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Abstract. The aim of this paper is to obtain an upper bound to the H3(p) Hankel
determinant for certain subclass of p-valent functions. To do so, we obtain best possible
bounds for the functionals |ap 3 — apt1ap42| and ‘aerz — 072) 11 ’, then using known upper
bound for the functional ‘ap+1ap+3 — a% +2‘ we obtain the required sharp upper bound
to the H3(p) Hankel determinant.

Keywords: analytic function, p—valent function, upper bound, Hankel determinant.
[2000] Mathematical Subject Classification: 30C45.

LCorresponding author



612 A.A. AMOURAH, F. YOUSEF, T. AL-HAWARY, M. DARUS

1. Introduction

Let A, denote the class of functions f of the form:

(1.1) fR)=2"+ > a2t (peN={1,23 1}

k=p+1

in the open unit disc U = {z € C: |z| < 1}. Let S be the subclass of A; := A,
consisting of univalent functions.

The Hankel determinant of f for ¢ > 1 and n > 1 was defined by Pommerenke
([17], [16]) as

Qp Qp41 - Qpgg-1
o An+1 e e Aptq
(1.2 H,(n) =
Qptqg—1 Opyq -+ Ony2g—2

This determinant has been considered by many authors in the literature [14].
For example, Noor [15] determined the rate of growth of H,(n) as n — oo for
functions given by (1.1) with bounded boundary. Ehrenborg [2] studied the Hankel
determinant of exponential polynomials. In [7], Janteng et al. studied the Hankel
determinant for the classes of starlike and convex functions. Again Janteng et
al. discussed the Hankel determinant problem for the classes of starlike functions
with respect to symmetric points and convex functions with respect to symmetric
points in [5] and for the functions whose derivative has a positive real part in
[6]. Also Hankel determinant for various subclasses of p—valent functions was
investigated by various authors including Krishna and Ramreddy [8] and Hayami
and Owa [4].
In this paper, we consider the Hankel determinant in the case of ¢ = 3 and
n=p:
ap  Apt1 Apt2
H3(p> = | Gp+1 Qpt2 Gpy3
Gp+2  Qp+3  Aptd

For f € A, a, =1, we have

Hs(p) = apro(apy1apr3 — a§+2) — py3(Apy3 — Qpy10pi2) + apra(apio — a;2)+1)7

and by applying the triangle inequality, we obtain
(1.3) |Hs(p)| < |ap+2’|ap+1ap+3_a?)+2’+‘ap+3|’ap+3_ap+1ap+2|+|ap+4||ap+2_a;27+1‘-

Incidentally, the sharp upper bound for the functional ‘ap+1ap+3 — ai +2‘ on the
right hand side of the inequality (1.3) for the class of functions which is of our
interest in this paper was obtained by Vamshee Krishna and Ramreddy [9]. Thus,
in this paper we obtain upper bounds to the functionals |a,t5 — ap+1a,12| and
‘apﬁ — ag +1|, then the sharp upper bound on Hj(p) follows as simple corollary.
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Definition 1.1 A function f € A, is said to be in the class H, ,, if it satisfies
the condition
(1.4) Re{(l—a) f(z)+af(z)}>07 0<a<1),vVzel.

2P pzp~1

For a = 1, the class H,; reduced to Vamshee Krishna, et al. [10].
In the next section, we state the necessary lemmas, while in Section 3 we
present our main results.

2. Preliminaries results

Let () denote the class of functions
(2.1) q2)=1+ciz+c?+e32’ +... = 1+chzk,
k=1

which are analytic in U and satisfy Re {q(z)} > 0 for any z € U. To prove our
main results in the next section, we shall require the following three Lemmas:

Lemma 2.1 ([18], [19]) Let ¢ € Q. Then |cx| < 2 for each k € N. And the
inequality is sharp.

Lemma 2.2 ([3], [11], [12]) Let ¢ € Q. Then

200 =i+ (4 — )z,
des =3 +20(4— Az — (4 — )z + 204 — A)(1 — |z])z,

for some x and z satisfying |x| <1, |z| <1 and ¢ € [0,2].

Lemma 2.3 ([1]) Let ¢ € Q. Then we have the sharp inequalities for any real
number o,

P 2(1—o0) if 0<0,
(2.2) Cy — 051 < 2 if 0< 0<2,
2(c —1) if 0>0.

3. Main results

Theorem 3.1 Let f(z) € Hpa- Then, for all j € N, we have the sharp inequali-
ties:

2p
p+jo

(3.1) |ap5] <
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Proof. Since f € H,, then by Definition 1.1 there exists a function ¢ € @) such
that

(3.2) {<1 SR PICIPPAC) } = p(2) = p(1— @) (2) + azf (=) = pp(2),

2P pzP~1

for some z € U.
Replacing f(z), f'(z) with their equivalent p — valent series expressions, and
p(z) with its equivalent series expression in (3.2), we have

2P + i apz”| + oz (pzp_l—I— f: nanz”_1>

n=p+1 n=p+1

00
— pr (1 + Z ckzk>
k=1

p(1—a)

(3.3)

Simplifying (3.3) implies

(P + @)ap12P™ + (p + 20)aps22” ™2 + (p + 3a)aps 5272

3.4
(34) +(p 4 4a)apa2PT™ + o= pep 2P+ pea2P T 4 peg 2Pt + peg T+

Equating coefficients in (3.4) yields

pc; .
(3.5) Apij = p+jioz’ forall j € N
and the result follows by using Lemma 2.2. n

Theorem 3.2 Let f(z) € Hyo. Then we have the sharp inequalities:

2 if a=0

(36) |ap+1ap+2 - CLp—|—3| < 2p (p2 + 3ap + 6@2)%
3(p+ a)(p + 2a)(p + 3a)V6a?

if 0<a<l.

