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Abstract. Let B(X) denote the algebra of all bounded linear operators on an infinite-

dimensional separable complex Banach space X and M be a nonzero subspace of X. We

will characterize properties of being d−M mixing for a N ≥ 2 sequence T1,j , T2,j , ..., TN,j

of operators in B(X). Also, we will give necessary and sufficient conditions for a N ≥ 2

sequence T1,j , T2,j , ..., TN,j of operators in B(X) to satisfy d−M universality criterion

in terms of d-M topologically transitivity of this sequence.
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1. Introduction

Let B(X) denote the algebra of all bounded linear operators on a infinite-dimen-
sional separable complex Banach space X.

For x ∈ X, the orbit of x under T is the set Orb(T, x) = {T nx : n ∈ N}.
A vector x is called hypercyclic for T if Orb(T, x) is dense in X and the operator
T is said to be hypercyclic if there is some vector x ∈ X which is hypercyclic.
More general, a sequence (Tn)n≥0 of operators in B(X) is called hypercyclic or
universal if {Tn(x), n ≥ 0} is dense in X for some x ∈ X, in this case x is called
universal for the family (Tn)n≥0, see [9].

In 2007, L. Bernal-González in [3] and J.P. Bès and A. Peris in [4] introduced
independently the definition of disjoint hypercyclic for tuple of linear operators.
They introduced the concept of diagonally-universality for a tuple of sequences in
B(X). They also gave the definition of diagonally universal for a tuple of sequences
in B(X).

Recall that the family (T (t))t≥0 of operators on X is called a strongly conti-
nuous semigroup(C0-semigroup) of operators if:

1. T (0) = I;

2. T (s+ t) = T (s)T (t) for all s, t ≥ 0;

3. lim
t↓0

T (t)x := x for every x ∈ X.

The linear operator A defined in

D(A) = {x ∈ X : lim
t↓0

T (t)x− x

t
exist }

by

Ax = lim
t↓0

T (t)x− x

t
=

d+T (t)x

dt
|t=0 for x ∈ D(A)

is the infinitesimal generator of the semigroup T (t) and D(A) is the domain of A,
see[10]. A C0- semigroup τ = (Tt)t≥0 of operators in B(X) is called hypercyclic if
there exists a vector x ∈ X such that the orbit of τ , Orb(τ, x) = {T (t)x : t ≥ 0}
is dense in X. In this case x is called the hypercyclic vector of τ [9].

Definition 1.1 Let (T1,j)
∞
j=1, (T2,j)

∞
j=1, ..., (TN,j)

∞
j=1 be an N ≥ 2 sequences in

B(X) and let M be a nonzero subspace of X. We say that the N sequences of
operators (T1,j)

∞
j=1, (T2,j)

∞
j=1, ..., (TN,j)

∞
j=1 are disjoint or diagonally subspace uni-

versal respect to M ( in short d−M universal), if there exists a vector (x, x, ..., x)
in the diagonal of XN , such that {(T1,jx, T2,jx, ..., TN,jx, ), j ∈ N} ∩MN is dense
in MN . We call x a d−M universal vector. We denote by

dU((T1,j)
∞
j=1, (T2,j)

∞
j=1, ..., (TN,j)

∞
j=1,M)

the set of all d−M universal vectors of the sequences (T1,j)
∞
j=1, (T2,j)

∞
j=1, ..., (TN,j)

∞
j=1.
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Definition 1.2 Let (T1,j)
∞
j=1, (T2,j)

∞
j=1, ..., (TN,j)

∞
j=1 be aN ≥ 2 sequences inB(X)

and let M be a nonzero subspace of X. We say that the N sequences of ope-
rators (T1,j)

∞
j=1, (T2,j)

∞
j=1, ..., (TN,j)

∞
j=1 are d-M topologically transitive if for any

non-empty open V0, V1, ......VN in M there exists j ≥ 0 so that

V0 ∩ T−1
1,j (V1) ∩ T−1

2,j (V2) ∩ ... ∩ T−1
N,j(VN)

contains a non-empty open set of M.

