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n+m

Abstract. Let Vn(%’f)(f; x) = %ﬂ Z S,S:a’ﬁ)(f; x) be the Vallee-Poussin’s partial sums
k=n

of Fourier-Jacobi series. In this paper, we study the deviations of VTS,O;,’LB )( f;z) on
[—1,1] for continuous function f(x).

1. Introduction

Let P{™” )(x) (n=0,1,2,...) denote the Jacobi orthonormal system of polynomi-
als with weight function

(1—2)*1+2)°, (a>—-1,8>—1) on [~1,1].

Furthermore, let
(L1) > _CH P (@),
k=0

be the Fourier-Jacobi series of the function f(x), where

1

(1.2) Cu(f) = / (1= 7 (1 + 0P £ () PP (1),

-1



542 RATEB AL-BTOUSH, AL-OUSHOUSH NIZAR KH.KH.

Denote the Fourier-Jacobi series of partial sums, Sl )( fiz) as

(1.3) S&O(fi) = Y Gl B (@),
k=0
Denote the Fejer sum of f(z) , J,(f!”g)(f; x) as
@Ay — LN .
(14) On (f,-fﬁ) - (n+1) kZOSk(fWT)'

Define the Vallee-Poussin’s partial sums of Fourier-Jacobi series,Vé%ﬁ )( f;x), as

n+m

(15) Vi (f) = +1§:S’mfx)

An estimation for the deviation of the continuous function f(z), with period
27 from its Fourier sum S, (f; x) is given in [1], when f(x)has a bounded variation
and supreme modulus of continuity. This paper generalizes and improves some
results in theory of approximation of continuous functions, as those reported in
[1]-[10]. The efficient study for approximation by Vallee-Poussin sums has been
carried out for several decades. Recently, several studies dealing with the Vallee-
Poussin sums have been introduced, see [8]-[10]. The results presented in this
paper generalize and improve many results of [1]-[10] and many others in theory
of approximation of continuous functions.

Our problem, here, is to study the deviations of S,Sa’ﬁ)(f;x) on [—1,1] for
continuous function of one variables f(z).

In this regard, three theorems have been introduced.

2. Jackson’s theorem

We state one of most important theorem in the approximation theory, namely
Jackson’s theorem, and which is used in our study.

Let f(z) be continuous function on closed interval [a, b]. Denote by E,(f) the
best uniform approximation element of a function f(x) by algebraic polynomials

of order not exceeded n on [a,b], i.e
f(x) ZC’kx }

Jackson’s Theorem. If w(f;1) is a modulus of continuity of a function f(z),
then the inequality

(2.1) E,(f) = inf { max

z€[a,b]

22) B <ew (£,
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holds, where ¢ an absolute, and w(f;t) is defined as

(2.3) w(fit)= sup |f(z1) — fx2)].

|1 —2]
z1,z9€a,b]

In case of f(x) € C|—1,1], then

(2.4) E(f) < cw (f; .

3. The main result

Let PL*” )(x) (n=0,1,2,...) denote the Jacobi orthonormal system of polynomials
with weight function

(1—2)*(1+2)? (a>—-1,8> —1) on [-1,1].
We start with the following special cases of the Jacobi polynomial:

1. a= —%, b= —%, then

(~3.-3) 2 -1
(3.1) P, ¥ *(z) =4/ —cos(ncos " x),
7T

where

(7l’7l)
Py ? () = ﬁ’

which are called the Tschebyscheff polynomials of the first kind.

2. a:%,ﬁz%,then

(3.2) Pﬁ’%)(m) _ \/gsin ((n+1)cos™! x),

sin (cos™! )

which are called the Tschebyscheff polynomials of the second kind.
3. a= %, b= —%, then

e U |
(L1 28in===cos "
(33) P22 (l') = \/> 12 )

T sin 5 (cos™1 )

o i - B e

T cos 3 (cos™! )

In this work, we will prove the following three theorems:
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Theorem 1. If M = max, |f(x)|, then the following inequalities hold

(3.5) Tf,ﬁ”%)(f;:c)( <CM (1 +n (”;Tm:ll)) .
(3.6) Vit (i) < % (1 +1n (”*m—"ll“)) .
(3.7) Vé,%‘%)( x| < ?Ai; (1 +1In (Hm—”ll“» .
(3.8) Vi (fia)| < (f]\fx (1 +1n (Hm—TD .

Proof. First, we consider the case & = 8 = £ (equation (3.6)). Define

2) = 8P (fra) 0n(fr0) = 02 (),

Vi (f33) = Va2 (f12), Sl f ) = é@(f)&(rv),
where

Ch(f) = /\/1 “ () Pu(t)dt.