Proof. By (3.5) (for j =1,2,and 3), we find that

(3.7) |ap1aps2 — apys| = P o - :
(p+a)p+2a) (p+3a)

Substituting the values of ¢, and ¢3 from Lemma 2.2 in (3.7) and letting
c1 = ¢, we have

p
p+a)(p+2a)(p+3a)

+c(p*43ap+2a?) (4—c?)z?—2(p*+3ap+2a?) (4—c*) (1—|z|?)z|.

|apr1apr2—apis| = m |(p*+3ap—20°)P—4a’c(4—cP)x
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Without loss of generality, assume that ¢ = ¢; € [0,2] (see Lemma 2.1). Then, by
applying the triangle inequality with § = |z| and noticing that p*+ 3ap—2a? > 0,
since 0 < a < 1 by definition, we get

b 2 2\ 3 2 2
— < —2 da”c(4—c")o
api1apr0—ap.3] < o) (p + 20) (pr30) [(p°+3ap—20°)c*+4a’c(4—c?)
+e(p?+3ap+202)(4—c) 02 +2(p*+3ap+202) (4—c?) (1-6%)]
(38) = b 2(p*+3ap+2a?)(4—c*)+(p*+3ap—2a?)c®
4(p+a)(p—|—2a)(p—|—3a)[ (p*+3ap+2a°)(4—c)+(p*+3ap—2a°)c

+4a2c(4—c?)o+(p*+3ap+2a?) (c—2) (4—c?)6?]
= F(9), where 0 <6 < 1.
We then maximize the function F'(J) on the closed interval [0, 1]:

pac(4 — ) ple—2)(4 —c?)
(p+a)(p+20)(p + 3a) 2(p + 3a)

F'(6) =

Note that F’'(§) > F'(17) > 0 for all ¢ € (0,2) and F'(d) < 0 otherwise. Hence,
there exists ¢* € [0, 2] such that F'(d) > 0 for ¢ € (¢*,2] and F'(6) < 0 otherwise.
Thus, for ¢ € (c¢*, 2] we observe that F'(6) < F(1), that is:

p(p*+3ap+6a?) 20%p 3
3.9 — < — = G(c).
(3:9) lapsiapia—aps] < (p+oz)(p—|—2a)(p—|—3oz)c (p+a) (p+2a) (p+3a) (<)

If @« =0, we have G;(c) = ¢ < 2. Otherwise, simplifying the relations (3.8)
and (3.9), we get

p(p? + 3ap + 6a?) . 2a°%p 3
(p+a)p+20)(p+3a) (p+a)(p+2a)(p+3a)

(3.10)  Gi(c) =

foy . p@*+3ap+6a®) 6a2p 2
(3.11) Cile) = (p+a)(p+2a)(p+3a) (p+a)(p+2a)(p+3a)

v 12a%p
(3.12) Gl =~ T T 2+ 30)°

For an optimum value of G'(c), consider G (c) = 0. From (3.11), we have

,  P?+3ap+ 6a?
cC =
602

(3.13)

Using the obtained value of ¢? from (3.13) in (3.12), after simplifying, we get

" 1202 213 62
ap \/p+ap+a<0forp€N.

Gile) = - (p+ a)(p+ 2a)(p + 3a) 62
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Therefore, by the second derivative test, G (c) has maximum value at ¢, where ¢? is
given by (3.13). Substituting ¢? value in the expression (3.10), upon simplification,
the maximum value of Gy(c) at ¢? is obtained as

3
p 2 (p* + 3ap + 6a2)2

G1(C)max = (p+a)(p+2a)(p+3a) 3v6a?

Upon simplification, we obtain

3
2

2p (p® + 3ap + 6a?)
3(p + a)(p + 2a)(p + 3a)V6a?

|ap1aps2 — apys| <

This completes the proof. u
Theorem 3.3 Let f(z) € Hpo- Then

2p
p+ 20

(3.14) |ap+2 - a;z21+1 <

Proof. Since f(z) € H,a , then using equation (3.5), (for j = 1 and j = 2),
we find that

laprs — a2y, = |22 — P’ | p 02_2p(p+204) (ﬁ)
o (p+20) (p+a)?| p+2a (p+a)? \2/]
Now, since 0 < g = % < 2, then Lemma 2.3 yeilds
2p
2
(3.15) |apso — a2 | < ST e
This completes the proof. .

Substituting the above results in (1.3) together with the known inequality
2
|apsrap3 — a2 ] < (pj_+a)2 (19]) and |ay| < 2, where k € {p+1, p+2, p+3,...}
([13]), after simplifying, we obtain the sharp inequalities:

Corollary 3.4 Let f(z) € Hpo. Then

2p? 1 . B
4 [(p+2)(§+2a)2 + (p+4)€3p+20¢) +m] if =0
(3.16) |Hs(p)|< Vot stapeca)}
2 4p> p(p°+3ap+6a 2 )
p2a [(p+2)(17+2a) 3v3a2 (p+3) (p+a) (p43a) +p+4 ZfO < o S 1.

Remark 3.5 As a final remark, for the choice of a = 1, from expressions (3.6)
and (3.16), we obtain

V2p (5 + 3p + 6)2
3V3(p+1)(p+2)(p+3)

|apt1apsa — apis| <
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and

3
2

Ha(p)| < 9 4p? V2p (p* + 3p+6) N 2
Tp+2|(p+2)2  3VB(p+3)2p+1)  pt+4|’

respectively. These inequalities are sharp and coincide with the results obtained

by ([10]).
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