Let M a nonzero subspace of X. The notion diagonally subspace universal
respect toM ( in short d−M universal) and the notion of d-M topologically transi-
tive for the sequence (T1,t)t≥0, (T2,t)t≥0, ..., (TN,t)t≥0, (N ≥ 2) of a C0-semigroups of
operators on X is studied in [11]. We proved that, if (T1,t)t≥0, (T2,t)t≥0, ..., (TN,t)t≥0

is a sequence of C0-semigroup with generators A1, A2, ..., AN and if there exists
t0 > 0 such that T1,t0 , T2,t0 , ..., TN,t0 are surjective and d-universal, then

(T1,t)t≥0, (T2,t)t≥0, ..., (TN,t)t≥0 are d−D(Aj) universal for all j = 1, 2, ..., N.

Also, we give necessary and sufficient condition for which a sequence

(T1,t)t≥0, (T2,t)t≥0, ..., (TN,t)t≥0 with (N ≥ 2)

of C0-semigroup to be d-M topologically transitive.

Definition 1.3 We say that theN≥2 sequences of operators (T1,j), (T2,j),..., (TN,j)
are d−M mixing respect to nonempty subset M of X if for any non-empty open
subsets V0, V1, ..., VN in M , there exists n ≥ 0 such that

V0 ∩ T−1
1,m(V1) ∩ T−1

2,m(V2) ∩ ... ∩ T−1
N,m(VN)

contains a non-empty open set of M for each m ≥ n.

Definition 1.4 Let M be a nonzero subspace of X and (T1,j)j≥0, (T2,j)j≥0, ...,
(TN,j)j≥0, N ≥ 2 sequences of operator in B(X). We say that the sequences
(T1,j)j≥0, (T2,j)j≥0, ..., (TN,j)j≥0 satisfy the d−M universality criterion with respect
to some (nk), if there exist dense subsetsM0,M1, ...,MN ofM , a strictly increasing
sequence of positive integers (nk), and mapping Sl,k : Ml → M, (1 ≤ l ≤ N, k ∈ N)
such that for each 1 ≤ l ≤ N we have:

1. Tl,nk
→k→∞ 0 pointwise on M0;

2. Sl,k → 0 pointwise on Ml;

3. (Tl,nk
Si,kyi − δi,lyi) →k→∞ 0 pointwise on Ml;

4. Tl,nk
(M) ⊂ M (1 ≤ l ≤ N).
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Let Let M be a nonzero subspace of X. In this work, we will characterize
properties of being d −M mixing for a N ≥ 2 sequence T1,j, T2,j, ..., TN,j of ope-
rators in B(X). Also, we will give necessary and sufficient conditions for a N ≥ 2
sequence T1,j, T2,j, ..., TN,j of operators in B(X) to satisfies d − M universality
criterion in terms of d-M topologically transitivity of this sequence.

2. Main results

We begin with the following result.

Theorem 2.1 Let T1,j, T2,j, ..., TN,j, N ≥ 2 sequences of operators in B(X) and
M a non-empty subspace of X. The following statement are equivalent:

1. (T1,j), (T2,j), ..., (TN,j) are d-subspace mixing.

2. For any nonempty open subsets V0, V1, ..., VN in M, there exists n ∈ N \ {0}
such that V0

∩∩N
i=1 T

−1
i,j (Vi) is a relatively nonempty open subset of M for

all j ≥ n.

3. For any nonempty open subsets V0, V1, ..., VN in M, there exists n ∈ N \ {0}
such that V0

∩∩N
i=1 T

−1
i,j (Vi) ̸= ∅ and Ti,j(M) ⊂ M , for all j ≥ n.

Proof. (2) ⇒ (1) is clear.

(3) ⇒ (2) Suppose that V0, V1, ..., VN areN ≥ 2 nonempty open subset ofM, hence
by (3) we conclude that there exists n ∈ N \ {0} such that V0

∩∩N
i=1 T

−1
i,j (Vi) ̸= ∅

and Ti,j(M) ⊂ M. Since the restricted operator Ti,j|M is continuous, then T−1
i,j (Vi)

is open ∀ j ≥ n , i = 1, 2, ..., N. Hence V0

∩∩N
i=1 T

−1
i,j (Vi) is a relatively open

nonempty subset.

