), then every multiplier 7% has SVEP. Hence, we have the following
Proposition.

Proposition 4.5 Let T be a multiplier on semi-simple reqular and Tauberian
commutative Banach algebra A, then the following assertions are equivalent

(1) T is pseudo B-Fredholm .
(2) T is generalized Drazin invertible.

Let GG a locally compact abelian group, with group operation + and Haar measure
w, let LY(G) consist of all C-valued functions on G integrable with respect to Haar
measure and M (G) the Banach algebra of regular complex Borel measures on G.
We recall that L'(G) is a regular semi-simple Tauberian commutative Banach
algebra. Then we have the following:

Corollary 4.6 Let G be a locally compact abelian group, u € M(G). Then every
convolution operator T, : L'(G) — L*(Q), T,(k) = px k is pseudo B-Fredholm
iof and only if is generalized Drazin invertible.

Remark 3 Proposition 4.5 and Corollary 4.6 generalize [5, Proposition 3.4] and
[5, Corollary 3.3]. These results also generalize some results in [8].
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5. Perturbation

Let F(X) denote the ideal of finite rank operators on X. In the following, we
show that both 0,,p(T") and o0,,p(T") are stable under additive commuting power
finite rank operator.

Proposition 5.6 Suppose that F' € B(X) satisfies F™ € F(X) for somen € N
and that T' € B(X) commutes with F. Then we have

UlgD(T) = UlgD(T + F) and UrgD(T) = UrgD(T + F)

Proof. According to [19, Theorem 2.2], we have acc(0,,(T")) = acc(0q,(T + F)).
Then X € 01yp(T) if and only if A € acc(o,,(T)) if and only if A € acc(o,,(T+F))
if and OIlly if A e UlgD(T + F) So O'ZQD(T + F) = O-ZgD(T)'

By duality, we have 0,,p(T) = 0,gp(T + F). .

As a consequence of Proposition 5.6, we have the following corollary.

Corollary 5.7 Suppose that F' € B(X) satisfies F™ € F(X) for somen € N and
that T € B(X) commutes with F. Then we have

74p(T) = 04p(T + F)

The following example illustrates that the approximate point spectrum ogy(.)
in general is not preserved under commuting finite rank perturbations.

Example 4 Let A € B(I?) defined by:
A(xy, 9, ....) = (0,21, 29, ...).
Let 0 < e < 1, F. € B(I?) be a finite rank operator defined by:
F.(x1,29,....) = (—ex1,0,0, ...).

Let T=A& I and FF =06 F.. Then F is a finite rank operator and TF = FT.
But 0,(T) ={A € C, |\ =1}, 0T+ F) ={A € C,|A| =1} U {1l —¢}.

Using Corollary 3.5, Proposition 5.6 and Corollary 5.7, we can prove the
following corollary.

Corollary 5.8 Suppose that F' € B(X) satisfies F™ € F(X) for somen € N and
that T € B(X) commutes with F'.

(1) If T has the SVEP, then oppur(T) = oppur(T + F)
(2) If T* has the SVEP, then oppip(T) = oppir(T + F)
(3) If T and T* have the SVEP, then op,pp(T) = o,pr(T + F)

Let T' € B(X), @ a quasi-nilpotent such that QT = T'Q), from [18, Proposition
2.9], we have o1,p(T + Q) = 01,p(T') and 0,yp(T + Q) = 0,4p(T).
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Proposition 5.7 Let T € B(X), N a nilpotent operator commutes with T' then:
opur (T + N)US(T) = oppur(T) U S(T)

Proof. From Theorem 3.2, we have 0;,p(T) = 0ppur(1) U S(T'), then
(T + N) = 0ppur(T + N)US(T + N)

since 01y;p(T' + N) = 01,p(T) and S(T'+ N) = S(T). Hence
opur (T + N)US(T) = 0ppur(T) U S(T) .

By duality, we have the following proposition.

Proposition 5.8 Let T € B(X), N a nilpotent operator commutes with T' then:

oppir(T+ N)US(T™) = oppr(T) US(TY)

As a consequence of Proposition 5.7 and Proposition 5.8, the following corollaries
hold.

Corollary 5.9 Let T € B(X), N a nilpotent operator commute with T then:
oppr(T+ N)US(T)US(T*) = 0,pr(T) U S(T)U S(T™)
Corollary 5.10 Let T € B(X), N a nilpotent operator commutes with T
(1) If T has SVEP, then o,pur(T + N) = 0ppur(T)
(2) If T* has SVEP, then o,pip(T + N) = 0ppir(T)
(3) If T and T* have SVEP, then oppr(T + N) = o,r(T)

Remark 4 Let T' € B(X), by the same argument of [18, Theorem 2.12] and [4,
Theorem 4.1], we can prove that :

() own(T +F) C oppuw(T)
FEF(X)

() ovgn(T+ F) C 0w (T)
FEF(X)

We would like to finish this work with the following questions.

Questions: Is it true that:

() 0wn(T+ F) = oppuw(T)
FEF(X)

(| owp(T +F) = opmw(T) ?
FeF(X)
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