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Abstract. In this paper, by considering the notion of pseudo hoop-algebras, which in-
troduced by G. Georgescu et al. in [11] under the name of residuated integral monoids,
and pseudo MV-algebras, pseudo Wajsberg-algebras and pseudo-BL algebras arise as
particular cases of them, we introduce the notions of some types of filters ((positive)
implicative filters, fantastic filters, associative filters) in pseudo hoop-algebras and to
investigate their properties. Several characterizations of (positive) implicative, fantastic
and associative filters are derived. Finally, the relations among these filters are investi-
gated.
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1. Introduction

In [13], G. Georgescu, L. Leustean and V. Preoteasa presented pseudo hoops
which were originally introduced by Bosbach in ([3], [4]) under the name resi-
duated integral monoids. The prefix ”pseudo” stands for non-commutative or not
necessarily commutative type of algebra. It followed naturally after the introduc-
tion of pseudo-MV algebras ([10], [11]), pseudo-Wajsberg algebras ([6], [7]) and
pseudo-BL algebras ([12], [9], [8]). All the above are non-commutative generaliza-
tions of algebras for many-valued logics. Pseudo-hoops are weaker structures, and
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pseudo-MV, pseudo-Wajsberg, and pseudo-BL algebras arise as particular cases
of them. Pseudo hoops are monoids endowed with orders. Moreover, the orders
are canonical (actually inverse canonical) they are given by divisibility relations
w.r.t.the monoid operation and the orders have residuals.

Now, in this paper, we study some types of filter (implicative, positive implica-
tive, fantastic, associative filters) and investigate definitions that are equivalent
to those and we get the relation between them.

2. Preliminaries

In this section, we recollect some definitions and results which will be used in this
paper.

Definition 2.1. [13] A pseudo hoop is an algebra (A, A, ®,—,~>,1) of type
(2,2,2,2,0) such that, for all z,y,z € A,

(PH-1) (A, /\ 1) is a A-semilattice,

(PH-2) (A,®,1) is a monoid with unit 1,

(PH-3) x®y<zlfandonlylfx<y—>z1fandonly1fy<:c->z

(PH-4) (z - y)©x =20 (z ~ y). (Divisibility condition)

A pseudo hoop can be thought of as an algebra (A, ®,—,~~,1), where for
all x;y € A,z ANy = 2 ® (x ~ y). Then, it is easy to see that (A,A,1) is a
A-semilattice.

On Pseudo hoop A, we define z < y if and only if ©+ — y = 1 (this is
equivalent to = ~» y = 1). Then < is a partial order relation on A. If ® is
commutative (equivalent —=~- ), A is said to be a hoop. We say that a Pseudo
hoop A is bounded if it has an element 0 € A such that 0 < z, for all x € A.
We let 2% = 1,2" = 2" ! ©® x, for any n € N. We define two unary operations,
= =2 > 0and 2~ =z ~ 0, forall x € A. If (7))~ = (&™) = =z, for
all x € A, then the bounded Pseudo hoop A is said to have the pseudo double
negation property, (PDN) for short. (See [13])

Definition 2.2. [14] A lattice-ordered group or {-group is a group which is also a
lattice that satisfies the identities z(y A 2)t = xyt Axzt and x(y V 2)t = zyt V zzt.
Throughout we write x < y instead of x Vy =y or x Ay = x, and {-group as an
abbreviation for lattice-ordered group.

Example 2.3. [13] Let (G, +, —,0, A, V) be an arbitrary ¢-group. For an arbitrary
element 0 < u € G define the following operations, on the set [0, u],
rOy=@—-—u+y)V0, z—oy=WY—a+u)Au and x~y=(u—ax+y)Au
for any x,y € [0, u]. By routine calculation, we can see that ([0, u], ®, —, ~>, u) is
a bounded Pseudo hoop.

Example 2.4. [13] Let G = (G, +, —,0,V, A) be an arbitrary ¢-group and N(G)
be the negative cone of G, that is N(G) =a € G| a < 0. On N(G) we define the
following operations:

a®b=a+0b, a—=b=(b—-—a)AN0 and a~»b=(—a+b)AO
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Then N(G) = (N(G),®,—,~,0) is an unbounded pseudo hoop. The following
proposition provide some properties of pseudo hoops.

The following proposition provide some properties of pseudo hoops.