(1) ⇒ (3) Assume that there exist n ≥ 0such that V0

∩∩N
i=1 T

−1
i,j (Vi) contains a

nonempty opens subset of M , then there exists W ̸= ∅ an open subset of M such
that W ⊂ V0

∩∩N
i=1 T

−1
i,j (Vi), hence W ⊂ V0 and W ⊂

∩N
i=1 T

−1
i,j (Vi) this implies

that Ti, j(W ) ⊂ Vi ∀j ≥ n, i = 1, 2, ..., N. Let x ∈ M and x0 ∈ W, then there
exists r small enough such that x0+rx ∈ W, hence Ti,j(x0+rx) ∈ Ti,j(W )⊂Vi⊂M ,
∀i = 1, 2, ..., N ; ∀j ≥ n, Ti,jx := 1

r
Ti,j(x0 + rx)− Ti,j(x0) ∈ M , therefore

Ti,j(xM) ⊂ M for all j ≥ n, i = 1, 2, ..., N.

The following lemma will be used in the sequel.

Lemma 2.1 Let M be a nonzero subspace of X and (T1,j)j≥0, (T2,j)j≥0,...,(TN,j)j≥0

a N ≥ 2 sequences satisfying the d −M universal criterion with respect to some
(nk), then (T1,nk

), (T2,nk
), ..., (TN,nk

) are d−M mixing. In particular,

(T1,j)j≥0, (T2,j)j≥0, ..., (TN,j)j≥0 are d−M universal.
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Proof. Let V0, V1, ..., VN be nonempty open subsets of M , let yl ∈ Vl

∩
Ml and

ε ≥ 0, so that
B(yl, (N + 1)ε) ⊂ Vl, (0 ≤ l ≤ N).

Since (T1,j)j≥0, (T2,j)j≥0, ..., (TN,j)j≥0 is a N ≥ 2 sequences satisfying the d − M
universal criterion with respect to some (nk), then by Definition 1.4, there exists
n0 ∈ N so that Tl,nk

y0, Sl,kyl and (Tl,nk
y0Si,kyi− δi,lyi) belong to B(0, ε) for k ≥ k0

and 1 ≤ i ≤ N. For each k ≥ k0, set zk = y0+
∑N

i=1 Si,kyi, we have Si,kyi ∈ B(0, ε),

this implies that
∑N

i=1 Si,kyi ∈ B(0, Nε), hence zk ∈ B(y0, ε)⊂B(y0, (N+1)ε)⊂V0

and Tl,nk
zk = Tl,nk

y0 +
∑N

i=1 Tl,nk
Si,kyi. Since (Tl,nk

Si,kyi − δi,lyi) ∈ B(0, ε), then

there exists r ∈ B(0, ε) such that
∑N

i=1 Tl,nk
δi,kyi =

∑N
i=1(r+ δi, lyi =

∑N
i=1 r+yl,

hence

Tl,nk
zk = Tl,nk

y0 +
N∑
i=1

r + yl.

We have Tl,nk
y0 ∈ B(0, ε) and r ∈ B(0, ε), then Tl,nk

zk ∈ B(yl, (N + 1)ε) ⊂ Vl,
this implies implies that zk ∈ T−1

l,nk
(Vl) for each 1 ≤ l ≤ N, so

V0 ∩ T−1
1,nk

(V1) ∩ T−1
2,nk

(V2) ∩ ... ∩ T−1
N,nk

(VN) ̸= ∅ for k ≥ k0.

In the following theorem, we will give necessary and sufficient conditions for a
N ≥ 2 sequence T1,j, T2,j, ..., TN,j of operators in B(X) to satisfy d−M universality
criterion in terms of d-M topologically transitivity of this sequence. Note that that
the proof of the following theorem is inspired by Bès and Peris [4, Theorem 2. 7].

Theorem 2.2 Let M be a nonzero subspace of X, and (T1,j)j≥0, (T2,j)j≥0, ...,
(TN,j)j≥0, N ≥ 2, sequences of operator in B(X). The following are equivalent :

1. (T1,j)j≥0, (T2,j)j≥0, ..., (TN,j)j≥0 satisfy the d−M universality criterion.

