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Abstract. In this paper, we investigate the existence and uniqueness of the solution
to a boundary value problem for integro-differential equation with parameter by using
Schauder’s fixed point theorem.
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1. Introduction

For many years, the problems with parameter have been studied and some of them

considered as mathematical models of physical systems. Existence of solutions

have conditions that are important in analysis theorems and results are often

obtained by using fixed-point theorems (Banach, Schauder), by successive appro-

ximations, or lower and upper solutions of constructing monotone iterations [6].
The following initial value problem were considered in [12]

(1.1) i(t) = =+ f(talt—7),7),0St<TT<T<T,
with 2(t) = ¢(t,7), (£ > 0), F <t <Or< T <7
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This boundary value problem used to find those numbers 7 in [z, 7] for which
problem (1.1) has a solution which satisfies the condition

(1.2) (T) = o7

In view of Seidov [13], there are some control parameter in which a certain
physical process the initial state, speed and phase coordinate of each point of a
controlled object depends on 7 value, so we must choice a value of 7 such that the
object assume a given state at a given time. For related result on the problems
with parameters, the reader is referred to [3].

Interesting application of the method also connected with the study of differ-
ential equations unresolved with respect to the highest derivative. Furthermore,
it suggested that these investigations stimulated the appearance of series of works
on the study of such equations see [9]. In [15], the T-periodic boundary problem
for the integro-differential equation

dx de [* dx
(1.3 = 0.5 [ etes S

was considered and for some other related concepts and results one can see [1],
[10], [14].
In this paper, we consider the initial value problem

(1.4) ‘;—i = AN+ f (t,:c(t), Ai (/OtG(t, s)i(s) ds>i>

with 2(0) = zo, where &(t) = dflsf), 0<t<T,Ais(nxn)matrix and \ is a vector

of parameters such that ||A|| < p, (p > 0). We will consider sufficient conditions for
solvability of the problem (1.4) and for convergence of certain iterative processes
to a solution, and also we will use Schauder-Tychonoff fixed point theorem to
discuss the existence of the solution of the problem (1.4) and (1.2).

2. Preliminaries

Throughout this work we suppose that f(¢,z, A y) 1s continuous in the domain
[0, 7] x D x ||A]| < px Dy, where y = >~ 1f0 s) ds)', D : ||z —zo|| <,
Dy : |ly|] < d and D and D, are closed bounded subset in Euclidean space R™.
Also assume that f(t,z, A, y) satisfies the inequalities:

(2.1) (2, A )]l < M

(2.2) |[f(t, 21, A, yn) = f(E 22, Aoy ) || < K|y — 2[4 K| | A — Ao ||+ K| [y — 12|

where y, = > "7, fo (t,8)in(s) ds)', n=1,2, forall t € [0,T] and M,K;,Ks,K3
are positive constants. Also, G(t,s) is (n X n) continuous positive matrix such
that

t o8]
/ l|G(t, s)|| ds < K, (K > 0), 51:ZK"Mi’1<d,
0 i=1
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(2.3) Sy = iimﬂ’Mﬂ'—l < 00

i=1 j=1
for all t € [0, T]. We define the nonempty sets as follows:
(2.4) Dy=D—r, Diy=Dy—rq,

where r = ||A||pT + MT and r; = ||A||p + ||M]| and suppose that the greatest
eigenvalue @4, of the matrix

KT (||A]|+ K)T  K3TSs
Q= |k (Al + ) iKsSy
K, I|A]| + K, K355

does not exceed unity, that is,

(a+b+c)++/(a+b+c)?—4(ab+ ac + be)

<1
2

(25)  Gmae(@Q) =

where a = KlT, b= HT}H(HA“ + KQ), C = K3S2.

Furthermore, we prove the existence of a solution z(¢) on [0,7] by using
Schauder-Tychonoff fixed point theorem for the equations (1.4) and (1.2), where
t €[0,7) and f(t,z, A, y) satisfy the following hypotheses:

(i) It is continuous positive real valued function on [0, 7] x D x ||A|]| < p x Dy.
(ii) Tt is a non increasing in x(t) for each fixed point t € [0, T7.

