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Abstract. Let G be a finite group with degree pattern D(G). A finite group G is
called k-fold OD-characterizable if there are exactly k& non-isomorphic groups H such
that |G| = |H| and D(G) = D(H). In this paper our purpose is to correct an earlier
paper and prove that the symmetric group on 27 letters is 38-OD-characterizable.
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1. Introduction and preliminaries

The set of all the prime divisors of the order of a finite group G is denoted by 7(G)
and the set of elements order in G is denoted by 7.(G). The Gruenberg-Kegel
graph or the prime graph of G, denoted by I'(G), is a graph with vertex set 7(G)
and two distinct vertices p and ¢ are joined by an edge if and only if pq € 7.(G),
and in this case we write p ~ ¢, otherwise we will write p ~~ ¢ which means that
G does not have an element of order pg. The number of connected components of
['(G) is denoted by t(G) and these connected components are denoted by m;(G),
1 <i <tG). If 2 € 7(G), then m(G) is the connected component of I'(G)
containing 2. If n is a natural number, then 7(n) is the set of all primes dividing
n, hence |G| = mymg - - - my@) where m; is a positive integer with m(m;) = =,
1 <i <t(G). The numbers m;, 1 <i < t(G) are called the order components of G,
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we write OC(G) = {ma, ..., myq)} for the set of order components of G. The set of
prime graph components of G is denoted by T'(G) = {m(G), ma(G), ..., Ty (G) }

If the order of G is |G| = pi'ps® - - - pp*, with p;’s distinct prime numbers
and «; positive integers, then for p € {pi,...,px}, the degree of p in I'(G) is
the number of vertices adjacent to p and is denoted by deg(p), i.e., deg(p) =
{pilp ~ pi}|. We choose an ordering such that p; < ps < - -+ < p; and define
D(G) = (deg(p1),deg(p2), ..., deg(px)) as the degree pattern of G. Let n be a
positive integer. A group H is called n-fold OD-characterizable if there are exactly
n non-isomorphic groups G such that |G| = |H| and D(G) = D(H). Usually a
1-fold OD-characterizable group is called an OD-characterizable group.

For the first time the prime graphs of a finite group was defined in [5] and
its significance can be found in many recent researches on finite groups. In [1]
it is shown that the alternating groups A,, where p and p — 2 are prime num-
bers are OD-characterizable, it is also shown that all the sporadic simple groups,
certain groups of Lie type are OD-characterizable, but the projective symplec-
tic group SFs(3) is 2-fold OD-characterizable. In [10] it is shown that all the
simple K4-groups, except Ajy are OD-characterizable, whereas A;q is 2-fold OD-
characterizable. In [7] it is proved that all the simple groups of order less than
10% except Ajg and Uy(2) are OD-characterizable while Ay and Uy(2) are 2-fold
OD-characterizable.

In [9] it is proved that Aut(Ly(49)) is 9-fold OD-characterizable, and in [8] the
authors prove that the alternating group of degree 16 is OD-characterizable. In [3]
the authors studied OD-characterizability of the alternating and symmetric groups
on 27 letters. Although their results for the alternating group is correct but there
is an error in the results stated for the symmetric group. OD-characterizability of
Sa7 is also studied in [2] but the conclusion is in error. In [4] we found some results
on OD-characterizability of the symmetric group on 27 letters. In this paper our
aim is to give a complete proof of OD-characterizability of the group Sg7. Our
main result is:

Theorem 1.1. Let G be a finite group such that |G| = |Se7| and D(G) = D(Sy7).
Then G is 38 OD-characterizable.
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Figure 1: The prime graph of So;
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For the proof we need to know about non-abelian simple groups with a prime
divisor at most 19. Using [6] we listed these groups in the Table 1 of [3] which is
used frequently in this paper.

2. Proof of the main result

The order and degree pattern of So7 are as follows:
|Sg7| = 2%3.313.56.73.112.132.17.19.23 and D(Sy;) = (8,8,7,7,5,5,4,4,2).

Let G be a finite group such that |G| = |Sy7| and D(G) = D(Sy7). Since deg(2)=8,
the vertex 2 is joined to all other vertices of I'(G), hence I'(G) is a connected graph.
Obviously I'(G) = I'(Syr) and that 7.(G) D {2,3,5,7, 11,13, 17,19, 23,6, 10, 14, 22,
26, 34, 38,46, 15, 27, 33, 39, 51, 57, 69, 35, 55, 65, 85,95, 77, 91,

119,133,143}, We also have I'(Sy7) = I'(Ag7) = I'(S).

