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1. Introduction

Let M, be the space of n x n complex matrices. We shall always denote the
singular values of A by s1 (A) > --- > s, (A) > 0. If A € M, has real eigenvalues,
we label them as \; (A) > -+ > A, (A). Let ||-|| denote any unitarily invariant
norm on M,,.

Let A, B be positive semidefinite. Ando proved in [1] that if v € [0, 1], then

s; (A"B"") <sj(vA+(1—v)B), j=1,..,n.
This is Young inequality for singular values. Recently, Lin [2] posed the following.

Conjecture. Let A, B be positive semidefinite and v € [0,1]. Then
5; (A”Bk”) <s; (vAl/2 + (1 —v) 81/2)2, j=1,...,n.
If the conjecture holds, then it is a strength of Ando’s inequality. In this

short note, we prove that the conjecture holds when 57 = n.
Let A, B be positive semidefinite. Bhatia and Kittaneh [3] proved that

(1.1) |AB] < § (4 + BY’

I
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which is a arithmetic-geometric mean inequality for unitarily invariant norms. In
this short note, we also obtain a refinement of inequality (1.1).

2. Main results
In this section, we first prove that Lin’s conjecture holds when j = n.

Theorem 2.1. Let A, B be positive semidefinite and v € [0,1]. Then

sn (A"B'™") < s, (vAY2 4+ (1 —0) Bl/2)2.

Proof. This is obviously true if either A, or B is not invertible. So assume A and
B are invertible. Then

s, (AvBl—v) _ )\711/2 (Bl—l}A2’l}Bl—’l})

2.1
( ) )\1—1/2 (Bv—lA—2va—1>

On the other hand, we have
)\1/2 (Bv—lA—%Bv—l) s (A—va—l)

(22) )\1 (A—UBU—1>

AV

It follows from (2.1) and (2.2) that
sp (A'BY7Y) < A (AT BYTY)
— )\1—1 (A—v/2Bv—1A—v/2>
— )\n (Av/2Bl—vAv/2)
s2 (AU/QB(1—U)/2) .

So, Lemma 2.1 and the last inequality complete the proof. .

Next, we give a refinement of inequality (1.1). To do this, we need the
following lemma [3].

Lemma 2.2. Let A, B be positive semidefinite. Then

|A12(A+ B) B'?|| < % (A + B

Theorem 2.2. Let A, B be positive semidefinite. Then

|(A+B)?||.

o | =

3/2
|AB|| + (/ |A"B*™ + A*"B"|| dv — 2 ||AB||> <
1/2

Proof. It is known [4, p.265) |that the function

g(?“) — ||ArBl—7‘ +A1—TB7"H
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is convex on [0, 1]. Replacing A by A% B by B?, and 2r by v, we know that the
function

f(U) _ HAUBQ—U + AQ—UBUH
. . . . 1 3
is convex on [0, 2], it follows that this function is also convex on {5, 5] . Therefore,

1
ifve [5, 1} , then by the convexity of the function of f (v), we have

(2.3) f()\x%Jr(l—)\)xl)g)\f(%>+(1—)\)f(1).
Let
v:)\x%—k(l—)\)xl.

Then, we know that inequality (2.3) is equivalent to

Fwse-2f(3)+ -1,

which yields X
2.4) rwarsy(1(3)+1m).
1/2

On the other hand, if v € [1, g] , then by the convexity of the function of f (v),
we have 5 5
f<)\><1+(1—)\)><§) §>\f(1)+(1—A)f(§),
which implies
1 3
(25) Floydo < : <f(1) i (5)) |
1
It follows from (2.4) and (2.5) that

jff(v)dv <! (f<1>+f(§)),

which is equivalent to

3/2
|AB|| + (/ |AVB>™ + A* ™" B|| dv — 2 HABH) < ||AV2(A+B) B
1/2

1
2
So, Lemma 2.2 and the last inequality complete the proof. .

Remark 2.1. By the convexity of the function of f (v), we know that

2|AB|| < ||A"B* Y + AV BY||
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and hence

3/2
/ |A"B2 4 42 BY||dv — 2 || AB] > 0.
/2

So Theorem 2.2 is a refinement of the arithmetic-geometric mean inequality (1.1).

References
[1] AnNpO, T., Matriz Young inequality, Oper. Theory Adv. Appl., 75 (1995),
33-38.

[2] LiN, M., On Drury’s solution of Bhatia € Kittaneh’s question, Linear Alge-
bra Appl. In press.

[3] BHATIA, F. KITTANEH, F., Notes on matriz arithmetic-geometric mean
inequalities, Linear Algebra Appl., 308 (2000), 203-211.

[4] BHATIA, R., Matriz Analysis, Springer-Verlag, New York, 1997.

Accepted: 25.06.2016



