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Abstract. In this paper, we prove new results on coincidence and common fixed points
for a sequence of mappings satisfying generalized (¥ — ®) contractive conditions in G-
metric space. Also we investigate the existence of common fixed point for a sequence of
mappings satisfying the almost generalized cyclic weak contractive condition in G-metric
space. An example supporting our results is included.

1. Introduction

Fixed point theory is one of the most useful tools in analysis. The first result of
fixed point theorem is given by Banach S. [4] by the general setting of complete
metric space using which is known as Banach Contraction Principle. This principle
has been generalized by many researchers in many ways like by [2], [5], [6], [11],
[24]-[26], and so on.

In 2006, Mustafa and Sims [16] introduced a new structure to generalize
the usual notion of metric space (X,d). This new structure leads to generalized
metric spaces or to what are called G-metric spaces that allow to develop and
introduce a new fixed point theory for various mappings. Later, several fixed
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point theorems were obtained in these new metric spaces for mappings satisfying
certain contractive conditions. For example, in [9], [10], [13], [14] some fixed point
results and theorems for self mappings satisfying some kind of contractive type
conditions on complete G-metric spaces were proved. Abbas et. al. [1] studied
common fixed point theorems for three maps in G-metric spaces. For other work
on common fixed points using different conditions and considering more than three
maps one can see [12, 23] and references therein. Fixed point results for cyclic
¢-contraction mappings on metric spaces were proved by Pacurar and Rus [20].
Also, in [8], Karapinar obtained a unique fixed point of cyclic weak ¢- contraction
mappings. Whereas, Aydi [3] proved some fixed point theorems in G-metric spaces
involving generalized cyclic contractions. Many researchers have also studied what
are called coincidence points in G-metric spaces and obtained results for existence
and uniqueness for such points, see for example [23], and for a recent work in
metric spaces see [7].

In this paper, we prove some results on coincidence and common fixed points
for a sequence of mappings in G-metric spaces.

Now, we give first in what follows preliminaries and basic definitions which
will be used throughout the paper.

Definition 1.1 [16] Let X be a non-empty set, and let G : X x X x X — R* be
a function satisfying the following properties.

(Gl) G(z,y,2)=0ifx =y = z.
(G2) 0 < G(z,z,y) whenever x # y, for all z,y € X.

(G3) G(z,x,y) < G(x,y,z) whenever y # z, for all z,y,z € X.
(G4)
(G5)

G
G(z,y,2) = G(z,z,y) = G(y,z,z) = ... (Symmetry in all three variables).
G5) G

(x,y,2) <G(z,a,a)+G(a,y, 2), forall z,y, z,a € X. (Rectangle Inequality).

Then the function G is called a generalized metric, or more specifically, a G-metric
on X, and the pair (X, G) is called a generalized metric space, G-metric space.

Example 1.2 [13] Let (X, d) be any metric space. Define the mappings G and
Gnon X x X x X — RT by

Gs(x,y,2) = d(z,y) +d(y,z) +d(z,2),
Gn(z,y,2) = max{d(z,y),d(y,2),d(z,2)},Vx,y,z € X.

Then (X, Gy) and (X, G,,) are G -metric spaces.

Definition 1.3 [16] Let (X, G) be a G-metric space, and let z,, be a sequence of
points of X, a point x € X is said to be the limit of the sequence z,, if

lim G(z,z,,z,) =0,
n,m—00

and one says that the sequence x,, is G-convergent.
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Proposition 1.4 [16] Let (X,G) be a G-metric space, then the following are
equivalent.

(1) z, is G-convergent to x.
(2
(3
(4

)
) G(zp, Tp, ) = 0, as n — 0.
) G(zp,z,x) — 0, as n — oo.
) G

(T Tpyx) = 0, as m,n — 0.

Definition 1.5 [13] Let (X, G) be a G-metric space, a sequence z,, is called G-
Cauchy if for every € > 0, there is N € N such that G(zp,z,,x;) < € for all
n,m,l > N; that is G(x,, Ty, ;) — 0, as n,m,l — 0.

Proposition 1.6 [17] If (X, G) is a G-metric space, then the following are equi-
valent.

(1) The sequence x,, is G-Cauchy.

(2) For every e > 0, there exists N € N such that G(zy, T, Tm) < €, for all
n,m> N.

Definition 1.7 [16] A G-metric space (X, G) is said to be G-complete (or com-
plete G-metric) if every G-Cauchy sequence in (X, G) is G-convergent in (X, G).

Definition 1.8 [16] Let (X,G) and (X',G’) be two G-metric spaces, and let
f:(X,G) = (X',G) be a function. Then f is said to be G-continuous at a point
a € X if and only if, given € > 0, there exists 6 > 0 such that z,y € X; and
G(a,z,y) < d implies that G'(f(a), f(x), f(y)) < e. A function f is G-continuous
at X if and only if it is G-continuous at all a € X.

Theorem 1.9 [16] Let (X, G) and (X', G") be two G-metric spaces. Then a func-
tion f : X — X' is G-continuous at a point x € X if and only if it is G sequentially
continuous at x, that is; whenever x, is G-convergent to x, f(x,) is G-convergent

to f(x).

Definition 1.10 [16] Let (X, G) be a G-metric space. Then for xy € X, r > 0,
the G-ball with center xoy and radius r is

Bg(xo,r) ={y € X : G(x0,y,y) < r}.

Theorem 1.11 [15] Let (X,G) be a G-metric space. The sequence x, C X is
G-convergent to x if it converges to x in the G-metric topology, T(G).

Definition 1.12 [7] The function ¥ : [0, 00) — [0,00) is called an altering dis-
tance function, if the following properties are satisfied.

(i) ¥ is continuous and non-decreasing.

(ii) ¥(t) =0 if and only if ¢t = 0.
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Definition 1.13 [7] Let f, g be two self mappings on partially ordered set (X, <).
A pair (f,g) is said

(i) weakly increasing if fr < g(fz) and gx < f(gzx) for all x € X.

(ii) partially weakly increasing if fr < g(fx) for all z € X.
Definition 1.14 [7] Let (X, <) be partially ordered set and f,g,h: X — X are

given mappings such that fX C hX and ¢gX C hX. We say that f and g are
weakly increasing with respect to h if and only if for all x € X, we have

fr =gy, Yy € h™}(fz),
and

g = fy, Yy € b~ (ga).
If f =g, we say that f is weakly with respect to h.