Lemma 2.1. Let K be the mazimal normal solvable subgroup of G. Then K 1is a
{2,3}-group. In particular G is a non-solvable group.

Proof. Let p be a prime divisor of |K| and S, be a Sylow p-subgroup of K. By
the Frattini argument, we have G = K N(S,). We consider the following cases:

Case (i) p = 23. Since Sy is a cyclic 23-group, N = Ng(Sa3)/Cq(Sa3) is isomor-
phic to a subgroup of Zy,, implying that |N| is a divisor of 22. Since G contains
elements of order 46 and 69, we deduce that Cg(S23) is a {2, 3, 23}-group, and from
G = K Ng(Ss23) we obtain 19 | |K|. By assumption K is a solvable group, hence
by considering a {19, 23}-Hall subgroup of K we obtain 19 ~ 23, a contradiction.

Case (ii) p =17 or 19. Let S, be a Sylow p-subgroup of K, p =17 or 19. Then,
similar to case (i), G = KNg(S,) and N = N¢(S,)/Cq(S,) is a subgroup of Zyg
or Zys. But using the prime graph I'(G), we see that only 2,3, 5,7 are joined to 17
and 19. We deduce that in any case 23 | |K| implying that K contains an element
of order 23p, p = 17 or 19, a contradiction.

Case (iii) p = 11 or 13. In this case, a Sylow p-subgroup S, of K may have order
p or p?. If S, is cyclic, then |[Aut(S,)| = 11.10 or 13.12, for the respective cases
p =11 or 13. Since G = KNg(S,) and |N| = |[Ng(S,)/Cq(S,)| divides 11.10 or
13.12, we deduce that in any case 23 | |K|. Therefore K contains element of order
23.11 or 23.13, a contradiction. Next suppose that a Sylow p-subgroup S, of K is
not cyclic, hence it is of the form Z, xZ,,, p = 11 or 13. But Aut(S13) = GL2(13) is
a group of order 2°.3%.7.13 and Aut(S1;) = GLy(11) is a group of order 24.3.5%.11.
But deg(13) = deg(11) = 5 and 13 is joined to the vertices 2,3,5,7,11, whereas
11 is joined to the vertices 2,3,5,7,13. Therefore, Ng(S,) is a {2,3,5,7,11,13}-
group, p = 11 or 13. Hence, 19 | | K|, a contradiction.

Case (iv) p = 7. In this case, a Sylow 7-subgroup of K has order 7, 7% or 73. If
|S7| = 7 or 7%, then using the same techniques as in case (i) and (iii) we obtain
a contradiction. Therefore, suppose |K| = 73. From G = K Ng(S;) and the fact
that 23 1 | K|, we deduce that 23 | |Ng(S7)|, so S7 is normalized by an element o
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of order 23. Since G has no element of order 23.7, (o) should act fixed-point freely
on Sy, implying 23 | 7> — 1, a contradiction.

Case (v) p =5. In this case, |S5| = 5%, 1 < a < 6. By case (i), we have 23 1 | K|
and from G' = K Ng(S5) we deduce that S is normalized by an element of order
23, hence 23 | 5* — 1. But considering all the numbers 1 < a < 6, we obtain a
contradiction.

Therefore, we have proved that |K| can only be divisible by 2 and 3 and the
Lemma is proved. "

Lemma 2.2. G/K is an almost simple group, S < G/K < Aut(S) where S is a
simple group.

Proof. We set G = G/K and S = soc(G) where soc(G) denotes the socle of G,
i.e the subgroup of G generated by the set of all the minimal normal subgroups
of G. We have S < G < Aut(S) and S = S; x Sy x - - - x Sy,; where S;’s are
finite non-abelian simple groups. We show that n = 1. Assume on the contrary
n > 2. 1f 23 | [S], then the order of one S; is divisible by 23. We assume 23 | |\, .
Since 23 ~ 2 and 23 ~ 3, the S;’s, i@ > 2 must be {2,3}-groups contradicting
the simplicity of S;. Therefore 23 1 |S| and by Lemma 2.1, 23 | |G|. From
Ng(S)/Caq(S) = G/Cq(S) < Aut(S) we deduce that 23 € 7(G) C w(Aut(9)).
But |[Aut(S)| = |S|.|Out(S)|, hence 23 | |Out(S)|. Let P, -+, P be non-isomorphic
simple groups among S, - - -, S, such that § & P/* x - - x P,i’“, ty 4+t =n.
We have Out(S) = Out(P{*) x --- x Out(P*) and from 23 1 [S| we obtain 23 1 | P}
for all 1 < i < k, so P’s are simple {2,3,5,7,11,13,17,19}-group and by Table
1 in [2] we obtain 23 1 |Out(P;)|,1 < i < k. But Aut(P) = PwrS;, and from
23 | |Aut(P{")| = |Py|%.t;! we obtain 23 | t;! which implies ¢; > 23. Therefore
(231)g x 223 = 246 must divide the order of G, a contradiction. Hence n = 1, and
S is a simple group with S < G < Aut(S), the Lemma is proved. n