Proposition 2.5. [3],[4] Let (A, ®,—,~>,1) be a Pseudo hoop. Then the following
conditions hold, for all x,y,z,a € A,

)
)
)
)
)
)

(vii) 20 (z~y) <y, (z 2y Oz <y,
) r<(z—=y)~y v (T~wy) =y,
)
)
)
)
)
)

Theorem 2.6. [13] Let A = (A, ®, —,~, 1) be a Pseudo hoop. Then the following
identities hold, for all x,y,z € A,

(i) z—=z=x~2=1,

(i) (x0y) > z=2— (y = 2),

(iii) (zOy)~z=y~ (v~ 2)

Proposition 2.7. [3],[4] Let A be a bounded Pseudo hoop. Then x= < x — y and
x> <x~y, forall x,y € A.

Proposition 2.8. [13] Let A be a Pseudo hoop and for any x,y € A, we define,
zthy=((z—=y)~y) Ay =) » ) and zUyy = ((z~y) = y) Ay ~ z)
— x). Then the following conditions are equivalent:
(i) Uy and U are associative,
(i) = <y impliesz Uz <yUz, for all z,y,z € A and U € {U;,Us},
(i) U (yAz) < (xUy)A(zUy), for all z,y,z € A and U € {L,Us},
)

(iv) Uy and Uy are the pseudo join operation on A.
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Definition 2.9. [13] A Pseudo hoop A is called a U-pseudo hoop, if LI is a pseudo
join operation on A, where Ll € {U, s}

Proposition 2.10. [13] Let A be a U-pseudo hoop, for U € {Ui,Us}. Then
(xUy)~ z=(x~ 2)A(y~ z), forall z,y,z € A.

Definition 2.11. [13] Let A be a Pseudo hoop. A non-empty subset F' of A is a
filter if it satisfies,
(F1) z,y € F impliesx @y € F,
(F2) z € F and x <y imply y € F, for any x,y € A.
A filter F' of A is proper if and only if F' # A.

Proposition 2.12. [13] Let A be a Pseudo hoop and F be a non-empty subset
of A such that 1 € F. Then the following statements are equivalent, for any
r,Y,z € A7

(i) F is a filter,

(i) fz,x >y € F, theny € F,

(iii) if x,z ~y € F, theny € F.
Definition 2.13. [13] Let A be a Pseudo hoop and F' be a filter F. Then F is
called normalift x — y € F'if and only if x ~» y € F.

Note. From now one in this paper, we let A = (A, ®, —,~, 1) be a pseudo hoop,
unless otherwise state.

3. (Positive) Implicative filters

In this section, we introduce the notions of implicative and positive implicative
filters in pseudo hoops and investigate some properties of them and the relation
between them.

Definition 3.1. Let F' be a non-empty subset of A. Then F is called an implica-
tive filter of A if,

(IF1) 1€ F,

(IF2) z — ((y > 2) ~y) € Fand z € F imply y € F, for any x,y,z € A,

(IF3) z~ ((y~ 2) > y) € Fand x € F imply y € F, for any z,y, 2z € A.

Example 3.2. Let A = {0,a,b,¢,d,1}. We define ®, — and ~» on A as follows:

®l0 a b ¢ d 1 —=~ 10 a b ¢ d 1
0O0/]0 0O 0 0 0 O 0 11 1 1 1 1
al0 a d 0 d a a c 1 b ¢ b 1
b|0 d ¢c ¢ 0 b b d a 1 b a 1
c |0 0 ¢c ¢ 0 c C a a 1 1 a 1
d|0 d 0 0 0 d d b1 1 b 1 1
110 a b ¢ d 1 1 0 a b ¢ d 1

Routine calculations show that A is a pseudo hoop and F' = {b,¢,1} is an im-
plicative filter.
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Proposition 3.3. Every implicative filter of A is a filter.

Proof. Let F' be an implicative filter and z, oz — y € F, for z,y € A. By
Proposition 2.5(vi) and (v), z = ((y = 1) ~ y) =2 — y € F. Since x € F and
F is an implicative filter, by (IF2), y € F. Therefore, F'is a filter. .

Remark 3.4. The converse of Proposition 3.3 may not be true. In Example 3.2,
F ={a, 1} is a filter, but is not an implicative filter of A, because, 1 — ((b — ¢)
~b)=1€F,butbé¢F.

Theorem 3.5. Let A be bounded and F be a filter of A. Then, for all x,y € A,
the following conditions are equivalent,

(i) F is an implicative filter,

(i) if (xt > y)~ax€F, thenz € F and if (v ~y) >z € F, thenx € F,
(ili) (x~y) > 2x) > x€F and ((r > y)~z)~x€F,

(iv) (z7 ~»ax)~»axz e F and (2~ - x) >z € F,

(v) if(z70x) ~y € Fandy ~ z € F, thenx ~ z € F and if (x©2~) »y € F
andy — z € F, then z — x € F,

(vi) if F is a normal filter and (y~ ©® x) ~ y € F, then x ~ y € F and if
(x@y~) —>y€F, theny—>x€F.