2. There exists a strictly increasing sequence of positive integers (nk) such that
for each subsequence (nkj) of (nk), there exists a dense set of vectors z ∈ X
for which {(T1,nkj

z, T2,nkj
z, ..., TN,nkj

z), j ∈ N}
∩

MN is dense in MN

3. for each r ∈ N,

T1,j

⊕
T1,j

⊕
...
⊕

T1,j(r time), ..., TN,j

⊕
TN,j

⊕
...
⊕

TN,j(r time)

are d-M topologically transitive.

Proof. (1) ⇒ (2) Suppose that the sequences (T1,j)j≥0, (T2,j)j≥0, ..., (TN,j)j≥0,
N ≥ 2 satisfy the d − M universality criterion, then there exists a increasing
sequence of positive integers (nk) which satisfies conditions of Definition 1.4.
If (nkj) is any subsequence of (nk), then (T1,j)j≥0, (T2,j)j≥0, ..., (TN,j)j≥0 satis-
fies the d − M universality criterion with respect to it. Hence by lemma 2.1,
T1,nkj

, T2,nkj
, ..., TN,nkj

, are d−M mixing, so T1,nkj
, T2,nkj

, ..., TN,nkj
, are d−M topo-

logically transitive. Thus, {(T1,nkj
z, T2,nkj

z, ..., TN,nkj
z), j ∈ N}

∩
MN is dense

in MN .
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(2) ⇒ (3) Suppose that there exists a strictly increasing sequence of positive
integers (nk) such that, for any subsequence (nkj) of (nk), there exists a dense set
of vectors z for which {(T1,nkj

z, T2,nkj
z, ..., TN,nkj

z), j ∈ N}
∩
MN is dense in MN .

Let r ∈ N be fixed and for each l = 0, 1, ..., N and k = 1, 2, ..., r, let Vl,k ⊂ M be
open and nonempty, we have to show that there exist m ∈ N so that:

∅ ̸= V0,k

N∩
l=1

T−1
l,m(Vl,k) (1 ≤ k ≤ r).

Let (n1,k) be a subsequence of (nk), since dU(T1,n1,k
, T2,n1,k

, ..., TN,n1,k
,M)

∩
MN

is dense in MN . Then

∅ ̸= V0,1

N∩
l=1

T−1
l,n1,k

(Vl,1) (k ∈ N).

Next, since dU(T1,n1,k
, T2,n1,k

, ..., TN,n1,k
,M)

∩
MN is dense inMN , then there exist

a subsequence (n2,k) of (n1,k) so that ∅ ̸= V0,2

∩N
l=1 T

−1
l,n2,k

(Vl,2). By the same way
and after r steps, we obtain a chain of subsequences (nr,k) ⊂ ... ⊂ (n1,k) ⊂ (nk),
so that

∅ ̸= V0,j

N∩
l=1

T−1
l,nr,k

(Vl,j) (1 ≤ j ≤ r) for all k ∈ N,

hence we can pick m := nr,1.

(3) ⇒ (1): Suppose that (T1,j), (T2,j), ..., (TN,j) satisfy: for each r ∈ N and
nonempty open Vl,k(0 ≤ l ≤ N , 1 ≤ k ≤ r) of M there exists m ∈ N ar-
bitrarily large with

V0,k

N∩
l=1

T−1
l,m(Vl,k) ̸= ∅ (1 ≤ k ≤ r). (∗)

Let (A0,n)n≥0 be a basis for the topology of M and {(A1,n), (A2,n), ..., (AN,n)} be
a basis of nonempty set for the product topology of MN . For each n ∈ N and
l = 0, 1, 2, ..., N , let Al,n,0 := Al,n and Wn = B(0, 1

n
).