Lemma 2.3. S is isomorphic to Ay or Aor.

Proof. By Lemma 2.2, S < g < Aut(S), where S is a simple group such
that the largest prime factor of |S| is 23. Hence by |G| = [Syr| and the fact that
{13,17,19, 23} N7 (Out(S)) = 0, we obtain 13%.17.19.23 | |S|. Now by [5], S = Ay

or Ag'y. ]

Lemma 2.4. If S = Ay, then there are 3 possibilities for G such that |G| = Sy

Proof. If S = Ay, then Ay, < G/K < Sor. If G/K = Sy, then K = 1 and
G = So;. If G/K = Ay, then |K| = 2, hence G = Zy.Ag;, which gives us 2
possibilities for G. The Lemma is proved. "

Lemma 2.5. If S = Ay, then there are 35 non-isomorphic groups G with
|G| = |Se7| and OD(G) = OD(Sy7).
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Proof. If S = Ay, then from Ay < G/K < Sys we obtain G/K = Ay or So.

Case (i) G/K = Ag. In this case |K| = 54. It can be shown that G = K X Agg
or G = P X (2.Ag) where P is the unique subgroup of order 27 in K. Since there
are 15 non-isomorphic groups of order 54 and 5 non-isomorphic groups of order
27, we obtain 20 possibilities for G.

Case (ii) G/K = Sys. In this case, |K| = 27. It can be shown that G has a
normal subgroup H isomorphic to K x Ay such that G/H = Z,. This will give us
15 possibilities for GG. Hence, altogether, we obtain 35 groups with the property
mentioned in the theorem. "

Main theorem. There are 38 non-isomorphic finite groups G with |G| = |Saz|

Proof. This follows from Lemmas 2.1-2.5. n

Remark 2.1. The structures of the 35 groups mentioned in Lemma 2.5 may be
described in terms of the semidirect product.

Case(i) G/K = Ay, | K| = 54.

Consider the semidirect product K x Ass. Then, we have a homomorphism
o Agg — Aut(K). Since Ay is a simple group, we obtain Kery = Ay im-
plying that G = K x Agg. There are 15 groups of order 54, hence there are 15
possibilities for G.

Case (ii) G/K = Sy, | K| = 27.

Let us consider the semidirect product K x So4 corresponding to the homomor-
phism ¢ : Sy — Aut(K). Considering the normal subgroups of Sys we have
keryp = Sgg or Agg. If Kerp = Sqg, then G = K X Soq and we obtain 5 possibilities
for G. If Kerp = Agg, then Sog/Ags = p(Se) < Aut(K). But Ses/Ags = Zy, im-
plying that ¢(Sys) corresponds to an involution (an element of order 2) in Aut(K).
But there are 5 non-isomorphic groups of order 27.

1) K = Zoz, then |Aut(K)| = 18 has only one involution.
2) K =73 x Zg, then Aut(K) = Zs X Zo, which has 3 involutions.

3) K =73 x Z3 x Zs, then Aut(K) = GL3(3) and it can be verified that this
group has 7 conjugacy classes of involutions.

4) K is a group of order 27 with element of order 9, then Aut(K) = V3(3) x
G Ly(3), where V3(3) is the vector space of dimension 3 over the field with 3
elements. It can be verified that V5(3) x GL2(3) has 3 conjugacy classes of
involutions.

5) K is a group of order 27 with elements of order 9, then Aut(K) = V5(3) x
AGL;(3), where AGL;(3) is the affine group in dimension 1 over the field
with 3 elements. This group has only one conjugacy classes of involutions.
Considering the non-isomorphic groups obtained from cases 1 —4, we obtain
15 groups. Hence altogether we obtain 35 non-isomorphic groups from the
semidirect product K x Agg, |K| =54 and K x Sq, | K| = 27.
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