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Abstract. The full automorphism group Us(2):2 of the special unitary group Us(2) has
a 10-dimensional absolutely irreducible module over GF'(2). Hence a split extension of
the form G = 21°:(U5(2):2) does exist. In this paper we first determine the conjugacy
classes of G using the coset analysis technique. The structures of the inertia factor
groups were determined. These are the groups Us(2):2, 2170:((3142:8):2) and O5(2):2.
We then determine the Fischer matrices and apply the Clifford-Fischer theory to com-
pute the ordinary character table of G. The Fischer matrices F; of G are all Z-valued,
with sizes range between 1 and 5. The full character table of G, which is 109 x 109
C-valued matrix is available in the PhD Thesis [1] of the first author, which could be
accessed online.
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1. Introduction

Let U = Us(2) be the special unitary group consisting of 5 x 5 matrices over
F4 that preserves a non-singular Hermitian form. The outer automorphism of
U is 2 (see the ATLAS [8]) and thus the full automorphism group of U is a
group of the form Us(2):2. We denote this group by G and we note that |G| =
27 371 520. By the electronic Atlas of Wilson [18], we observe that G has a
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10-dimensional absolutely irreducible module over 5, which is the 5-dimentional
Hermitian F4-vector space involved in the definition of G. Hence a split extension
of the form G := 2!%(Us(2):2) does exist. In this paper our main aims are to
fully study this group, to determine its inertia factor groups (and their respective
ordinary character tables) and to compute the Fischer matrices. It will turn out
that the character table of G is a 109 x 109 complex matrix and it is partitioned
into three blocks corresponding to the three inertia factor groups H; = Us(2):2,
Hy = 2175:((31%2:8):2) and Hz = O5(2):2 (see Section 3).

Clifford-Fischer Theory provides much more interesting information on the
group and on the character table, in particular the character table produced by
Clifford-Fischer Theory is in a special format that could not be achieved by direct
computations using GAP [10] or Magma [7]. Also providing examples of applica-
tions of Clifford-Fischer Theory to both split and non-split extensions is sensible
choice, since each group requires individual approach. The readers (particulary
young researchers) will highly benefit from the theoretical background required
for these computations. GAP and Magma are computational tools and would not
replace good powerful and theoretical arguments.

For the notation used in this paper and the description of Clifford-Fischer
theory technique, we follow [1], [2], [3], [4], [5], [6].

Using the 10-dimensional matrices over Fy that generate G = U;(2):2, given
at the electronic ATLAS of Wilson, together with GAP, we were able to construct
the group G inside PSL(11,2). The following two elements g, and g, generate G.

1 0 1 1 0o o O 1 0 O O 1 1 1 1 0 1 1 0 1 0 O
0 1 1 1 0 O 1 1 1 0 O 0 1 1 0 O 1 1 1 1 0 O
1 1 1 1 1 1 1 0 0 1 0 1 0 1 1 0 0 1 1 1 1 0
1 0 O 1 0 O 1 0 0 0 o0 0 0 1 0 0 O 1 1 0 0 O
1 1 1 0 1 1 1 1 1 0 O 0 0 1 1 0 1 0 0 1 0 O
g1 = 1 1 1 1 1 0 O 1 1 0 O o = 1 0 1 1 1 1 1 1 0 1 0
1 1 0 0 1 1 1 1 0 0 O 0o 0 1 1 1 1 1 0 O O ©O
0o 0 1 1 0 0 0 1 1 1 0 0 1 0 0 O 1 1 0 1 1 0
0O 0 1 0 0 O 1 0 1 0 O 1 1 0 0 0 1 1 0 0 O ©O
1 1 1 1 o0 o O 1 0 0 O 1 0 0 O O 0 1 1 1 1 0
0o 1 i1 0 1 0 O O o0 o0 1 i1 o0 1 0o o0 1 o0 O 1 o0 1

with o(g;) = 24, o(g,) = 8 and 0(7,7,) = 20.