We define B = C'[0, T is a space of all continuous and continuous derivative,
bounded functions z(t) on [0, 7] with the norm ||z|| = max,co.r|x(t)], also define
a closed and convex subset X of B as

X ={z € B;||z(t) — mo|| < r,t €[0,T]}

Definition 1 A pair (z*, \*) is called a solution of the problem (1.4) and (1.2),
if the function x*(t) € D is defined for ¢ € [0,7] satisfies the system (1.4) and
conditions (1.2) for |[|A\*[| < p.

Definition 2 [11] A function ¢ defined on an open interval (a,b) is said to be
convex if, for each z,y € (a,b) and each p, 0 < u < 1, we have

P(pr + (1 — )y < pd(x) + (1 — p)o(y).

Definition 3 [11] A sequence {f,} in a normed linear space is said to converge
to an element f in the space if given € > 0, there is an Ny such that for all n > N,
we have |f,(z) — f(z)] <e.



434 R.N. BUTRIS, A.SH. RAFEEQ

Definition 4 [5] Let {f,}>°, be a sequence of functions defined on an interval
Q, we say that {f,}>2, is equlcontlnuous on €2, if for any positive number € there
exists a positive number d. (depends on € only) such that |f,(x1) — fu(22)] < €,
n > 1 whenever |z, — 23| < 6, for all z1, x5 € Q.

Definition 5 [4] If 7" maps V into itself and z( is an element of V' such that
T(xo) = xo, the we say that x( is a fixed point of T.

Definition 6 [5] The set ) is said to be compact if every open cover of {2 has a
finite subcover.

Definition 7 [5] The closure of ) is the intersection of all close sets which con-
tain €.

Theorem 1 [4] (The Arzela Ascoli Theorem) Let F' be equicontinuous, uniformly
bounded family of real valued function f on the interval Q = [0,T]. Then F
contains a uniformly convergent sequence function f,, converging to a function
f € C(Q) where C(2) denotes the space of all continuous bounded functions on
Q. Thus any sequence in F' contains a uniformly bounded convergent subsequence
on  and consequently F' has a compact closure in C(£2).

Theorem 2 [2] (The Mean Value Theorem) Let a and b be real numbers such that
a<b. If f:[a,b] = R is continuous on |a,b], and f is differentiable at each point
n (a,b), then there is a number ¢ in (a,b) such that f(b) — f(a) = f'(¢)(b— a).

Theorem 3 [7] (Schauder-Tyconoff Fixed Point Theorem) Let B be a locally
convex topological vector space. Let'Y be a compact, convex subset of B and T™ a
continuous map of Y into itself. Then T™ has a fized point y € Y, i.e., Ty =y.

Lemma 1 [8] Letv(x) and y(x) be non negative continuous functions on 1=[0, c0)
for which the inequality y(x) < ¢+ f )dt for all x € I, holds, where c is

a non negative constant. Then, y(x) < cef’vo ! forallz el

3. Main results

Firstly, we start from zy € Dy and ||\|| < p, and constructed by the following
iteration for equation (1.4) and (1.2):

(2.6)  Zner(t) = 2o +/Ot(A>\n+f (s,xn o (/ (s, 7)in(T dT) )) ds
N PR —/OTf (t,:vn( R (/0 G(t, $)in(s) ds )i>dt]

1Al

2.8) i (t) = A+ (£ Tn(t), A, (/OtG(t,s)in(S) ds)i)

=1

(27) )‘n+1 -

forall 0 <t < T, [[Msall < p, Y = Doy <f0 (t,8)tn(s ds) ,n=0,1,2 .,
we indeed prove the following theorems:
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Theorem 4 Suppose that the function f(t,x,\,y) is continuous in the domain
0,7] x D x [|[Al| < p x D1, and satisfy inequalities (2.1) and (2.2), finally
suppose that for all ||A|| < p and all continuous functions x(t) on [0,T] with
[|2(t) = ol | < [[E(8)]| < 71, we have
1
1Al[T

and (||Allp+ M)T =r, ||Al|p+ M =11, and condition (2.5).