Using the definition of Py(z), given in (3.2), we have

Culf) = \/g/mf(t)sin((k—f—l)cosl t)dt

sin(cos~1¢)

(3.9) = \/g/f(t) sin ((k+ 1) cos™"t) dt

2 ™
- \/j/f(cost) sin(k + 1)t sin tdt.
m
0

Then
Sulfiz) = ) _Cil(f)Pu(x)

2 "
= /f(cos t) sin tz sin(k + 1)t sin(k + 1)ydt,
0 k=0

Tsiny
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where y = cos™! z and, since sinasin § = 3 (cos(a — 3) — cos(a + 3)) , we obtain

= ZCk(f)Pk(I)
(3.10) “2 W )
= 2 [ leost)sint" (cos(i+1) (1) cos(i+ 1))

Using the well-known quality

equation (3.10) can be written as

o ! . sin(n+ 1+ 1)(t—y) sin(n+i+1)(t+y)
Sn(fix) = 7TSiny/f(cost) sint ( it —y) - s+ y) > dt,
that is,

So(fiz) = 27rs1ny/ cos(t + y)) sin(t + y)
(3.11) 0

sin(n + 1 + 1)t

—f(cos(t —y)) sin(t — y)) dt.

sin %t
From equation (1.5), we have
n+m
(3.12) ' e -
= ml (Zsk(fvx) - Zsk(fyx)> :
k=0 k=0

To obtain an estimation for V,,,,,(f;z), first, from the integral representation of

Vo (fi2), let

u |sm 2n+m+1t81nm +1t|dt
nm — m + 1 )

2 sin? 2

and, if p = 2 rp = 2242+ for p > £ 7 > 1, we obtain

s
1 | sin rpt sin pt|

m(m+1) 2sin® L

dt.
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, then

L+ — - is bounded on [0, 7] and p > >

Since the function —
S1n bl T

2 s t sin pt
M. — _/wmom
’ ™ 2

0

pr
inrtsint
B /\smr sin ’dt,

Since
/\ sin rpt sin pt|
——d
t2 12
0 0
and
p7r . . 0 . . o dt
tsint tsint
/]smr sin \dt_/]smr sin ‘dt < [
12 t2 t2
0 3

0

then _
2 [|sinrtsint|

0
— - is bounded on [0, 7] and p > %, then

1
sin?

(SIS

1

™

/'S”;T”dHO( )

and again, since the function

M, m = —
s

0

Next, we must show that

/’Slnmdt Zlnr+O(1),

t
0

E
T

‘Slnrt’dt+()(1)

where k <r < k41, for k£ > 1. For this, let
+

nrtdt+0 (1)

ng

inrt
/|s1n7’|dt _
t

1617r
- 5%/
! >dt+0()

sinrt (
=0 +

I
O"\i\:\

sin (nH)% , we have:

s 5

And, since for 0 < ¢ < T and from ) sin(k + 5)z =
k=0

Qi :Z<Z_:%+O(1)>:£(lnk+0(1)).
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Then

jus

) |sinrt| [ r 2 2
/Tdt = [ sinrt (;(lnk‘ + O(l))) dt = ;lnk: +0(1) = ;lnr—i— O(1).

So

4. 2n+1)+m+1

4 4 1
My, =—-Inr+0(1)=—1In i Ml
T 7r

NN=—In——— 1).
m+1 +0(1) 7rn m—+1 +0(1)

Therefore, using the integral form of V,, ,,, we obtain our result for, i.e.,

(l’l) CM n+m-+1
vz (f ‘<— 1+ (2220 )
)] < 1—x2(+n( mt1 ))

In a similar way, we can prove the other three cases.

Theorem 2. Suppose that f(x) is continuous function on [—1,1]. Then

(3.13) \ flz) - VoETR (s, x)( < CE.(f) (1 +In (“—m“» .

m+1

)
(3.15) fl@) - Vi 2 ()| < < En(f) <1+ (n+m+1))
)

11 C 1
310 |i@) - v )] < o (1w (P20

m—+1

3.16)  |f@) - vGED ()| < -2 En(f)(1+1 (”*m“

Proof. First, we consider the case a = 3 = %

Let Q,(x) be the best uniform approximation of algebraic polynomial for
function f(z) of order not exceeded n on [—1,1], then

1f(2) = Vam(fi2)] < [f(2) = Qu(@)] + |Qn(x) = Vi (f; 7)]
= [f(z) = Qu(2)| + Vo (f — Qu; z)|

C n+m+1
< Bine i (1ew (220

< %En(f) (1+1n (“m—”m»

1—=z +1

In a similar way, we can prove the other three cases.
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Theorem 3. Suppose that f(x) is continuous function on [—1,1], then

n+m

(_77 2) k+ ]‘
<5, . C e k+1

), . C sl kE+1
e D) (1em i)

n+m

’f(x) VD (fa )‘_( )mZEk (1+1+1nkf—";}r1).