Now having the group G constructed in GAP, it is easy to obtain all its normal
subgroups. In fact G has only two non-trivial proper normal subgroups, one is of
order 1024 and the other is of order 14 014 218 240. The normal subgroup of order
1024 is an elementary abelian 2-group and thus is isomorphic to N. Generators

ni, g, -+ ,ny of N, in terms of 11-dimensional matrices over Fy are given in
Basheer [1].
In Magma or GAP one can check for the complements of N = (ny, ng, - -+, n19)

in G = (g,,7,), where here we obtained only one complement G. The following
two elements g; and g, generate the complement G of N in G. Note that G is a
subgroup of G isomorphic to the quotient G/N = Us(2):2 and together with N
creates the split extension G in consideration.
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o1 0 0 1 1 0 0 0 0 O 1 0 0 0 0O 1 0 1 0 0 O
o 1 1 1 1 0 1 1 1 0 0 11 1 1 1 0 1 0 0 1 0
0 1 1 0 1 0 1 0 0 1 O 00 1 1 0 0 0 1 1 1 0
11 1 0 0 1 1 1 0 0 O 10 0 0 0O 1 0 1 0 1 0
10 0 1 0 1 1 0 1 0 0O o0 0o 1 1 1 0 1 1 1 0
gi=| 1 1 1 0o o 1 0 1 0 1 0 g2=| 0 0o o 1 0o 1 1 0 1 0 O
01 1 0 1 0 0 0O 1 0 O 1 0 0 0 0O 0O OO 0 1 O
1 1.0 0 0 0 0O O O 1 0O 1 0 1. 0 0 0 0 1 1 0 O
00 1 0 0 0 1 1 0 0 O o 0o 0 1 1 0 0 1 1 0 O
1 1 1 0 1 0 1 1 0 1 0 01 1 0 1 1 1 0 1 1 0
o 0o 1 1 0 0 1 0 1 1 1 1 1.0 0 0 1 0 0 1 0 1

with o(g1) = 16, o(g2) = 16 and 0(g1g2) = 12.

For the notations used in this paper and the description of Clifford-Fischer
theory technique, we follow Basheer [1] and Basheer and Moori [2], [3].

2. Conjugacy Classes of G = 2!%:(Us(2):2)

In this section we use the method of the coset analysis technique (see Basheer [1],
Basheer and Moori [2], [3], [5] or Moori [14] and [15] for more details)as we are
interested to organize the classes of G corresponding to the classes of G. We list
the conjugacy classes of G in Table 1, where in this table:

e g; is the i'" conjugacy class of G as listed in Table 11.14 of [1].

e g;; is a representative of a conjugacy class of G correspond to the class g;
of G.

e £; is the number of orbits Q;1, @iz, - - - , Qix, on the action of N on the coset
Ng;, = Ng; = 2'%;. In particular, the action of N on the identity coset N
produces 1024 orbits each consists of singleton. Thus k; = 1024.

e f;; is the number of orbits fused together under the action of Cg(g;) on
Qi1, Qizy -+, Qux,. In particular, the action of C(g91) = G on the orbits
@11, Q12,- -+ ,Q1, affords three orbits of lengths 1, 495 and 528. Thus
fi1 =1, fio =495 and fi3 = 528.

e m,;; are weights attached to each class of G that will be used later in com-
puting the Fischer matrices of G. These weights are computed through the
formula

(1) mij = [Na(Ng;) : Cg(gi;)] = |N|%'



648 A.B.M. BASHEER, J. MOORI

Table 1: The conjugacy classes of G = 210:(U5(2):2)