Proof. (i)=(ii) Let F be an implicative filter and (x — y) ~ = € F. By
Proposition 2.5(v), 1 = ((z = y) ~ x) = (v - y) ~ x € F. Since 1 € F and F
is an implicative filter, by (IF2), x € F. The proof of other case is similar.

(ii)=-(i) Suppose that (ii) holds. Let x — ((y = 2) ~» y) € F and = € F.
Since F' is a filter, by Proposition 2.12(ii), (y — z) ~» y € F. Now, by (ii), y € F.
Therefore, F' is an implicative filter.

(ii)=-(i) Let + — ((y — 2) ~» y) € F and = € F. Since F is a filter, by
Proposition 2.12(ii), (y — z) ~» y € F and so by (iii), ((y — 2) ~ y) ~ y € F.
Thus, by Proposition 2.12(iii), y € F. Therefore, F' is an implicative filter.

(iii)=-(iv) Since A is bounded, it is enough to take y = 0 in (iii). Then
((x ~»0) - x) - x € F. Hence, (2~ — x) — o € F, for all x € A. The proof of
other case is similar.

(iv)=-(iii) Since A is bounded, for any y € A, 0 < y. By Proposition 2.5(xiii),
foranyz € A, x - 0 <z — y,and so 2~ <z — y. Now, by Proposition 2.5(xii),
(x > y)~ax <z ~z then (z7 ~ x) ~ 2 < ((xr = y) ~ x) ~ x. Since F' is a
filter and by assumption (z= ~» x) ~» z € F, by (F2), ((z - y) ~ z) ~ z € F,
for all =,y € A. The proof of other case is similar.

(v)=>(vi) Suppose that F'is a normal filter and (y~®z) ~ y € F, for x,y € A.
Then by Theorem 2.6(iii) and (i), z ~» (y~ ~y) € Fand y ~»y =1 € F. Then
by (v), x ~ y € F. The proof of other case is similar.

(vi)=>(v) Suppose that (z ® 2~) — y € F and y - z € F. Since F
is a filter, by (F1), (y — 2) ® ((z ® 2~) — y) € F. By Proposition 2.5(x),
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(y—=2)0(z0z7) =y <(r®z7) =z Since (y = 2) 0 ((r©2~) »y) € F,
by (F2), (x ® z~) — z € F. Hence, by (vi), 2 — x € F. The proof of other case
is similar.

(vi)=(iv) By Theorem 2.6(iii),(i), (x~ ® (z~ ~» z)) ~» x =1 € F. Then by
(vi), (x7 ~» x) ~» o € F. Therefore, (iv) holds.

(i)=(vi) Let F' be an implicative filter. By Proposition 2.5(iv), y < z — y.
Then by Proposition 2.5(xii), (z — y) — 0 < y — 0, thus by Proposition 2.5(xii),
(y~ ~y) < (x = y)~ ~ y. Now, by Proposition 2.5(xiii), z ~» (y~ ~ y) <z ~»
((x — y)~ ~> y). Hence, by Theorem 2.6(iii), (y~ ®x) ~y < ((z = y)” Ox) ~ ¥.
Since (y~ @z) ~y € F, by (F2), (z — y)” ®x) ~y € F. Then x ~~ ((z = y)~
~» y) € F. Since F is a normal filter, we get © — ((r — y)~ ~ y) € F.
By Proposition 2.5(ii), (z — y)~ ~ (x — y) € F, thus by Proposition 2.5(v),
1= ((x =>y)” ~ (x - y)) € F. Since F is an implicative filter and 1 € F, by
(IF2), x y € F,and so x ~ y € F. .

Corollary 3.6. Let A be bounded and F be an implicative filter of A. Then
" sz e Fanda™™ ~x € F, forall x € A.

Proof. Let F be an implicative filter of A. Since A is a bounded Pseudo hoop, we
have 0 < z, for all x € A. Then by Proposition 2.5(xiii), = ~» 0 < 2~ ~» z, and
so by Proposition 2.5(1), 2=~ ~» (= ~» x) = 1. Thus, by (IF1), 27~ ~ (= ~ x)
=1¢€ F and by (PH-3) (= ®2™™) ~» o € F. Hence, by Theorem 3.5(vi),

—n

x~~ ~» x € F. By the similar way, we get z~~ — z € F. u

Proposition 3.7. Let A be bounded and F' and G be two filters of A such that
F C G. If F is a normal and implicative filter, then G is an implicative filter,
too.