Then the solution of problem (1.4) and (1.2) exists and the successive appro-
zimations (2.6), (2.7) and (2.8) converge to a solution rapidly enough so that

|z = ol + MT] < p

2ns1(t) — 2 (O] \
(2.9) Do =¥l | <@ - | 2 |,
linsa(t) — & (0] 2

where E 1s an n X n identity matrix.

Proof. By assumption, we have [|Ao|| < p , xo € Dy, and from (2.6), we have

[|2n41 (8) — 2 (t)]] |
xo—l—/ot (A)\n—irf(s,xn ,)\n, 4 (/ (8, 7)En(T )dT)Z>)dS

g /0 t (A)\n_l by (s,xn_l(s), - i ( /0 "G, Vi () d7>i>> ds

=1
<NAT[[An = Anaall + TEY|2n(t) = 201 ()] + TEo[[An — Anal|

o0

> ( /0 tG(t, 8)in(s) ds)i - f: ( /O tG(t, 8)in_1(s ds)i) H

i=1 i=1
< TE|n(t) — za-a (O] + ([A]] + K2)Tl[An — Apal]
T K S| (t) — i1 (1)]]-

From the difference A, 1 — A\, and &,,,1(t) — &, (), we have

+T K5

A1 — M| < H_fllHKle"(t) —xp_ 1 (B)]| + (H;HKQ + 1) [ An — At
1
Al
|41 () — &n(0)]] < Knll2n(t) — 21 (8] + ([[A]] + K2)|[An = Anal|
+ K3Ss|2n(t) — dn-1(t)]|

— K38 |d (£) — &1 (2)]]

so that
[2nt1(t) — 2n(t)]] KT ([[All+ K)T KT8\ [ |[aa(t) — zna(2)]]
H)\n+1 _)\n|| < ||A||K1 %(||A||+K2) \A||K3S2 H)\n—)\n—lH

@11 (t) — 20 (1) K, || Al] + K K38, || Z0(t) — Tper (1) ]|
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|Zni1(t) — zn(2)]]
If let V41 = | Ans1 — Anl| ,n=0,1,2, ..., we have

| g1(E) = a(D)]]

r
(2.10) Vi1 <QV, < ... <Q"Vy, where Vi = | 2p
1
From (2.10), the following inequality
|Zn4n(t) — 2n(D)]] hol
||>‘n+k - )‘nH < Qnﬂvh

Il
=)

[|&n 1k (8) — 2 ()] i

holds for all k > 1 and ¢ € [0,T]. But the maximum eigenvalue of the matrix @ is
assumed to lie within the circle of a unit radius, i.e., ¢q: < 1, which implies that

k—1 00
YR Q<QUE-Q)!
1=0 1=0

and lim Q" = 0, then the sequences {z,(t)}22,, {\.}52, {Z,(t)}>2, converge.
n—0o0

Then let lim z,(t) = *(¢), lim A\, = A" and lim %,(t) = 2*(¢). If we take the
n—00 n— 00 n—o0
limit in (2.6) and (2.7) we obtain

(2.11)  2*(t) = 20 + /Ot (A)\* +f <s,x*<s),x§: (/0 G(s, 7)i*(7) d7>i>> ds

(2.12) )\*:m (:UT - xo—/OTf (t,x*(t), A, 2(/;6’(1573)9&*(5) ds)Z) dt).

1

Mean that the pair (z*(¢), \*) is a solution of problem (1.4) and (1.2). It is easy to
see that the speed of convergence of (2.6) and (2.7) is validly described by (2.5),
the theorem is proved. .