[ lede ] ki [ fij | mij [ [9i5]a | 0(gi5) | lgijlgl [ 10&(gi)T]]
Fii=1 mi1 =1 g11 1 1] 28028436480
g1 =1A | ky =1024 | fio =495 mig =495 | gi2 2 495 56623104
f13 = 528 mi13 = 528 | g13 2 528 53084160
fa1 =1 mo1 =4 | go1 2 660 42467328
g2 = 2A | ko = 256 foo = 27 mog = 108 | ga2 2 17820 1572864
fo3 = 36 mog = 144 | gog3 2 23760 1179648
fo4 = 192 mog = 768 | go4 4 126720 221184
fa1 =1 m31 =16 | g31 2 47520 589824
g3 = 2B k3 = 64 f32 =3 m3o =48 | g32 2 142560 196608
f33 =24 m33 = 384 | g33 4 1140480 24576
f34 = 36 mgq = 576 | gs4 4 1710720 16384
fa1 =1 mg1 =32 | ga1 2 608256 46080
ga = 2C kg =32 fao =1 mys =32 | gan 4 608256 46080
faz = 15 my3 = 480 | g3 4 9123840 3072
faa =15 myq = 480 | gaq 4 9123840 3072
g5 = 3A ks =1 fs1=1| msy =1024| g51 3 360448 77760
fe1 = me1 = 16 | ge1 3 112640 248832
g6 = 3B ke = 64 fe2 = 27 mez =432 | ge2 6 3041280 9216
fe3 = 36 me3 = 576 | ge3 6 4055040 6912
fr1=1 my7 =64 | gr1 3 4055040 6912
g7 = 3C k7 = 16 fra =6 mrpo = 384 | gro 6 24330240 1152
fr13=9 mr3 = 576 | gr3 6 36495360 768
gs = 3D kg =4 fs1 = mg1 = 256 | gs1 3 10813440 2592
fs2 = mgo = 768 | gs2 6 32440320 864
for =1 mg1 = 16 | go1 4 190080 147456
fo2 =3 mga =3 | goa 4 570240 49152
gg = 4A kg = 64 fo3 =6 mgs = 96 | go3 4 1140480 24576
foa =6 moq = 96 | gos 4 1140480 24576
fos = 48 mgs = 768 | gos 4 9123840 3072
fio,1 =1 m10,1 =64 | g10,1 4 2880960 12288
910 =4B | k1o =16 | fig2=1 mi0,2 = 64 | gi10,2 4 2880960 12288
f10,3 =2 | mi0,3 =128 | g10,3 4 4561920 6144
f10,4 =12 my0,4 =768 | g10,4 4 27371520 1024
fiia=1 mi1,1 =64 | g11.1 4 9123840 3072
911 =4C | k11 =16 | fi1,2=3| mi1,2 =192 g11,2 4 27371520 1024
fi1,3=12| mi11,3 =768 g11,3 8 109486080 256
fiz,1=1| mi21 =128 | g121 4 36495360 768
g12 =4D | k12 =8 fiz,2=1| mi22 =128 g122 4 36495360 768
f12,3=3| mi2,3 =384 gi23 8 109486080 256
f12,4 =3| mi2,4 =384 gi24 8 109486080 256
g13 = 5A ki3 =4 fi3,1 =1] mis,1 =256 | g131 5 233570304 120
fi3,2 =3 | mi3,2 =768 | gi13,2 10 700710912 40
g1a =6A | kig =1 fia1 =1|mis1 =1024 | g1a1 6 16220160 1728
g15 = 6B ki = fis,1 =1| mis,1 =256 | g151 6 5406720 5184
fis,2 =3 | mi5,2 =768 | gi5,2 12 16220160 1728
fie1 =1 mi6,1 = 64 | g16,1 6 4055040 6912
g16 = 6C | kig =16 | fie,2 =3 | mie,2 =192 | gi6,2 6 12165120 2304
fi6,3 =12 | mi6,3 = 768 | g16,3 12 48660480 576
fir1=1 miz,1 =64 | gi7.1 6 4055040 6912
gi7 = 6D k17 =16 fi7,2=6| mi72=384| gi7,2 6 24330240 1152
fir.3 = mi7,3 =576 | g17,3 6 36495360 768
g1s =6E | kig =1 fis,1 =1 | mig,1 = 1024 | g181 6 97320960 288
g10 =6F | kig =4 fi9,1 =1| mig,1 =256 | g19,1 6 48660480 576
fl9,2 =3 | mig,2 =768 | gi9,2 12 145981440 192
g20 = 6G | koo =4 f20,1 = 1| ma0,1 =256 | g20,1 6 64880640 432
f20,2 =3 | map,2 =768 | g20,2 6 194641920 144
go1 = 6H | ko =4 f21,1=1] mo1,1 =256 | g21,1 6 97320960 288
fai,2 =3| ma1,2 =768 | ga1,2 6 291962880 96
goo = 61 koo = 2 fo2,1 = mao 1 =512 | goo1 6 389283840 72
f22,2 = Mmoo 2 =512 | g2 o 12 389283840 72
f23,1 = 1] mog;1 =128 | gag1 6 97320960 288
g2z = 6J koz = 8 fag,2 =1| mago =128 go3 2 12 97320960 288
f23,3 =3 | mao3z,3=2384| go3 3 12 291962880 96
f23,4 =3 | maz .4 =384 goga 12 291962880 96

continued on next page ]
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Table 1 (continued from previous page)