Proof. Let F' and G be two filters of bounded Pseudo hoop A such that ' C G
and F' be an implicative filter. By Theorem 3.5, it suffices to prove that (vi)
holds. Suppose that (y~ ®@z) ~y € G, for x,y € A. Let u= (y~ ©®x) ~ y. By
Theorem 2.6(i), u — u =1, and so u — ((y~ ® ) ~» y) = 1, then by Proposition
2.5(i1), (y~ ®z) ~ (u— y) = 1. Since F is a filter and 1 € F, then (y~ © z) ~»
(u — y) € F. By Proposition 2.5(iv), y < u — y, thus, by Proposition 2.5(xii),
(u = y) = 0 <y — 0, then by Proposition 2.5(xi), (v = y)” @z <y~ O x.
Again, by Proposition 2.5(xii), (y~ @) ~ (v = y) < ((u = y)” Ox) ~ (u — ).
Since (y~ @) ~ (u = y) € F, by (F2), (u = y)”" @) ~ (u —> y) € F.
Since F' is an implicative filter, by Theorem 3.5(vi),  ~» (v — y) € F. Then by
Proposition 2.5(ii), u — (z ~» y) € F, and so u — (x ~» y) € G. Since u € G, by
Proposition 2.12(ii), x ~ y € G. Therefore, G is an implicative filter. n

Theorem 3.8. Let A be a bounded U-pseudo hoop and F be a filter of A. If
xUx™ €F, for any x € A and U € {Uy,Us}, then F is an implicative filter.

Proof. Let z Uz~ € F. Then by Proposition 2.10, (zUz™) ~» & = (z ~ x)
Az~ ~» x). Hence by Theorem 2.6(i), (z U z~) ~» x = 2~ ~» z. Also, by
Proposition 2.7, 2= < z — y. Then (z — y) ~ o < 2~ ~» x. Since (x — y)
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~ ¢ € F, by (F2), 2= ~ x € F. Since (x Ux~) ~ = 2~ ~ x, we have
(xUz™) ~ x € F. Moreover, x Uz~ € F, thus, by Proposition 2.12(iii), x € F.
Then by Theorem 3.5(ii), F' is an implicative filter. The proof of other case is
similar. Therefore, F' is an implicative filter. .

Definition 3.9. A non-empty subset I’ of A is called a positive implicative filter
of A if]

(PIF1) 1€ F,

(PIF2) 2z — (y > 2) € Fand x ~»y € Fimply z — z € F, for any z,y,2 € A,
(PIF3) z~» (y~2) € Fand z — y € F imply = ~ z € F, for any z,y,z € A.

Example 3.10. Let A = {0,a,b,¢,1}. We define ®, — and ~» on A as follows:

®10 a b ¢ 1 —=~ 10 a b ¢ 1
0/0 0 0 0 O 0 0 1 1 1 1
a |0 a a a a a 0O 1 1 1 1
b|0 a b a b b 0 ¢c 1 ¢ 1
c |0 a a ¢ c ¢ 0O b b1 1
110 a b ¢ 1 1 1 a b ¢ 1

Routine calculations show that A is a pseudo hoop and F' = {b, 1} is a positive
implicative filter.

Proposition 3.11. Every positive implicative filter is a filter.

Proof. Suppose that F' is a positive implicative filter. Then by Proposition
2.12(iii), it is enough to prove that if z,x ~» y € F', then y € F, for any z,y € A.
By Proposition 2.5(v), 1 ~» (z ~» y) € Fand 1 - o = 2z € F. Since F is a
positive implicative filter, we have 1 ~» y =y € F. Therefore, F' is a filter. n

Proposition 3.12. Let F be a positive implicative filter of A. Then, for all
x,y € A the following statements are hold:

Proof. We prove (ii) and (iii), the proofs of (i) and (iv) are similar.

(ii) Since F is a positive implicative filter, by Proposition 3.11, F is a
filter. Now, let x ~ (z ~ y) € F, for x,y € A. Then, by Theorem 2.6(i),
x—x=1¢€F, thus, by (PIF3), z ~»y € F.

(iii) Since F' is a filter, by Theorem 2.6(i), for any x € A, (z©x) — (zOx) =
1 € F. Then by Theorem 2.6(iii), * — (z — (z®z)) € F and z ~ = € F. Hence,
by (PIF2), x — (zx ® x) € F. .
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Theorem 3.13. Let A be a chain and F be a positive implicative filter of A. Then
F is an implicative filter if and only if (x — y) ~ y € F implies (y — ) ~ x € F,
for any x,y € A.