Definition 1.15 [7] Let (X, <) be a partially ordered set and f,g,h : X — X
given mappings such that f(X) C h(X). We say that (f,g) are partially weakly
increasing with respect to h if and only if for all x € X, we have

fx =gy, Yy e h'(fz).

Note that, a pairs f and g is weakly increasing with respect to h if and only if the
ordered pair (f,g) and (g, f) are partially weakly increasing with respect to h.

Definition 1.16 [7] Let (X, d, <) be an ordered metric space. We say that X is
regular if the following hypothesis holds: if {z,} is a non-decreasing in X with
respect to < such that z,, - x € X as n — oo, then z,, < x for all n € N.

Definition 1.17 [21] Let 7" and S be two self mappings of a metric space (X, d).
T and S are said to be weakly compatible if for all x € X the equality Tz = Sx
implies T'Sx = STx.

2. Main results

Theorem 2.18 Let (X, G) be a complete ordered G-metric space such that X is
reqular. Let T : X — X be a self mappings and { fr}32, a sequence of mappings
of X into itself. Suppose that for every i,j € N and all x,y € X with Tx and Ty
are comparable, we have

(2 1) \II(G(foJ ija f]y)) S \IJ(Mi,j(x7 Y, y)) - ®(Mi,j(x7 Y, y))
0 +Lmin{G(fiz, fiv, Tx), G(f3y, fy. Ty), G(fix, Ty, Ty), G(f;y, fy, Tx)},
where L >0,

Mi,j (ZE, Y, y) = maX{G(T.T, T% Ty)v G(T.Z‘, fix7 fzx>7 G<Ty7 ij7 ij)a
Oé[G(T{ﬂ, ij7 f]y> + G(flx> Ty: Ty)]}>

, and U : [0,00) — [0,00) is an altering distance function, and ® :

0,00) is a continuous function with ®(t) = 0 if and only if t = 0.

Assume that T and { f}32, satisfy the following hypotheses:

2[
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(i) fuX CTX, for every k € N.
(ii) TX is a closed subset of (X, Q).
(iii) (fi, f;) are partially weakly increasing with respect to T, for every i,j € N
and j > 1.

Then T and { fi.}32, have a coincidence point u € X ; that is fiu = fou = ... = Tu.

Proof. Let xy be an arbitrary point in X. Since f1 X C T'X, there exists 1 € X
such that T'xy = fixg. Since fo X C T X, there exists o € X such that T'xy = fox.
Continuing this process, we can construct sequences {x, } and {y,} in X defined by

(2.2) Yn = fon1Tn = Txn ,¥n € NU{0}.

By construction, we have .41 € T7'(f,,,2,). Then, using the fact that
(fut1, fare2) are partially weakly increasing with respect to T', we obtain

Txpi1 = fas1%n = foroTni1 = Topio, ¥V n € NU{0}.
Therefore, we can write
T(L’l '_< Tl‘g '_< '_< TZL'n_H '_< TZL’n+2 '_< ceey

or

(2.3) Yo Y1 = oo D Yp X Yntieee -

We will prove our result in three steps.

Stepl. We show that
nlggo G(yna Yn+1, yn+1) =0,
and

lim G(ym Yns yn-‘rl) = 0.
n—00

First case. For every n € N, let y,,_1 # y,41. Since T'x,, and Tz, are compa-
rable, by inequality (2.1), we have

V(G (Yns Ynt15 Ynt1))
= ‘I’(G(fmlxm frnt2Tnit, fn+2l‘n+1))
< UMt p42(Tn, Tot1s Ts1)) — P(Magt g2 (Tn, Tngt, Tntr))
FLmin{G(fri1Zn; fas1%n, T2n), G(frs2Tnit, far2Tngr, TTng1),
(2'4) G(fnﬂl"m Ty, Tﬂ?n+1)a G(fn+237n+17 Jn42Tni1, T.rn)}
U (Mpt1,n42(Tn; Ttts Tng1)) — P(Mipt1,n42(Tns Tnt1, Tnyr))

: G(yn Yn yn—l) G(yn—i—l Yn+1 yn) }
+L min Bt ’ ’ ’ )
{ G(ym Yns yn)v G(yn+1> Yn+1, yn—l)

- \II(Mn—I—l,n—i—Q(xna Tn+1, xn—&-l)) - (I)(Mn+1,n+2 ($n7 Tn+1, zn—i—l))
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where

Mn+1,n+2 (xny H In—i—l)

G(T.Tn, Txn—&-h Txn—i—l)a G(T.an, fn—i—lxru fn—f—lwn)a
= max G(Tanrla Jn2Tngt, fn+2xn+1)a
O‘[G(Txny fn+2xn+17 fn+2xn+1) + G(fn—l—lxn; T'TTL—l—ly Txn+1)]

— max { G(yn—b Yns yn)7 G(yn—b Yns yn)> G(ym Yn+1, yn+1>7 }
Oz[G(yn—h Yn+1, yn+1) + G(yn, Yns yn>]

= maX{G(yn—la Yn, yn)a G(ym Y+1, yn+1)7 aG(yn—la Yn+1, yn+1)}~

Now, we have

G(yn—la Yn+1, yn+1> S G(yn—ly Yn, yn) + G(ym Yn+1, yn+1>'

Hence, if G(Yn-1,Yn, Yn) < GYn, Yni+1,Yns1), then we have

G(ynflv Yn+1, ynJrl) < G(ynflv Yn, yn) + G(ym Yn+1, ynJrl)
S G(ym Yn+1, yn-i—l) + G(yna Yn+1, yn-i—l)
2G(yna Yn+1, yn+1>-

and

G(yn—la Yn+1, yn-i-l) < G(ym Yn+1, yn-l—l)'

DN | —

Therefore, for 0 < a < %, we have
aG(yn—lv Yn+1, yn—i—l) S G(ym Yn+1, yn-l—l)'

Similarly, one can do the same when G(Yn, Yn+1, Ynt1) < G(Yn—1, Yn, Yn)-
Therefore, for 0 < a < %, we have always

@G(ynfla Yn+1, yn+1) < maX{G(yna Yn+1, ynJrl)a G(ynfla Yn, yn)}

It follows that

(25) Mn+1,n+2 (xm Tn+1, :UnJrl) = maX{G<yn717 Yn, yn)7 G<yn7 Yn+1, yn+1)}'
I G(Yn—1,Yn, Yn) < G(Yn, Ynt1, Yns1), then it follows from (2.5) that
Mn+1,n+2(xn7 Tni1, $n+1) = G(yna Yn+1, yn+1)-