[ lele ] ki fij | mij [ [9i5]a | 0(gi5) | gijlgl [ 1C&(giT]]
Tas1 = 1] mas1 =128 9241 B 18247680 1536
924 =8A | kos =8 | fasn=3| mass =384 gaso 8 54743040 512
Faas =4| mass =512 | goss 8 72990720 384
fasa =1| masy =128 | gasa 8 18247680 1536
g25 = 8B kos = 8 fos,2 =3 | maos 2 =384 ga5,2 8 54743040 512
fas1=4| mass =512 gass 8 72990720 384
fa61 =1| mag1 =128 | ga6.1 8 109486080 256
Fags = 1| mago =128 | gag.2 8 109486080 256
926 =8C | kog =8 | facs =2| mags =256 | gac.3 8 218972160 128
Faoa =2 | maga =256 | gag.a 8 218972160 128
faes =2 | maes =256 | gaes 8 218972160 128
fara=1| magy =256 gara 8 218972160 128
gao7 = 8D ko7 = 4 foro =1 maor 2 = 256 | go7 2 8 218972160 128
Fars =2 | mars =512 | gar.s 8 437944320 64
928 =9A | kog =1 | fag1=1|mag1 =1024| gog1 9 519045120 54
920 =9B | kao=4 | fao1=1| mag1 =256 gao1 9 259522560 108
fao.2 =3 | mago =768 | gao | 18 778567680 36
930 = 10A | kso =2 | fson =1]| mao,1 =512 | gso1 | 10 |1401421824 20
Fso2 =1| mao2 =512 gso2 | 20 |1401421824 20
931 =11A | kg =1 | fs11=1|ma11 =1024| gg11 | 11 |2548039680 11
g32 =12A | ksa =1 | fso1 =1|maa1 =1024| gsoq1 | 12 194641920 144
933 =12B | ksz =4 | fsz1=1| mas1 =256 gsan | 12 | 389283840 288
Fsso =3 | maso =768 | gszo | 12 201962880 96
Faan =1| mss1 =64 gsaq | 12 24330240 1152
faa,2 =3 | m3a2 =192 | g34,2 12 72990720 384
934 =12C | kgy =16 | fags=3| mass =192 gsas | 12 72990720 384
Faaa=3| masa =192 gaaq | 12 72990720 384
Faas =6| mass =384 | gaas | 12 145981440 192
935 =12D | kss =1 | fss.1=1|mas1 =1024| gss1 | 12 |1167851520 24
fae,1 = 1| m3ze,1 =256 | g36,1 12 291962880 96
gs6 = 12E | kg =4 | fseo=1| mago =256 gsea | 12 291062880 96
Fses =1| mags =256 gsgs | 12 | 291962880 96
Fsea =1| maga =256 | gsea | 12 201962880 96
gs7 =12F | ksr =2 | fsga=1| mary =512 | gsza | 12 | 1167851520 24
Faro =1| maro =512 gsro | 12 |1167851520 24
g3s = 15A | kag =1 | fsg,1=1|mss1 =1024| gsg1 | 15 |1868562432 15
930 = 16A4 | kso =2 | fson =1| mae1 =512 gson | 16 | 875888640 32
Fson =1| mago =512 gso | 16 875888640 32
940 =16B | kao =2 | faon =1| mao,1 =512 | gao,1 | 16 875888640 32
Fao2 =1| mao2 =512 gaoo | 16 875888640 32
ga1 =18A | kg =1 | fa1=1|ma11 =1024| gg11 | 18 | 1557135360 18
Gaz =24A | kao=2 | fao1=1| man1 =512 gaoq | 24 583925760 48
Fano=1| maso =512 gann | 24 583925760 48
gas = 24B | kus =2 | fasa =1| masy =512 | gas1 | 24 | 583925760 48
faz,2 =1| my3 0 =512 | gs3.2 24 583925760 48