Proof. (<) Let (z — y) ~ x € F, for x,y € A. Since A is a chain, x < y or
y < x. If z <y, then x — y = 1. Thus, by Proposition 2.5(v), z = 1 ~ = =
(x = y) ~x € F. Now, let y < z. Since z < (z — y) ~ y, by Proposition
2.5(xiii), (x = y) ~ = < (zr = y) ~ ((x = y) ~ y). By Proposition 3.11, F
is a filter and (x — y) ~» x € F. Then (z — y) ~ ((zr = y) ~ y) € F. Since
(x = y) ~ (x - y) =1¢€ F and F is a positive implicative filter, by (PIF3),
(x — y) ~ y € F. By assumption, (y — z) ~ = € F. Since y < z, we have
y—>x =1 Thenx =1~ = = (y - z) ~ x € F. By the similar way, if
(x ~» y) - x € F, then « € F. Hence, by Theorem 3.5(ii), F' is an implicative
filter of A.

(=) Let F be an implicative filter and (x — y) ~ y € F, for x,y € A.
By Proposition 2.5(viii), y < (y — x) ~» z. Then by Proposition 2.5(xiii),
(z >y ~»y<(@—>y ~ (y =2~z Since (z = y) ~y € F,
by (F2), (z — y) ~ ((y x) ~ ) € F. Also, since z < (y — z) ~ x,
we have ((y — z) ~ x) r — y. Hence, (z — y) ~ ((y — x) ~
) < ((y = z) ~ ) = y) ~ ((y — x) ~» z), by Proposition 3.11 and (F2),
(y = x) »z) > y)~ ((y > ) ~ x) € F. Since F is an implicative filter, by
Theorem 3.5(ii), (y — z) ~ x € F. .

Theorem 3.14. Let F be a positive implicative normal filter of A such that
(x = y) ~ y € F implies (y — x) ~ x € F, for any v,y € A. Then F is
an implicative filter.

Proof. Let (zx — y) ~» x € F, for any z,y € A. By Proposition 2.5(viii),
x < (x — y) ~ y. Then by Proposition 2.5(xiii), (z = y) ~ = < (x — y)
~ ((x — y) ~ y). Since (x — y) ~» x € F, by Proposition 3.11, F' is a
filter and so we have, (z — y) ~ ((z — y) ~» y) € F. Since F is a positive
implicative filter, by Theorem 3.12(ii), (x — y) ~» y € F, and so by assumption,
(y = x) ~ x € F. Also, by Proposition 2.5(iv), y < & — y. Then, by Proposition
2.5(xii), (x = y) ~ x <y ~» z, thus by (F2), y ~ x € F. Since F is a normal
filter, y — x € F. Then, by Proposition 2.12(ii), € F. By the similar way, if
(x ~y) = x € F, we get x € F. Therefore, F' is an implicative filter. .

Proposition 3.15. Let F' be a normal filter of A and

(i) if x ~ (x ~y) € F, then x ~ y € F, for any z,y € A.
(i) ifzr = (x > y) €F, thenx —y € F, for any z,y € A.

Then F' is a positive implicative filter of A.

Proof. Suppose that (i) holds. Let z ~» (y ~» 2) € F and x — y € F, for
x,y € A. Since F is a normal filter and x ~ (y ~~ 2) € F, we have z — (y ~ z2)
€ F. By Proposition 2.5(ii), y ~ (z — 2) € F. Since F' is a normal filter, we
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havey - (x » z2) € Fandz -y € F. By (F1), (y = (x = 2)) © (x > y) € F.
Then by Proposition 2.5(x), (y = (z — 2)) ©® (z = y) < & — (z — 2), then by
(F2), x = (x — z) € F. Also, by (ii), x — z € F. Since F is a normal filter, we
get © ~» z € F'. Then we have (PIF3). The proof of (PIF2) is similar. Therefore,
F' is a positive implicative filter. .

Definition 3.16. Let A be bounded and x € A. If there exists a smallest positive
integer number n € N such that 2™ = 0, then we say that the order of x is n and
we denote by ord(z) = n. We say ord(z) = oo, if no such n exists.

Example 3.17. In Example 3.2, ord(a) = ord(b) = ord(c) = ord(1l) = oo and
ord(d) = 2.

Proposition 3.18. Let A be bounded such that for any x € A, ord(z) =2. If F
1s a positive implicative filter, then x—,x~ € F.

Proof. By Theorem 3.12, The proof is clear. .