Therefore, (2.4) implies that

V(G (Yns Ynt1, Ynt1)) < V(G (Yns YUnt1, Ynt1)) — PG (Yns Ynt 1, Ynt1))s

which implies that ®(G(yn, Yni1,Ynst1)) = 0, and hence we have

G(yTh Yn+1, yn+l) = 07
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or that ¥, 1 = y,+1. This is a contradiction to our assumption that v, 1 # yni1.
Therefore, for any n € N,

(2.6) G(WUns Y1, Ynt1) < G(Yn—1,Yn, Yn)-

It follows that the sequence {G(Yn,¥Yn+1,Yns1)} 18 a monotonic non-increasing

sequence. Hence, there exists an r > 0 such that

(2-7) lim G(ym Yn+1, yn+1) =T

n—oo

We now prove that » = 0. As ¥ and ® are continuous, and taking the limit on
both sides of (2.4), we get

v ( nh_f{}o G (Yn> Ynt1, Z/n+1))
< W(max{ im G(Yn-1,Yn,Yn), i G(Yn, Yn+1, Ynt1)})
—®(max{ im G(yn—1,Yn, Yn), I G(Yn, Yni1, Yni1)})
< \If(rnaac{nli_{lfolo G(yn_1,ymyn)77}i_{§o G(Yns Ynt1s Yns1) })-

Then, by (2.7), we deduce that

U(r) < W(max{r,r})— ®(max{r,r})
< Y(max{r,r}) = ¥(r),

which implies that ®(max{r,r}) = ®(r) = 0; that is r = 0. Thus we have
lim G(yn>yn+layn+l) = 0.
n—oo

Second case. There exists an n € N such that y, 1 = y,.1. If there exists an
n € N such that y,—1 = yn11, then by (2.3), we have

Yn—1 = Yn = Yn+1-

On the other hand, we have

Mn+1,n+3 (xny Tn+42, xn+2)
= max{G(Tx,, Trpio, TTpi2), G(Txp, fros1Zn, fos1Tn),
G(T$n+27 fn+3xn+2a fn+3xn+2)>
)

|G(Txp, foysToias forsToio
+G(Txny, Tony, frritn)]}

= maxX{G(¥Yn—1,Ynt1,Yn11): G(Yn—1,Yns Yn),
G(Yn+1, Ynt2, Ynt2),

G (Yn—1, Yns+2: Ynt2) + G(Ynt1, Yns1, Yn)]}
= max{O, 07 G(yn+17 Yn+2, yn+2)>

a[G(yn—la Yn+2, yn+2) + 0]}
= IIlaX{O, 07 G(yna Yn+2, yn+2)> aG(yn, Yn+2, yn+2)}-
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Since 0 < a < %, we have

Myi1mys (Tns Tntos Tny2) = G(Yn, Ynt2s Yni2)-

Since T'x,, and T, are comparable. By inequality (2.1), we have

V(G (Yns Ynt2s Ynt2))

= U(G(fas1Zn, fursTnr2, fnraTniz))

< U (Mpg1043(Tns Tng2, Tngo)) — ¢(Mn+17n+3($mxn+27$n+2))
+Lmin{ G (frr1Zn, fos1Zn, T2n), G(fatsTnrs faraTnie, Tni2),
G(fos1Zn; TTni2, TTn2), G(frraTni2, faraTniz, T2n)}
V(G (Yns Ynt2, Yn+2)) — PG (Yns Ynt2, Yn+2))
+L min{ G (Yn, Yn, Yn-1), G(Yn+2, Ynt2; Ynt1),
G(Yns Yn+15 Ynt1)s G(Ynt2, Ynv2, Yn—1) }

\D(G(yna Yn+2, yn+2)) - (I)(G(ym Yn+2, yn+2)) + 0
\II(G(ynv Yn+2, yn+2))>

IA I

which implies that @<G(yn>yn+27yn+2)) < 0; that is G(ynayn+2ayn+2) = 07 and
hence vy, = yn12. Thus, for £ > n, we have y, = y,,_1. This implies that

(28&) nlgrolo G(yn>yn+1yyn+1) = 0.

Now,

G(y’myn;yn—i-l) = G(yn7yn+17yn)
< GWns Ynt1, Yns1) + G(Ynt1, Ynt1, Yn)
= 2G(yn7 Yn+1, yn+l)7

and by letting n — oo in the above inequality and using (2.8a), we get
(2.8b) Tim G(yn, Yn, Ynt1) = 0.

Step 2. We claim that {y,} is a Cauchy sequence in X. Suppose the contrary,
i.e., {y,} is not a Cauchy sequence. Then, there exists an ¢ > 0 for which we can

find two subsequences {ymm)} and {ynw)} of {yn} such that n(k) is the smallest
index for which

(2.9) n(k) > m(k) >k, G(Ymw), Yn(r) Yn(k)) = €-
This means that
(2.10) G (Ym(k)s Yn(k)—1> Yn(k)—1) < €
Therefore, we use (2.9), (2.10), and the rectangle inequality to get
€ G (Ym(k)s Yn(k)> Yn(k))
(ym (k)> Yn(k)—15 Yn(k)— 1) +G(yn(k —15 Yn(k), yn(k))
€ + G(Yn(k)—1, Yn(k) Yn(k))-

AN VAR VAN
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Letting k& — oo in the above inequality and using (2.8a), we obtain
(2.11) klim G (Ym(k) Yn(k)s Yn(k)) = €

—00
Again, using the rectangle inequality we have

|G(ym(k)71> Yn(k)s yn(k)) - G(ym(k)a Yn(k)s yn(k))| < G(ym(k)fla Ym(k), ym(k))

Letting k — oo in the above inequality and using (2.8a), (2.11)

(2.12) U G (Yon(k) 15 Yn(k) s Ynk)) = €.

k—o0

On the other hand, we have

G (Ymk)s Yn(k)s Yn(k)) < G Ymk)s Yn(k)+1> Yn(k)+1) T G Ynk)+1> Yn(k)> Yn(k))-

Letting £k — oo, we have from the above inequality that
(2.13) €< hm G (Ym(k)s Yn(k)+1> Yn(k)+1)-
Also, by rectangle inequality, we have