3. Inertia Factor Groups of G = 2'%:(U5(2):2)

649

We have seen in Section 2 that the action of G = 2'%:(U5(2):2) on N = 2 yielded
three orbits of lengths 1, 495 and 528. By a theorem of Brauer (see Lemma 4.5.2
of [9]), it follows that the action of G' on Irr(N) will also produce three orbits.
Since N = 2% is a vector space, the action of G on Irr(2!°) can be viewed as the
action of G on N*, where N* is the dual space of N. In fact we act the group
generated by the transposed matrices of the matrix generators of G on N. We have
found that the action of G on Irr(N) is self-dual to the action of G on N, that
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is the orbit lengths of G on Irr(N) are 1, 495 and 528. This can also be deduced
from the associated geometry of classical groups (for example see Liebeck [12]),
that is the action of SU,(¢?) on its natural module V = [ yields three orbits of
lengths 1 (consisting of the zero vector) and

{ (" = (g™ +1), ¢" g

1)(¢"—1) if nis even,
(" +1) if nisodd.

q _
(" + 1" = 1), ¢" g -
From Grove [11] we know that the number of isotropic vectors together with
the zero vector of V is given by ¢! + (—1)"(¢" — ¢"~'). This distinguishes the
orbits of isotropic and non-isotropic vectors in each case of n. In the following, we
determine the structures of the inertia factor groups of G.

Let H,, Hy and Hj be the respective inertia factor groups of representatives
of characters from the previous orbits of G on Irr(NN). We notice that these inertia
factors have indices 1, 495 and 528 respectively in Us(2):2. Clearly Hy = Us(2):2
and the character table of this group is given as Table 11.14 of Basheer [1]. By
looking at the ATILAS, the group Us(2):2 has 7 conjugacy classes of maximal sub-
groups. Let M[1], M[2],---, M[7] be representatives of these classes of maximal
subgroups. That is M[1] = Us(2), M[2] = 2116:3142:25, M[3] = (3 x Uy(2)):2,
M4] = 244:(3 x A5):2, M[5] = 3%(2 x S5), M[6] = S3 x 31725, and M[7] =
PSL(2,11):2. Note that these maximal subgroups have indices 2, 165, 176, 297,
1408, 3520 and 20736 respectively in GG. By considering the indices of H, and Hj
in G, we infer that Hy must be an index 3 subgroup of M|2], while Hj is either
an index 264 subgroup of M[1] or of index 3 in M|[3]. However the possibility
H; < M]J1] is not feasible as we can see from the ATLAS that Us(2) does not
contain a subgroup of index that is a divisor of 264. This leaves us with the other
possibility that Hj is an index 3 subgroup of M|[3]. As subgroups of G = (g1, ¢2) ,
the group M|[2] is generated by «y and «s, while the group M|[3] is generated by
[£1 and (5, where