Theorem 3.19. Let F' and G be two filters of A such that FF C G. If F is a
positive implicative filter of A, then G is a positive implicative filter of A, too.

Proof. Let F and G be two filters of Pseudo hoop A such that F C G and for
any x,y € A, x ~ (z ~ y) € G. Let u =12 ~ (x ~ y) € G. Then by Theorem
2.6(iil), u = (x®x) ~» y € G and by Theorem 2.6(i), u = ((z®z) ~y)=1€ F.
Thus, by Proposition 2.5(ii), (r ® ) ~ (v — y) € F. Since F is a positive
implicative filter and v — = = 1 € F, by (PIF3), z ~ (u — y) € F. By
Proposition 2.5(ii), u — (z ~» y) € F. Since F' C G, u € G, and by Proposition
2.12(ii), 2 ~ y € G. .

Theorem 3.20. Let A be bounded and F be an implicative filter of A.

(i) If a=~ € F or ™ € F, for any x € A, then F is a positive implicative
filter,

(ii) If for any x € A, 2= ~ x € F or 2™ — x € F, then F is a positive
implicative filter.

Proof. (i) Let F' be an implicative filter and 2=~ € F, for any x € A. Suppose
that © — (y — 2) € Fand x ~ y € F, for x,y € A. Since z=~ € F, we have
(2 = 0) ~ 0 € F. So by Theorem 3.13, (0 — z) ~ z € F. Then by Proposition
2.5(i), (v), 1 - z =z € F. And by similar way z € F. Thus, z — z € F.
Therefore, F'is a positive implicative filter. The proof of other case is similar.

(ii) Let F' be an implicative filter of A and = ~» = € F, for any z € A.
Suppose that, z — (y — z) € F and z ~ y € F, for z,y € A. Since F is an
implicative filter, by Theorem 3.5(iv), (z~ ~» x) ~ x € F, for any x € A. Since
x~ ~»x € I, by Proposition 2.12(ii), x € F. Since z ~»y € F and x € F, we get
y € F. Now, y,y — 2z € F, then z € F. Since, z < x — 2z, we get t — z € F.
Therefore, F' is a positive implicative filter. .
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4. Fantastic and associative filters

In this section, we introduce the notions of fantastic and associative filters in
pseudo hoops and investigate their properties of them and we study the relation
between them.

Definition 4.1. Let F' be a non-empty subset of A. Then F is called a fantastic
filter A if it satisfies the following properties,
(FF1) 1€ F,
(FF2) z - (x - y) € Fand z € Fimply ((y > x) ~z) >y € F,
for any x,y,z € A,
(FF3) z~ (x~y) € F and z € F imply ((y ~ ) = ) ~y € F,
for any x,y,z € A.

Example 4.2. According to Example 2.3, ([0, u], ®, —, ~», u) is a bounded Pseudo
hoop. By [13], Let K be a normal convex ¢-group of G and F={a € [0,u] | u—a € k}
is a normal filter of [0, u]. suppose that z — (z — y) € F and z € F then ((y — )
)= y=(((z—y+u)Au) ~z) >y=((u—((r—y+u)Au)+x)A\u) =y =
((u—uty—z+z)V(u—utz))Au) =y = (yV) =y = (y—(yVz)+u)Au =u € F.
thus we have (FF2). The similar way (FF3), holds. Therefore, F' is a fantastic
filter.

Proposition 4.3. Every fantastic filter of A is a filter.

Proof. Let F be a fantastic filter and =z, — y € F. By Proposition 2.5(v),
r—y=x— (1l >y)e€ F. Since x € F and F is a fantastic filter, by (FF2),
((y = 1) ~» 1) = y € F. Then, by Proposition 2.5(v) and (vi), y € F. Therefore,
F is a filter. ]

Proposition 4.4. Let F' be a filter of A. Then F is a fantastic filter if and only
if vt >y € F implies ((y —» x) ~ z) >y € F, for any x,y € A.

Proof. (<) Let F be a fantastic filter and y — = € F, for any z,y € A. Then
by Proposition 2.5(v), y - x =1 — (y — x) € F. Since F'is a filter, 1 € F', and
by (FF2), (y = x) ~2) -y € F.

(=) Since F is a filter, (FF1) holds. Now, let z — (y — x) € F and z € F,
for any x,y € A. Since F is a filter, by Proposition 2.12(ii), y — x € F. Then,
by assumption, ((z — y) ~ y) — x € F. Therefore, F' is a fantastic filter. .

Proposition 4.5. Let F' and G be two filters of A such that ' C G. If F is a
fantastic filter, then G is a fantastic filter, too.