G (Ym(k)s Yn(k)> Ynk)) < G Umk)> Ymk)—15 Ymk)—1) + GUmk) =1 Yn(k) Yn(k))
< G(ym y Ym(k)—15 ym(k)fl) + G(ym(k)fla Yn(k)+15 yn(k)+1)
+ G (Yn(k)+1> Yn(k) Yn(k))-

Letting k& — oo in the above inequality, and using (2.8b) and (2.11), we obtain

e < lim G(ym 1yyn(k)+17yn(k)+1)'

k—o0

Now,

G(ym(k)flyyn( k)+1s Yn(k)+ 1) < G(Ynm (B)=15 Ym(k)» Ym(k )+ G (Ym )s Yn(k )+1,yn(k)+1)
< GYmk) =15 Ym(k)s Ymk)) + G Ymk)> Yn(k) Yn(r))
+ G(Yn(k)> Yn(k)+1> Yn(k)+1)-

Letting & — oo in the above inequality, and using (2.8a) and (2.13), we obtain

lim G(ym(k —1 Yn(k)+1> Yn(k )+1) <e

k—o0
So,
(2.14) Jim G (Ym(k)=1> Yn(k)+1> Yn(k)+1) = €.

Now, by the rectangle inequality, we have

G(ym(k)ayn(k)+17yn(k)+1) < G(ym(k; Yn(k)> Yn k)) + G(yn(k yn(k’)—i—layn(k)—l—l)
< G(Ymk) Ymk)—15 Ymk)—1) + G(Um@) =1 Yn(k)s Yn(k))
+ G(Yn(k)> Yn(k)+1> Yn(k)+1)-
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Letting k& — oo in the above inequality and using (2.8a) and (2.12) we obtain
(2.15) hm G (Ym(k)s Yn(k)+1, Yn(k)+1) < €.

Therefore, from (2.12) and (2.15), we have

(2.16) Jim G (Ym(k)> Yn(k)+1> Yn(k)+1) = €.

From (2.1), we have

V(G (Ym(k)s Yn(k)+15 Yn()+1))
= W(G(fmm+1Zmm)s fa)+2Tn(k)+15 fak)+2Tnm)+1))
< U(Mak)+1,000)+2(Tm(k), Tae)+15 Tnk)+1)
—@(Minky+1,n(k)+2(Trm(k) s Tn(k)+15 Tn(k)+1)
+Lmin{ G (T Ty, frn(k)-1Zm(k)> k) +1Tm(k))s
G(TTpk)y+1, fate)+2Tnk)+15 fa@k)+2Tnk)+1);
G(frm)+1Zm@k)s TTngky+1, TTn(k)+1)s
G (fatk)+2Tn)+15 fak)+2Tn)+1, TZmw)) }

(2.17)

where
M) 41,0(6)+2 (Tm(k) s Tr(k)+15 Tn(k)+1)

= max{G(TZmk), TCnk)+1, TTpk)+1);
G(TTr(k)s rntk)+1Tmk) > Frm(k)+1Tm(k))s
G(TTr(i) 115 o) +2Tn) 1 o) +2Tn(k)41),
G (T Ty, frk)+2Tnk)+1s Suk)+2Tnk)+1)
+G (i +1Zm(k)s Tnr)+1, Tnr)1)]}
= max{G(Ymk)—1: YUn(k)s Yn(k)) G Ym(k)—1, Ym(k) Ym(k) ),
G(yn(k) Yn(k)+15 yn(k)Jrl)a G (Ym(k)—15 Yn(k)+1> Yn(k)+1)

and .
L min{G T Ty (k) fm(k +1Tm(k fm Y+1Tm k))

(

G(Tl"n )42 Jnk)+2Tn(k)+1, fuk) 2£En(k)+1)>

G(fm )+1Tm k),TiUn( )+1,T95n( )+1)

G(

= Lmin{G(Ymm)—1, Ym (k) Ym(x))s G Unk) 41> Yn(k)+15 Yn(k)+1)
G(Ym(k), Yn(k)> Yn(k))s GUn(ky+1> Yn(k) 415 Ym(k) 1) }-

Letting k& — oo in (2.17) and using (2.8a), (2.8b), (2.11), (2.12), (2.14), (2.16),
and the continuity of ¥ and ¢ , we get that

(fn V+2Tn(k +1afn(k +2mn(k)+17Txm(k)>}

U(e) < WY(max{e0,0,a(e+¢€)}) — P(max{e 0,0, a(c+¢€)})
< U(max{e,0,0,a(e+¢€)},
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or

() < U(e) — B(e) < Ue).

Which implies that ¥(e) = 0 and hence, ¢ = 0, which is a contradiction. Thus,
{yn} is a Cauchy sequence in X.

Step 3. In this step, we show the existence of a coincidence point for {fi}32,
and T'. From the completeness of (X, G), there exists v € X such that

(2.18) lim y, =v.
n—oo
Since T'X is a closed subset of (X, G), there exists u € X such that

Yn = TTp1 — Tu.

Therefore, v = Tu. Since {y,} is a non-decreasing sequence and X is regular, it
follows from (2.18) that y,, < v for all n € NU{0}. Hence,

Tr, =yp1 2v="Tu.
Applying inequality (2.1), we get

V(G (Yn, fru, frw)) U(G(frp12n, fru, fru))

IA

(2 19) \IJ(Mn-i-l,k:(xm Uu, u)) - (I)(Mn+1,k($n> u, U)) +
’ Lmin{ G(fni12n, fos12n, Txy), G(fru, fru, Tu),
G(for1zn, Tu, Tu), G( fru, fru, Tz,)},
where

M1 k(xn, u,u) = max{G(Tx,, Tu, Tu), G(TTy, fni1Zn, far12n), G(Tu, fru, fru)
a|G(Txy, fru, fru) + G(fni1@n, Tu, Tu)|}
= max{G(Yn_1,0,0), G(YUn—1, Yn, Yn), G (v, fru, fru),
a|G(Yn—1, fru, fru) + G(Yn,v,v)]},

and

I, min G(fn+1xn7fn+1xanxn)7G(fkuu ka,TU),
G(fn—i—ll‘na TU, TU), G TU, TU, fn—l—ll‘n)

_ . G(yn—hyn—hyn)?G(fkua fkuav)7
B Lnnn{ G(yn7v7v)7G(U77jayn—l) '
Letting n — oo in (2.19) and using (2.18), we obtain

\P(G(Uafkua fku)) < W(Hl&X{0,0,G(U, fku7 fku)va[G(Uafkua fku)+0]})

—CID(maXO, 07 G(”a fkua fku)7 Oé[G(U7 fku7 fku) + O]})
+L min{0, G( fru, fru,v),0,0}
Since, 0 < a < %, we have

V(G (v, fru, fru)) = ¥(G(v, fru, fru)) — 2(G(v, fru, fru)),
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which implies that ®(G(v, fru, fru)) = 0; that is G(v, fyu, fru) = 0, and hence
Tu=v= fru,Vk € N.