Proof. We start the case o = § = %
Choose the integer p such that 27 < m + 1 < 2P*1 then

1 n+m

f(ZE) - Vn,m(f; I) - m—+1 (f(:L‘) - Sk(fa ZE))
k=n

1

= m—H{(f() W(f57)) +;H;H Si(f;z))

n+m

k= n+2p

Since
n+m

Y Sk(fix) = (m+ 1)Vou(f; @),
k=n

we get
which yields
n+2F—1

Y Silfiw) = 2 Wi e (f ),

i=n+42k—1

and
n+m

Z Si(fix) = (m+1—=2°)Voyormon(f;7),

i=n-+2P
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S0
F@) = Vil f5) = m%l«f(x)—vn,o(f;x))
+22k ' — Vigpor-1o0-10(f32))

+(m+1=2°)(f(z) = Viyor m-2o (f;2) } .

Applying Theorem 2, we obtain

[f (@) = Vao(f32)I< (1+In(n + 1)) En(f)

C

N
C k

m (1—|— In (7;:_21 >) E, e (f)
C

e (mn (—ZTZ? )) Evear ().

(3.21) |f(l’) — Vn+2k—172k—1_1(f; x)|§

| f(2)=Vigor m—or (f;2)|<

Thus
C
|f (@) = Vam(f32)] < TV {(1+In(n + 1)) En(f)
(3.22) + 22’“ ! (1 +In n; ?k)) Epyoe-1(f)
(m1—27) (1 +1n (%)) En+2p(f)} |

Note that Vu,v > 0, we have the inequality u 4+ v < (1 + u)(1 + v) and then
In(u +v) < In(1 +u) +In(1 +v). Setting u = Z,v = £, we obtain

ity §1n<1—|—£>+1n(1+y).
z z z

So

P k
_ n+2
I = E 25 B o (f) ln( ok—1 )

n 2k
< Z2’f Eppoi—1(f)In (1+2k—) +Zz’f LB, ion-1(f) ln( Qk_l)

k=1

(3.23)

=1+ .
For I, as mentioned above

n+2P—1

(3.24) L<C Y E(f)

k=n
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For I, note that
p
L= 2" B (f)In(1+ 1

Qk 1
k=1
n
= Bt (f)In(1+n) + 222’€ 2By on (f) In(1 + )
k=2
P n+2k 1_

B (N4 423 Y F B () + )

k=2 j=n42k—2

(3.25) il s
n
— Ep(f) ln(l—i—n)—i—Q{ 3 Eppn(f)ln <1+§) +3° Epin(f) ln(1—|—22)
i=n—+1 i=n-+2
n+7 n4+2P—1_ n
+ Z4En+23(f> In(1+ -+ Z En+2p 1(f)In (1 + F) }
i=n-+ i=n+2P—1

n+2P—1
n
<’ E E In{1 .

Combining the estimates given in (3.25) and (3.24) for I; and I, we obtain

z 1 n+ 2k
;Qk En+2k*1(f> In (—Qk—l >
n+2P—1 n+2P—1
< C{ Z En(f) + Z Ei(f)In (HkE—ZL)}

k=n k=1

(3.26)

Thus, from the choice of p such that m + 1 — 2P < 2P we have:

n+2P—1

(m+1=2°)En0(f) < Z Ei(f)-

k=n

In addition, note that for any natural numbers «, 5 such that 1 < o < g —1,
also we have

alnﬁ_a = lnﬁ_a+lnﬁ_a+ --+lnﬂ_a
« o « o
< In _Oé—O—lnﬁ_a—i-H'—l—lnﬂ_a
1 2 a
iln f—a
W k— 0+«

therefore,
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n+m-+1 n+2n§2pl n+m+1
_ n
m-+1—-2p — k—n—-—-m-—1

k=n+m+2

(m+1—-2F)In

n+1-—2P

_ Z lnn—l—T]:—i-l

B "*fz pntm ]
N — k—n+1

n+m—2P n n+m—2P m+1
< In(1 In(1 .
< 3 m(m) 2 ()

k=n k=n

where a =m+1—2P, f=2m+n— 2P, but

n+m—2P m+1 n+m—2P n
In{l+—| = In{l14-——
> om(iety) = X w()

k=1
m—+1
|
Z In (1 N ﬂ)

C(m+1)
c2r,

IN

IN

IN

where we used

(14 2) = lnz+0 (i) (x> 1),

and .
Zln(%):lnm—‘glnemgmg(??’,
m!

k=1

SO ,

n+m-+1 Kasiiney

1-29)In ——M— 2P |

(m + )nm+1_2p_ + Z n( _n+1>

Since 2 < m + 1, then

En(f) + En—i—l(f) +oeee En—i—m(f) > (m + ]-)En—i-ZP(f) > 2pEn+2p<f);

therefore,
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(327) mn+m n+m—2P n
S C ZEk(f) + Z En+2p (f) In (1 + k—)
Lk=n k=n
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(m+1—2°)Epyon(f) In S5

n+m—2P
n
< C|2°FE, o0 Epow(f)In 1+ ——
<C|ZEna)+ 3 i (14 =)

—n+1

n+m n+m
<C _;Ek(f) n ;Ek(f) In (1 n k_LnH)

Combining all of the above estimates (3.22)—(3.27), we get the desired result.

This ends of the proof of the theorem.
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