Proof. Let F' and G be two filters of A such that FF C G. Suppose that y —
xz € G, for any z,y € A. By Theorem 2.6(i), (y — x) ~ (y — x) = 1. Then by
Proposition 2.5(ii), y = ((y > ) ~2z) =1landsoy = (y > z) ~ x) =1 € F.
Since F' is a fantastic filter and y — ((y — z) ~ z) € F, we have ((((y — =) ~
) =2 y)~y) = (Y2 2)wa)=y—z)~ (1= z)~z) >y ~y) =
x) € F. Since F C G, (y = z)~ (y = x) ~x) >y ~y —x) €qG.
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Also, since y — = € G, by Proposition 2.12(ii), (((y — z) ~ z) = y) ~> y)
z) € G. Let = (((((y = ) ~» ) = y) ~ y) — z). Now, by Proposition
2.5(xii),(vi),(ii), and Theorem 2.6(i), we get
av(((z=y)~=y) =) = (z=y)~y) = ((((y = 2) ~2) = y) ~y)
(((y = 2) ) = y) ~ (2 = y)
= ((y = ) ~ )
y—x)~ (r—x)

(AVARAVARLVS

By assumption, G is a filter, then 1 € G and by (F2), a ~ (((zx = y) ~ vy)
— ) € G. Since o € G, by Proposition 2.12(ii), ((zx — y) ~ y) — = € G.
Therefore, GG is a fantastic filter. .

Theorem 4.6. Let A be bounded. If I is an implicative filter, then F is a fantastic
filter.

Proof. Let F' be an implicative filter and y ~ x € F'. By Proposition 2.7, z7 <
x—y. Then (x - y) ~y<ax~ ~yandso (x = y) ~y) ~ (27 ~y)=1
By Proposition 3.3, F' is a filter, and so ((x — y) ~> y) ~» (z~ ~ y) € F, then
by Theorem 2.6(iii), (z= ® ((x — y) ~ y)) ~ y € F. Also, by assumption,
y ~ x € F. Since F is an implicative filter, by Theorem 3.5(v), ((z ~ y) ~> y) ~>
x € F. Therefore, F' is a fantastic filter. .

Theorem 4.7. Let F' be a fantastic and positive implicative filter of A. Then F
1s an implicative filter.

Proof. Let F be a fantastic and positive implicative filter and (z — y) ~> z € F,
for z,y € A. Since F is a fantastic filter, by (FF2), ((z — (z — y)) ~ (z —
y)) — = € F. Then by Theorem 2.6(ii), ((z* — y) ~ (z — y)) = = € F.
By Proposition 2.5(ix), z — 2? < (2 — y) ~ (r — y). Since F is a positive
implicative filter, by Theorem 3.12(iii), z — 2? € F, and so by (F2), (z* — y) ~
(x = y) € F. Since ((#* = y) ~ (x — y)) — = € F, then by Proposition
2.12(ii), « € F. Hence, by Theorem 3.5(ii), F" is an implicative filter. n
Definition 4.8. Let F' be a non-empty subset of A. Then F' is called an associa-
tive filter of A if, for any x,y, 2z € A;

(AF1) 1€ F,

(AF2) 2 = (y = 2) € F,x ~y € F imply z € F,

(AF3) z~ (y~ 2) € Fix ~y € Fimply z € F.

Example 4.9. Let A = {0,a,b,¢,d,1}. We define ®, — and ~» on A as follows:

®l0 a b ¢ d 1 ==~ 10 a b ¢ d 1
0O/0 0 0O 0 O O 0 1 1 1 1 1 1
a0 b a d b a a d 1 a ¢ ¢ 1
b|0 a b 0 0 b b c 1 1 ¢ ¢ 1
c |0 d 0 ¢ d ¢ c b a b 1 a 1
d|0 b 0 d 0 d d a 1 a 1 1 1
110 a b ¢ ¢ 1 1 0 a b c d 1
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Then, A with these operations is a pseudo hoop. Let F' = {1,a,b}. Then routine
calculations show that F'is an associative filter of A.

Theorem 4.10. Let F' be an associative filter of A. Then
(i) F is a filter,

(ii) F is an implicative filter,
(iii) F is a positive implicative filter,
(iv) F is a fantastic filter, if A is bounded.

Proof. (i) Suppose that F' is an associative filter and z,x — y € F, for x,y € A.
Then by Proposition 2.5(v), 1 - (x > y) =2 -y € Fand 1 ~ x =2 € F.
Since F'is an associative filter, we have y € F. Therefore, F' is a filter.