Therefore, u is a coincidence point of {fx}32, and 7. .
The proof of the following theorem is omitted. It is similar to that of Theo-
rem 2.18.

Theorem 2.19 Let (X, G) be a complete ordered G-metric space such that X is
reqgular. Let T : X — X be a self mappings and {fi}7>, a sequence of mappings
of X into itself. Suppose that for everyi,j € N and all x,y € X with Tx and Ty
are comparable, we have

V(G (fiz, 3y, f9) <O (M, ;(2,y,y) — ®((Nij(z,9,9)),

where

Mi,j (:Ea Y, y) = maX{G(T'Ia Ty7 Ty)7 G(TSC, fix7 f2$)7 G(Ty> ija ij)v
Oé[G(TZL’, ijv f]y) + G(Tyv Ty: fzx)]}u
and 0 < a <

N

Y

N;j(z,y,y) = max{G(Tx, Ty, Ty), G(Tx, f;y, f;y), G(Ty, Ty, fix)},

and U : [0,00) — [0,00) is an altering distance function, and ® : [0, 00) — [0, c0)
is a continuous function with ®(t) = 0 if and only if t = 0. Assume that T and
{fe 132, satisfy the following hypotheses:

(i) fuX CTX, for every k € N.
(ii) TX is a closed subset of (X, G).

(iii) (f;, f;) are partially weakly increasing with respect to T', for every i,j € N
and j > 1.

ThenT and { fr} $2 have a coincidence point u € X; that is fiu = fou = ... = Tu.

Corollary 2.20 Let (X,G) be a complete ordered G-metric space such that X

is reqular. Let {fr}32, be a sequence of mappings of X into itself. Suppose that
for everyi,j € N and all x,y € X are comparable, we have

\I](G(flxmija f]y)) S \P(Ml,](x>y7y>> - (I)((Mz7j(x7y7y))
Fhomin { G(fiw,y.9), Gy, fiy. )

where

Mi,j(x>y7y) = maX{G(ﬁ,y,y),G(x,fix,fi:v),G(y,ij,ij),
alG(z, fiy, fiy) + Gy, y, fix)l},

0<a< %, and U and ® are as in Theorem 2.18.

If (fi, f;) is partially weakly increasing, for every i,j € N, then the sequence
of mappings { fr}32, has a common fized point u € X; that is, fiu = fou = ... = u.
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Proof. It follows straightforwardly from Theorem 2.18, by taking the mapping
Tr =ux. n

Corollary 2.21 Let (X,G) be a complete ordered G-metric space such that X is
regular. Let {fi}32, be a sequence of mappings of X into itself. Suppose that for
every i, € N and all z,y € X are comparable, we have

(2.21) V(G(fix, fiy, fv) < V(M (2, y,y) — P((Nij(7,9,9))

where

Mi,j<x>y7y) = maX{G(ma?%y)vG(xvfixafix)aG(yaijaij)>
Oé[G(.T, iju f]y) + G(y7 Y, fzx)]}7

andOSaS%,

Ni,j(aja Y, y) = HlaX{G(*Ta Y, y)a G(.CE, ij7 ij)7 G<ya Y, flx)}a

and ¥ and ® are as in Theorem 2.19.
If (fi, f;) is partially weakly increasing, for every i,j € N, then the sequence
of mappings { fr}32, has a common fized point u € X; that is, fiu = fou = ... = u.

Proof. It follows straightforwardly from Theorem 2.19, by taking the mapping
Tr = x. "
The following examples illustrate Corollary 2.20 and 2.21.

Example 2.22 Let X = {0,1,2,3,...}. We define a partial order <on X asz <y
ifx >y forall z,y € X. Let G: X x X x X — [0,00) be given by:

0, rT=1y =2z,
Gz, y,z)=q v+y+z  c#Fy#z,
T+ Yy, zZ=xoO0rz=y.

Let f; : X — X be defined by:

0, 0<z <k,

fk(x):{ r—1, x> k.

For every k € N, define ¥, ® : [0,00) — [0,00) by ¥(¢) = ¢* and ®(¢) = In(1 + ).
Then we have the following.

(i) (X, G, X) is a complete partially ordered G-metric space.

(i) (X, G, %) is regular.

(iii) (f;, f;) are partially weakly increasing for every ¢, € N such that j > i.

(iv) For any 4,j € N, f; and f; satisfy (21), for every z,y € X with z < y.
Thus, by Corollary 2.21, {f;}72; have a common fixed point. Moreover, 0 is the
unique common fixed point of {f;}7° .
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Solution. The proof of (i) is clear. We need to show that X is regular, let {z,}

be a non-decreasing sequence in X with respect to < such that x, — x, then

there exists & € N such that z,, = x for all n > k. Hence, (X, G, <) is regular.
To prove (iii), let z € X and 4,j € N such that j > i.If x < 4, then fix =0

and f;(fix) = 0. So, fix < f;(fix).
If i <z <j, then fixr =x —1and f;(fir) =0, so, ixr=2—-1>0= f;(fir)

or fix = fi(fix).
Finally, if z > j, then fix =z — 1 and f;(fix) =z — 2,80, fir =x —1 >
r—2 = f;(fix) or fix X f;(fix). Therefore, (f;, f;) are partially weakly increasing.
Now, we prove (iv). By its symmetry and without loss of generality, it suffices
to assume that ¢ < j. Let z,y € X with x < y, so x > y. Then, the following
cases are possible.

Case 1. z <iand y < j. Then fix =0 and f;y = 0 and hence,

M; i(z,y,y) = max{G(z,y,y),G(,0,0),G(y,0,0),a[G(x,0,0) + G(0,y,y)]}
= max{G(z,y,y),z,y},
and
Ni,j<xayvy) = maX{G(x,y,y),G’(:c,O,O),G(O,y,y)}
= max{G(z,y,y),z,y}.