First step:
Denote by D(A) the diameter of nonempty set A.
Let Al,1,1 ⊂ Al,1,0 (1 ≤ l ≤ N) open set such that D(Al,1,1) <

1
2
D(Al,1,0), hence

Al,1,1 ⊂ Al,1,0 by (∗), there exists n1 > 1 so that{
∅ ̸= A0,1,0

∩∩N
l=1 T

−1
l,n1

(Wl);

∅ ̸= W1

∩
T−1
l,n1

(Al,1,1)
∩∩

s ̸=l T
−1
s,n1

(Wl), (1 ≤ l ≤ N).
(∗∗)

Next, get A0,1,1 nonempty open subset of A0,1,0 such that D(A0,1,1) <
1
2
D(A0,1,0),

then A0,1,1 ⊂ A0,1,0, this implies that Tl,n1(A0,1,1) ⊂ W1 (1 ≤ l ≤ N) also by
(∗∗), we pick Ws,1,1 ∈ W1 (1 ≤ s ≤ N) so that for each 1 ≤ l ≤ N we have

Tl,n1Ws,1,1 ∈
{

Al,1,0, if s = l;
W1, if s ̸= l.
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Second step:
for k = 1, 2 let Al,k,3−k nonempty open subset of Al,k,2−k such that

D(Al,k,3−K) <
1

3
D(Al,k,2−k),

so that Al,k,3−k ⊂ Al,k,3−k and Al,2,1

∩
Al,1,2 = ∅ (1 ≤ l ≤ N). By (∗) there exist

n2 > n1 such that{
∅ ̸= A0,k,2−k

∩∩N
l=1 Tl,n2(W2);

∅ ̸= W2

∩
Tl,n2(Al,k,3−k)

∩∩
s ̸=l Ts,n2(W2), (1 ≤ l ≤ N) (k = 1, 2).

Next, for k = 1, 2 and l = 1, 2, ..., N , we get Wl,k,3−k ∈ W2 and nonempty open
subset A0,k,3−k of A0,k,2−k such that

D(A0,k,3−K) <
1

3
D(A0,k,2−k), Tl,n2(A0,k,3−k) ⊂ W2

and for: 1 ≤ s ≤ N,

Tl,n2Ws,k,3−k ∈
{

Al,k,3−k ifs = l
W2; ifs ̸= l.

If we continue this process inductively by (∗), on each step, we obtain an increasing
sequence of positives integer 1 < n1 < n2 < .... and for each l ∈ {1, 2, ..., N}
and each i ∈ N the nonempty open sets Al,k,i+1−k (1 ≤ k ≤ i) such that
D(Al,k,i+1−k) <

1
i+1

D(Al,k,i−k) and Wl,k,i+1−k ∈ Wi satisfy

1. Al,k,i+1−k ⊂ Al,k,i−k ⊂ Al,k.

2. Each collection {Al,k,i+1−k : 1 ≤ k ≤ i} is pairwise disjoint.

3. Tl,ni
(A0,k,i+1−k) ⊂ Wi.

4. For 1 ≤ s ≤ N, Tl,ni
Ws,k,i+1−k ∈

{
Al,k,i+1−k, if s = l;
Wi, if s ̸= l.

For each fixed l, (0 ≤ l ≤ N) and m ∈ N there exists a unique al,m ∈ M so
that {al,m} =

∩∞
j=m+1 Al,m,j−m note that al,m ̸= al,n by (2) if n ̸= m, and that

Ml := {al,m : m ∈ N} is dense in M. Consider Sl,m : Ml → M is defined by

Sl,mal,k :=

{
Wl,k,m+1−k, if m ≥ k,
0, if 1 ≤ m < k.

From (4), Sl,k → 0, k → ∞ point wise on Ml (1 ≤ l ≤ N). Also, by (4) we have,

Ts,nmSl,mal,k = Ts,nmWl,k,m+1−k ∈
{

Al,k,m+1−k, if s = l,
Wm, if s ̸= l.

Hence (Ts,nk
sl,k − δs,lIdMl) → 0, k → ∞ point wise on Ml(1 ≤ l ≤ N). we have

also Tl,nk
→ 0, k → ∞ point wise on M0 (1 ≤ l ≤ N). It easy to see that
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Tl,nk
(M) ⊂ M for 1 ≤ l ≤ N, k ∈ N. Finally, (T1,j), (T2,j), ..., (TN,j) satisfies the

d−M universality criterion.
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