(i) Let F be an associative filter and (x — y) ~» « € F. Then by Proposition
2.5(v),(iii), (x = y) ~» (1 ~ ) € Fand (+ - y) - 1=1¢€ F. Since F is
associative filter, by (AF3), z € F. Therefore, F' is an implicative filter.

(iii) Let F' be an associative filter such that * — (y — 2) € Fand x ~» y € F.
Then by (AF2), z € F. Since F' is a filter and by Proposition 2.5(iv), z < x — z,
and so x — z € F. Therefore, F' is a Positive implicative filter.

(iv) By (ii) and 4.6, the proof is clear. .

Example 4.11. (i) Let G be a Pseudo hoop similar as Example 2.3. We show that
{u} is a filter of G[u|. u € {u} so (F1), holds. If z,y € {u}, thenz Oy =uGu =
(u—u+u)V0=wu € {u}. This is clear that (F2), holds, and so {u} is a filter. Let
x =2z #uand y = u. We obtained, z — (v — z) = u € {u},z ~ u=u € {u}.
Since {u} is an associative filter, by (AF2), z € {u}, which is a contradiction.
Therefore, F' is not an associative filter.

(ii) Let A be a Pseudo hoop similar as Example 3.2. Then F = {b,c, 1}
is an implicative filter but it is not an associative filter, because, a — (b — a)
=a—a=1€Fanda—b=be F, buta¢F.

(iii) In Example 3.2, F' = {b, ¢, 1}, is a positive implicative filter, but it is not
an associative filter.

(iv) In Example 3.2, F' = {b, ¢, 1}, is a fantastic filter, but it is not an asso-
ciative filter.

Proposition 4.12. Let A be bounded and F' be an associative filter of A. Then
x=,x~ € F, for any x € A.

Proof. Let F' be an associative filter of A. By Proposition 2.5(iv),(v), (x — 0) —
(1—=(r—0)=1€ Fand (x —0)~1=1¢€ F. Since F is an associative
filter, by (AF2), x~ € F. By similar way, we can see that 2~ € F. .

Theorem 4.13. Let A be bounded and F' be an implicative filter of A. If one of
following conditions holds, then F' is an associative filter.

(i) ifa= ~x € F, for any x € A.

(i) if 2~ = x € F, for any x € A.
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Proof. (i) Let F' be an implicative filter and z — (y — 2) € F and x ~> y € F.
Since F' is an implicative filter, by Theorem 3.5(iv), (z= ~» z) ~» x € F, for
any x € A. Since x= ~» x € F, then by Proposition 2.12(iii), x € F. Since
r—=(y—z)eFandax~yeF, wegety — z € F,and y € F, then z € F.
Therefore, F' is an associative filter.

(ii) The proof of (ii) is similar. n

Corollary 4.14. Let A is bounded. If F is a fantastic and positive implicative
filter of A and x= ~x € F ora™ — x € F, forx € A, then F is an associative
filter.

Proof. By Theorems 4.7 and 4.13, the proof is clear. n

Theorem 4.15. Let A be bounded and F' be an implicative filter of A. If one of
following conditions holds, then F' is an associative filter.

(i) ifa=~ € F, for any x € A,
(ii) if x~~ € F, for any x € A.

Proof. (i) Let F' be an implicative filter and 2=~ € F, for any z € A. Suppose
that © — (y — 2z) € F and © ~» y € F. Since 27~ € F, we have (z — 0) ~»
0 € F. So by Theorem 3.13, (0 — z) ~» z € F. Then by Proposition 2.5(i),(v),
1~ z =z € F. Therefore, (AF2) holds. The proof of (AF3), is similar.

(ii) Let F be an implicative filter and z — (y — 2) € F and = ~ y € F.
Since F'is an implicative filter, by Corollary 3.6, x~~ — x € F. Since 2™~ € F,
then by Proposition 2.12(ii), x € F. Now, since z — (y — z) € F and = € F,
we get y — z. Since y — z € F and y € F, by Proposition 2.12(ii), z € F.
Therefore, (AF2) holds. By similar way (AF3), holds. .

Proposition 4.16. Let A be bounded and F and G be two filters A such that
FCGandx™ ~xz e F, foranyx € A. If F is an associative filter, then G is
an associative filter, too.

Proof. By Proposition 3.7 and Theorems 4.10 and 4.13 the proof is clear. u

5. Conclusions and future works

The aim of this paper is to introduce the notions of (positive)implicative, fantastic
and associative filters in Pseudo hoops and to investigate their properties. Several
characterizations of these filters are derived but in this paper we try to investigate
the relation between them. I want to examine quotient algebra associated with
the filters in the future.
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