Since, by elementary calculus, W(t) — ®(t) > 0, for every ¢ > 0, we have

¥(0) = 0 < ¥(max{G(z,y,y),7,y}) — (max{G(z,y,y), . y}),
or
Case 2. z > i and y < j. Then fiz = x — 1 and f;y = 0 and hence,

G(fzxu ij7ij) =T — 17

M; (z,y,y) = max{G(z,y,y),G(z,z — 1,2 —1),G(y,0,0),
alG(r,0,0) + G(x — 1,y,y)]}
max{G(z,y,y),2z — 1,y,alx + Gz — 1,y,y)]}
2r — 1,

and

Ni,j(xv%y) = maX{G(x,y,y),G(:v,0,0),G(:IJ—1,y,y)}
= max{G(x,y,y),z,G(x — 1,y,7)
20 — 1, z=yorx—1=y,
{ r+y, xFyandx—1#y.
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If x =y or x — 1 =y, then, since by elementary calculus,
(z—12<(2r—-1°—-In(1+2z—1)
for every x > 1, we have
U(G(fix, fy.f5y) < W(M;;(z,y,y) — P((Nij(z, v, )
If z#yandx—1#y, then, since y < x — 1, we have
m(l+z+y) <In(l+z+2z—-1)=mIh2r) <2z -1)>— (r— 1)

" (r—1)< 2z -1 —-In(l+z+y).

Therefore,
V(G(fix, fiy.fiy)) < W (Mij(z,y,y)) — (G (Nij(z, y,y))-
Case 3. x > ¢ and y > j. Then fix =2 — 1 and fjy =y — 1 and hence
r =Y,

G(fz«x,f]yvij) = { ;),—Fy—z, 1'7&:%

Mi,j(%%!/) = maX{G(:L‘,y,y), G(LE,ZL' - 1737 - 1)7G(Z/73/ - 173/ - 1)7
a[G(z,y — 1,y — 1)+ G(z — Ly,y)]}
- max{G(x,y,y), 2r — ]-7 2?J - ]_,Oé[l’ + Yy— 1+ G(l‘ - 1:%@)]}
= 2z —1,

and

Ni,j(xayay) = maX{G(a:ay:y)? G($,y - 17y - 1)7 G(JZ’ - 17yay>}
= max{G(z,y,y),z +y—1,G(x - 1,y,9)}

T4y r#yand x—1F#y.
If z =y, then, since ¥(2x — 1) — (22 — 1) > 0, for every x > 1, we have

U(0)=0< U2z —1)—®(2x — 1),

_{2:5—1 r=yorxr—1=y,

or

V(G (fix, fiy.f5y)) < O (M, (7,y,y)) — @((Nij(z,9,v)).

By elementary calculus, we get In(2x) < 2(4x — 5), for every x > 2.
If x — 1 =y, then we have

(22 —3)? < (22 — 1) —In(1 + 22 — 1),
and, therefore,

V(G (fix, fiy.f5y)) < WM, ;(z,y,y)) — @((Nij(z,y,9)).
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If x #y and x — 1 # y, then, since y < x — 1, we have
(z+y-1)°< 217 -In(l+z+y),
and, therefore,

V(G (fix, fiy:.fiy) < U (M, (7,y,9)) — @((Nij(z,9,9)).

Thus, ¥, ® and { f;}72, satisfy all hypotheses of Corollary 2.21 and hence { f}32,
have a common fixed point. Indeed, 0 is the unique common fixed point of { f }72 ;.
Using the calculation above, in all cases one can show that

V(G(fix, fiy.f5y) < U(Mij(z,y,y)) — ((Mi;(z,y,5)).
—i—Lmin{G(fix,fix,:r;),G(ij, ij7y)7
G(fzxvyvy)7G(f]yvf]y7‘r)}

hence, by Corollary 2.20, {fx}2; have a common fixed point. Indeed, 0 is the
unique common fixed point of {f;}22 ;.

3. Cyclic contractions

In this section, we investigate the existence of common fixed point for a sequence
of mappings satisfying the almost generalized cyclic weak contractive condition in
G-metric space.

Definition 3.1 [8] Let X be a non-empty set, p be a positive integer, and
T : X — X be a mapping. X = UY_ A, is said to be a cyclic representation
of X with respect to T if

(i) A;i=1,2,...,p are non-empty closed sets,

(ii) T(Ay) C Ag, ..., T(A,-1) €A, T(A,) C A,
Theorem 3.2 Let (X, G) be a complete G-metric space, and let Ay, As, ..., A, be
a non-empty closed subset of X and X = UL_|A;. Let {fp}32, be a sequence of

mappings of X into itself. Suppose that, for every i,7 € N and all v,y € X,
we have

V(G (fix, fiy, fy) < WM (z,y,y) — 2(M; (2, y,y))
+Lmin{G(fix, fix,x), G(fy, fiy.y),
(3.1) G(fiz,y,v), G(f3y, fiy,2)},

where L > 0, and

Mi,j<xay7y) = maX{G(I,y,y),G(J:,fix,fix),G(y,ij,ij),
CY[G(.’ﬂ, ija f]y) + G(fzxa y??/)]}?
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0<a<3, ¥:[0,00) = [0,00) is an altering distance function, and ® : [0,00) —
[0,00) is a continuous function with ®(t) = 0 if and only if t = 0.

Assume that fi(A;) C Aiq, for every k € N. Then, {fx}32, have a common
fized point u € NE_, A;; that is,

flu = fg’u = ... = U.

Proof. Let zy € Ay, then there exists 1 € Ay such that z; = fiz¢, and there
exists 9 € As such that xo = for;. Continuing this process we can construct a
sequence {z,} in X defined by

(32) Tpy1 = fn+1xn-
We will prove that

(3.3) lim G(xp,, Tpi1, Tpy1) = 0.

n—oo

If, for some [, we have z;,1 = x;, then (3.3) follows immediately. So, we
can assume that G(x,, 2,41, 2py1) > 0 for all n. Now, for all n, there exists
i=1i(n) € {1,2,...,p} such that (x,,x,,1) € A; X A;11. Then, from (3.1), we have

\I/(G(fnxn_l, Jn1Tn, fn+1$n)
= U(G(n, Tni1, Tnt1))
< U( My i1 (Tn—1, Tny ) — P(My i1 (Tn—1, Ty )
+Lmin{G(fuTn-1, faZn-1,Tn1), G(fos1Tn, fas1Tn, Tn),