Remark 1 By analogous arguments, we call shaw that the following iteration
process converges to a solution of (1.4) and (1.2)

ir(t) = 70+ /Ot (A)\n Ly (s,xn(s),kn,i (/Osc:(s,T)g;«n(T) dT)Z)) ds,

=1

Ani1 = W <xT — oz — /0 ' F(t, 2n(t), A, :1 ( /0 tG(t, 8)in(s) ds)i)dt> ,

forall 0 <t <T,x9€ Dy, ||N| <p,n=0,1,2,...
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Secondly, the solution of the initial value problem (1.4) for each [|A|| < p will
be denoted by z(t, \), suppose that ||z(t) — zo|| < r, then we have ||A|| < p and
all continuous functions z(t) on [0, T] with ||z(t) — zo|| < r, ||2(t)]| < 71, we have

(2.13) 2(t, \)=2 + /0 t(A)\ + f(s,x(s, A) A, i:: ( /0 G, )i (r \) d7>i>> ds

with x(0) = x¢, and for all 0 <t < T, xy € Dy.

Lemma 2 Suppose that the continuous function f(t,x,\,y) satisfies conditions
(2.1) and (2.2). Then the solution of (2.13) satisfies the bound.

(2.14) [Ja(t, M) = a(t, Ao)|| < M IHESBIT(A]| + Ky) (14 K382 L)][[ A1 = Aol
where L = %
Proof. From (2.13), we have

[l(t, A1) — (¢, A

xo + /Ot (A)\l +f <3,x(s,/\1),/\1,§; (/Os G(s,7)z(1,\) dT)i>> ds
- (AAQ " (S,W,M,Mi ([ a6 mitr e dT)Z')) s

i=1
SO
[zt Ar) =t Ao)[| < ([[Al] 4+ K2)T][Ar — Aof|
t
+K/ (s, A1) — x(s, A2)||ds
(2.15) v ) ks ) = (s Al

t
+ Kgsg/ ||ZE(8,)\1) — l"(S, /\2)||d8
0

Differentiate equation (2.13), then we have
@t A) —2(8, )l < (Al + K2)l|A = dof| + K [[z(E, A1) — (t, Aa)|
+ K3Ss||2(t, M) — (¢, Aa2)]],
then
(2.16) [|z(t, A1) — (¢, M) || < (|| Al|+ K2) L| | M — Ao|| + K1 Ll |2 (t, A1) — (¢, Ao)||ds.
Substituting (2.16) in (2.15), we get
2, A1) — 2t M)l < T(JA]] + K2) (1 + KsS2L)[| A — Ao

t
(14 KaSal) [ ol h) = a(s, Allds
0

Therefore, from the lemma 2.10, we obtain
[l (t, Ar) = (t, ho)|| < €S IT (|| Al + Ko) (1 + Ky SeL)]| M — Aell.

The lemma is proved. u
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Remark 2 Solvability of problem (1.4) and (1.2) is equivalent to solvability of
the equation

A= W <mT — oz — /OTf (t,x(t),/\,g (/; G(t, s)i(s) ds)i> dt) .

Here x(t, \) is the solution of (2.13) corresponding to the value ||A|| < p.

Theorem 5 Let the function f(t,x,\,y) of problem (1.4) satisfy (2.1) and (2.2)
and hypotheses (1) and (ii) and all continuous function x(t) with ||z(t) — zo|| < 7,
we have

Hm {f’”T — o~ /OTf(t,w(t),A,g (/OtG(t, 5)i(s) ds>i>dt} H <p.

Then, problem (1.4) and (1.2) has at least one solution.