(3.4) G(fun—1, Ty Tn), G(fros1Zn, fas1Tn, Tno1) }

= V(M pi1(Tn_1,Tn, ) — C(Mpnt1(Tn1, Tn, Tn))
+L min{G(z,, Tpn, Tn_1), G(Tni1, Tni1, Tn),
G(Tp, Tny ), G(Tpit, Tng1, Tno1)}
U(Mpnt1(Tn-1, Tn, Tn)),

IN

where

My ni1(Tn1, Tpy ) = max{G(Tn-_1,Tn,Tn), G(Tn-1, faln-1, [aTn-1),
G(xna fn—&-lxnv fn-l-lxn)?
O‘[G(xn—la Jrn1Tn, fn+1xn) + G(fnxn—h Tn, xn)]}
= max{G(x,_1, Tn, Tn), G(Tn-1,Tn, Tn), G(Tp, Tns1, Tni1),
a|G(xn_1, Tpa1, Tng1) + G2, Tn, 20)] }
= max{G(x,_1,Tn, Tpn), G(Tpn, T11, Tni1),

aG(Tp—1, Tnt1, Tnt1) }-

Now, we have

G(xnfly Tn41, xn+l) S G(l’n,b Ty xn) + G(.ﬁEn, Ln+1, wnJrl)a
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Hence, if G(zn_1,%n, Tn) < G(Tp, Tpi1, Tnt1), then we have

G<xn—1; Tn+1, xn—l—l) S G('Tn—la Tn, xn) + G(«rny M 'Tn—i-l)
< G(ajm Tnti, anrl) + G<$n> Tnii, -TnJrl)

= 2G(l’n, xn-{—l’ xn-i—l)a

and

EG(xn—la Tn+1, xn-{—l) S G(:Ena Tn+1, xn—&-l)-
Therefore, for 0 < a < %, we have
O-/G(xn—h Tnt1,s xn—l—l) S G(xny Tnt1, mn-‘,—l)-

Similarly, one can do the same when G(z,, Tni1, Tnt1) < G(Tp_1, Tn, Tp).
Therefore, for 0 < a < %, we always have

aG(Tp—1, Tpi1, Tns1) < max{G(Tn, Tpi1, Tnt1), G(Tn_1, Tp,xn)}.
Consequently,
(3.5) My ni1(Tn—1, Tn, Tn) = max{G(x,_1, Tn, Tn), G(Tn, Tni1, Tnt1) },
If G(xp_1,Tn, ) < G(Tp, Tpy1, Tns1), then it follows from (3.5) that
My ni1(Tp1, Tny ) = G(Tp, Tt 1, Trr1)-
Therefore, equation (3.4) implies that
V(G (2, Tps1, Tpy1)) < V(G (Tn, Tnt1, Tng1)) — PAG (T, Tg1, Tngr),

which implies that ®(G(z,, Tni1, Tne1))=0, and hence we have G(z,,, 11, Tp11)=0.
This is contradicts our assumption that G(x,, 41, Tn11) > 0. Therefore, for any
n €N,

(36) G(In, Tn+1, anrl) S G<xn71> T, xn)

which implies that {G(z,, 41, Tn11)} 1S @ monotonic non-increasing. Then there
exists 7 > 0 such that

(3.7) lim G(x,, Tpi1, Tpy1) =T
n—oo

We now prove that » = 0. As ¥ and ® are continuous, and taking the limit on
both sides of equation (3.4), we get

V(lim G(Zn, Tny1, Tni1))
n—oo

< U(max{ lim G(zp_1,Tn, ), im G(Tn, Tpi1, Tni1)})
n—oo n—oo

—d(max{ im G(x,_1, T, x,), im G(,, Tpi1, Tni1)})
n—00 n—00

IN

U(max{ lim G(x,_1,Zn, T,), im G(x,, i1, Tni1)})-
n—oo n—oo



NEW RESULTS ON FIXED POINTS FOR AN INFINITE SEQUENCE ... 535

Then, by (3.7), we deduce that

U(r) < W(max{r,r})— ®(max{r,r})
< W(max{r,r}) = ¥(r),

which implies that ®(max{r,r}) = ¥U(r) =0, r = 0. Thus, we have

lim G(x,, Tpi1, Tny1) = 0.
n—oo

Now, we will prove that {z,} is a Cauchy sequence in (X,G). Suppose the
contrary, i.e., {x,} is not a Cauchy sequence. Then, there exists an ¢ > 0 for
which we can find two subsequences {z,)} and {@n@} of {x,} such that n(k)
is the smallest index for which n(k) > m(k) > k,

(3.8) G (Tm(k)s Tn(k)s Tnk)) = € G(Tmk)s Tnk)—15 Tn(k)—1) < €.
Using equation (3.8) and the rectangle inequality, we get

€ < G(Tmk), Tnlk)s Tngk))
< G(Tmr), Tok)—15 Tn)—1) + G(Tnk)—1, Tnk)> Tnk))
< €4 G(Tnk)—1, T(k), Tn(k))-

Letting £ — oo in the above inequality and using (3.3), we obtain

(3.9) lim G(:Cm(k), :Cn(k), xn(k)) = €.

n—o0

On the other hand, for all k, there exists j(k) € {1,...,p} such that
n(k) —m(k) + j(k) = 1[p].
Then, @pk)—j (for k large enough; m(k) > j(k)) and ) lie in different adja-
cently labelled sets A; and A;;; for certain ie{1,...,p}. Using (3.1), we obtain
(G (T (k)—j(k)+15 Ta(k)+1, Tn(k)+1))
= U(G(frn)—i)+1Tm)—j(k)s Ta(k) +1Zn(k)s fa)+1Tn(r)))
< WMo =i 0)+1,n00)+1 () () Tn(k) Tnih)))
(3.10) = O (M (k) —j(k)+ 10001 (Lm(k) 5 (k) T k) Tk ))
AL G () =50 415 Tk~ (R)+1 L) 5 (k) )
G(Tn(k)+15 Ta(k)+1 Tak) )y G(Tm@) (k) +15 Tn(k)s Ta(k)),
G (L) 41, Tn(hy+15 Tm()—i() }

for all k. Now, we have

Mo k)= (1) 11,006 +1 (T (k) (k) s Tr(k) > Tn(k))
= max{G(Tmk)—j(k)> Tn(k) Tn(k)),
G (@) —j(k)» Tm(k)—j () +1> Tm(k)—j (k) +1)5 G (Tnh)> Tak)+1, Tn(k)+1),

G (Tm(k)—i(k)> Tr(k)+1> Tnk)+1) + G(Zmk)—j (k)15 Tnlk)s Tnik))] }
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for all k. Using the rectangle inequality and (3.3), we get
|G ()i (k) Tn()s Tn(k) — G(Em(kys Tnry Tnih)) |

< G(Tm(k)—i(k)> Tm(k)> Tm(k))

J(k)—1
< Z G (Zom(k) 5 (k)+15 Trn(k)—j (k)+1+1> Trn(k)—j(k)+i+1)
=0

p
<Y G@mih)— k41> Tk () 41115 Tk (k) 4141) — 0,88 k — 00,
=0

which implies from (3.9) that

(3.11) i G(Z (k) —j(k) Tnrys Tn(r)) = €.

k—00

Using (3.3), we have

(3.12) ,}ggO G(Tm(k)—j(k)> Tm(k)—j(k)+1> Tm(k)—j(k)+1) = 0.
(3.13) Jim G (Zn(k), Tn(k)+15 Tn(k)+1) = 0.

Again, using the rectangle inequality, we get

(3.14) |G (@) -k Ty +15 Ta(y+1) = G (@mik)—j(k)s Tu(rys Tn(i))|
< G(Tn(k)s Tn(k)+15 Tn(k)+1)-

Letting £ — oo in the above inequality, using (3.13) and (3.11), we get

(3.15) lim G(xm(k)_j(k.), Tn(k)+1, 13n(k:)+1) = €.

k—o0
Similarly, we have
|G (T (k) —j(k)+15 Tty Tuk)) — G (T —j(hys Tk Tue)) |
< G(Tim)—j(k)+15 Tm(B)—j (k) s Tm(k)—j(k))-

Letting k — oo, using (3.3) and (3.11), we obtain

(3.16) lim G(«Tm(k)—j(k)-i-l, «Tn(k), l‘n(k)) = €.

k—o0

Letting again k — oo in (3.12) and using (3.3), (3.11), (3.12), (3.13), (3.15), (3.16)
and the continuity of ¥ and ®, we get that
Ule) < U(max{e 0,0,a(e+e€)}) — P(max{e 0,0, a(e + €}) + Lmin{0,0, ¢, €}
< U(max{e, 0,0, a(e + €)}.
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which implies that ®(e) = 0, and hence that ¢ = 0, which is a contradiction. Thus
{z,} is a Cauchy sequence in X.

Finally, we need to show the existence of a common fixed point for {f;}?2;.
Now, since (X, G) is complete, there exists u € X such that

(3.17) lim z, = u.

n—o0

We will prove that
p
(3.18) ue (A
i=1

Since X = [J_, A;, and since zp € Ay, we have {2,p}n>0 € A;. Since A; is
closed, from (3.17), we get that u € A;. Again, we have {Z,p+1}n>0 C As. Since
A, is closed, from (3.17), we get that u € As. Continuing this process, we obtain
(3.18). Now, we will prove that u is a common fixed point of {f;}2,. Indeed,
from (3.18), since for all n, there exists i(n) € {1,2,...,p} such that z, € A;y).
Applying (3.1), with x = v and y = z,,, we obtain

V(G (frt, Tntr, Tns1)) = U(G(fru, fos1Zn, far120))
< U ( Myt (w, T, ) — O( My g (U, T, 1))
+Lmin{G(fru, fiu, w), G(fur1Tn; for1%n, Tn),
G(frtt T, T0), G(fr1Tn, fop1Tn, u)}

(3.19)

where

Mk,nJrl (u; T,y xn) = maX{G(u, Ly l’n>, G(u, fkua fku)a G(mm fnJrlxnu fn+1xn)7
O./[G(U, fn+1xnv fn-i—lxn) + G(fkua Tn, xn)]}
- max{G(“? Ly 1:71)7 G(U, fku7 fku)a G(xn, Tn+1, xn+1)7
a|G(u, Tpy1, Tpir) + G(fru, 2, )]},
and
L min { G(ka, fkua u), G(fnJrlxn; fn+1xn7 xn)a }
G(fkuu Tn, flfn), G(f'rl-l-lxnu fn+1xn7 U)
_ : G(ka,ka,U),G($n+1,$n+1,xn),
N Lmln { G(fkuuxnu‘rn)u G(xn+1,l'n+1,u) ’

Letting & — oo in (3.19) and using (3.17), we obtain

U(G(fru,u,u)) < Y(max{0,G(u, fru, fru),0,al0 + G(fru,u,u)|})
—CI)(maX{O, G(“? fku) fku)7 07 OZ[O + G(fku7 u, u)]}),
+ L min{G(fru, fru,u),0,G(fru,u,u),0},

or

\I/<G(fku7u7u>> \P(G<fku7 fku7u>) - (I)(G(fkuau7 u))

\P(G(fkua fku7 U)),

IAINA
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which implies that ®(G(fru,u,u)) < 0, that is, G(fru,u,u) = 0 and hence
u = fru, Vk € N. Therefore, u is a common fixed point of {fi}32;. .

The proof of the following theorem is omitted because it is similar to that of
Theorem 3.2.

Theorem 3.3 Let (X, G) be a complete G-metric space, and let Ay, As, ..., A, be
a non-empty closed subset of X and X = JI_, A;. Let {fi};2, be a sequence of
mappings of X into itself. Suppose that for every i,j € N and all x,y € X, we
have

V(G(fiz, fiy, fy) < V(M (z,y,y)) — ®(Nij(z,y,y))

where

Mi,j(‘r?yay> = IﬂaX{G(ZL',y,y),G(ZL‘,fiJI,fiJZ),G(y,ij,ij),
alG(x, f3y, fiy) + G(fiz, y, )},

Ni,j(xa Y, y) = maX{G(:c, Y, y)a G(l‘, ija ij)7 G(le’, Y, y)}7

where 0 < o < 3. Let ¥ : [0,00) — [0,00) be an altering distance function, and
®:[0,00) = [0,00) be a continuous function with ®(t) = 0 if and only if t = 0.

Assume that fr(A;) € Aiy1 , for every k € N. Then, {fx}32, have a common
fized point u € NE_| A;; that is,

fiu = fou=...=u.

4. Conclusions

We have proved some results on coincidence and common fixed points for a se-
quence of mappings satisfying generalized (¥ — @ ) contractive conditions in G-
metric space. The existence of common fixed point for a sequence of mappings
satisfying the almost generalized cyclic weak contractive condition in G-metric
space is investigated and an example supporting our results is included.
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