Proof. Let X be a subset of B, for z(t) € X, we define the norm ||z|| =
max |z(t)| and the map T* : B — B defined by

t€[0,T]
T3 =0 + /t (A)\ L f (s,x(s), Ay (/ G(s, 7)i(T) d7>2>> ds
0 =1 \Jo

for all 0 < ¢t < T, ||A]| < p in order to apply Schauder-Tychonoff fixed point
theorem, we should prove the following steps:

Step 1. 7% maps X into itself. Since f(¢,xz, A, y) is continuous on [0, T x D x||A||
< px Dy then fot f(t,z, A, y)ds is also continuous, so T;(t) is continuous, then

o] — 7 < || Tl

zo + /Ot <A/\ +f (s,x(s),)\,i (/0 (s, 7)i(7) dr)i>) ds

< zol[ + [[A[lpT + [[M|[T = [|zo|| +7

Thus, T;(t) € X, that is, 7" maps X into itself.

Step 2. T™ is continuous mapping on X. Let {z,}°°, be a sequence in X that
converges to z(t) € B, but X is closed subset of B, so x(t) € X consider

1730 = Toll < (Al + B)T[|An = All + Ki T ||n(8) — 2(8)][ds
+ K35:T||2,(t) — @(t)||ds.

Since f(t,z, A, y) is continuous function and the sequences {z, ()}, , {\.}72,
and {z,(t)}>2, converge to x(t), A and &(t) respectively, meaning that

n(t) —xt)|| = 0, ||A\, = Al] = 0 and in(t) — 2(t)|| — 0, — 00,
e [ (6) = 20| = 0, A = Al = 0 and gmase [l (6) = (1) = 0, a5 7 — o0
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then

7}1_{20 HTzn(t) - Tm(t)” =0.
Therefore, T is a continuous mapping on X.
Step 3. The closure of "X = {T},);z(t) € X} is compact.

To prove Step 3, we will prove that the family 7% X is uniformly bounded and
equicontinuous, 7% X is uniformly bounded as shown in Step 1. For proving the
equicontinuous, since ||z(t) — zo|| < r, and f(t,z, \,y) is non increasing in z(t),
hence we have

1Tl = I1AX+ f <t7w(t),k,z (/0 G(t, s)i(s) dé’) ) < 1lAllp + [IM]| = 1.
i=1

Choose § = =, € > 0, for t1,15 € [0, T, such that t; < to, with |t; — 3| < J, then
by using the mean value theorem, there exists a number b € (¢,t3) such that

120 = Ti |l = 112 (0|t — tof <710 = .

This inequality proves that the family 7" X is equicontinuous, since ¢ is indepen-
dent of t1,ty and z(t) € X, thus by Ascoli-Arzela theorem, T*X has compact
closure. In view of Step 1, Step 2 and Step 3, the Schauder-Tychonoff fixed point
theorem shows that 7T has at least one fixed z(t) € X that is T}, = z(t) for all
t €0, 7] so z(t) is a solution of the problem (1.4) and (1.2). .

Theorem 6 Suppose that the function f(t,x, \,y) satisfies all conditions of Theo-
rem 3.1 and condition(2.5). Then, problem (1.4) and (1.2) has at most one solution
in the region 0 <t < T, ||\|]| < p, ||z(t) — x| < 7.

Proof. Suppose that the exist two solutions of (1.4) and (1.2) called (uq, A1) and
(ug, A2). Then, we have

du;t(t) = AN+ f (t,ul ), A Z (/ (t,8)1(s) ds)i> L ur(0) =up, 0<t<T

du;t(t) = AN+ f (t,uz ) A, Z (/ (t, 8)ita(s) ds)i> L up(0) =g, 0<t < T.

From the hypotheses, we have

[lua (t) — ua(t)]] KT ([|All+ K2)T KsT'S, s (t) — ua(t)]]
1A = Aa] < ||A||K1 %(HAH"‘K?) |A\|K3S2 1A = Ao
||t () — 2 (2)]] K, Al + K, K35, ||t () — 2 (2)]]

s (1) — a0
Let W = [| A1 — A2| , then we have W < QW < ... < Q"W. Since

[l (t) = a2(2)]|
Gmaz < 1, we conclude that \; = Ay and wu;(t) = wus(t), which means that the
solution of (1.4) and (1.2) is unique. .
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