00 0 0 0 0 0 0 1 0 O 01 1 0 0 1 0 0 1 0 O
o 0o 0o 1 0 1 1 1 1 1 0 o 1 1 1 0 0 1 1 0 1 0
1 1 1 0 0 0 0 1 0 0 O 11 1 0 0 1 0 1 1 1 0
1 1 0 1 1 1 0 0 0 0 O o 0o 0 1 1 1 0 1 1 0 O
o1 0 0 1 0 0 1 1 0 O 11 1 1 1 0 0 1 1 0 0
a;=| 1 1 1 1 0o 1 1 0 1 0 O az=| 0 1 0 0 1 1 0 0 1 0 0
1 1.0 0 1 1 1 0 0 0 O o1 0 0 1 1 0 1 1 1 0
00 0 0 1 0 0 0 0 1 O 1 1. 0 1 1 0 0 1 0 0 O
o0 1 1 0 1 0 0 1 1 0 O 1 0 0 0 1 1 1 0 1 1 0O
o0 1 1 1 1 1 1 1 0 0 0 o1 1 0 1 1 1 0 0 0 0
1 0 0 1 1 0 1 1 1 0 1 1 0 1 0 0 1 1 0 0 1 1
1 0 0 0 0 1 0 1 1 1 0 01 0 1 1 1 0 0 0 1 0
1 0 1 0 0 0 1 1 0 0 O 01 1 0 1 1 0 1 1 0 0
01 0 1 0 1 0 0 0 0 O 11 1 0 1 0 1 0 0 1 0
00 0 0 1 0 1 0 1 0 O 11 1 0 1 0 0 1 1 0 0O
00 1 0 0 1 1 1 0 1 0 11 0 0 1 1 0 0 1 0 0O
Bp=| 0 0o 1 0 0 1 0 0 0O O O Bo=| 1 1 1 0 0 0 1 0 0 1 0
o 1 1 1 0 1 1 1 1 0 0 1 1.0 0 0 0 0O 1 1 0 O
o0 0 0 1 1 1 1 0 0 O 00 1. 0 0 0 1 0 0 1 0
1 0 0 1 0 1 0 1 1 0 0O o1 1 0 0 1 1 1 0 1 0
1 1 1 0 0 0 1 0 0 1 0O 1 0 0 0 0 0O O O O 1 O
o0 1 1 0 0 0 0 1 0 1 1 1 0 1 1 0 1 0 1 0 1 1

Using GAP we were able to locate all the maximal subgroups of M|[2] and M|[3].
We list brief information about these subgroups in Table 2.
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Table 2: Some information on the maximal subgroups of M[2] and M 3]

Maximal Subgroups Mij] | MTij]| [M[i] - M[iz]] [Irr(Mig])]
of M[2] & MJ3]
M21] | 82944 2 64
M[22] | 55296 3 41
M[2] = 21+6:3 4205, | M[23] | 41472 4 55
M[24 18432 9 50
M([25 2592 64 36
M[31 77760 2 60
M[32 51840 3 25
M[33 5760 27 30
M[3] = (3 X Uyg(2)):2 M (34 4320 36 33
M35 3888 40 39
M(36 3888 40 42
M (37 3456 45 48

From Table 2 we can see that the two groups Hs and Hj are in the conjugacy
classes of maximal subgroups containing M [22] and M[32] respectively.

As subgroups of G = (g1, g2) , the group M[22] is generated by p; and pus,
while the group M[32] is generated by (; and (», where

0 1 0 1 0 1 0 1 1 1 0 0 1 1 0 1 0O o0 1 1 (O]
0 1 0 1 0 1 1 0 1 1 0 1 1 1 0 0 1 1 1 o 0 ©
1 1 0 (V] 1 0 o 0 O 0 1 1 0 O 0O 0 O 1 1 0 O
0O 0 0 1 1 1 0 0o o0 1 0 0 1 1 0 0 1 1 1 0 1 0
1 1 0 1 1 1 0 o 0 O 0 0 0 1 0 o 0 0 O 1 0 O
wi=|1 1 1 0o o o 1 1 1 1 0|, mw=|o0 1 1 0 0 0 0 1 1 0 0 |,
0o 1 o0 o O 1 o O 1 0 O o o0 o0 1 o O 1 0 1 0 O
o 1 o0 1 1 0 1 1 0 1 O o o0 1 o0 o 1 0 0O 0O 0 o0
0 1 0 1 0 O 0 0 1 1 0 1 0 1 1 0 1 1 1 o 0 ©O
0 1 1 1 1 1 1 1 0 1 0 0 0 1 1 1 1 0 1 1 0 0
0O 0 O 1 0 O 0 0 1 1 1 1 0 1 1 o 0 0 O 0o 0 1
with o(p1) = 24, o(ug) = 16 and o(pip2) = 12,
1 1 1 o 0 O 1 0o o0 1 0 1 1 0 o 0 O 0o o0 1 1 0
0 1 0 1 1 1 0 0 1 1 0 1 0 0 0o o0 1 1 1 1 1 0
0O 0 1 1 0 O 1 o 0 O 0 0 1 0 0o o0 1 0 1 1 0 0
0O 0 o0 1 1 0 1 1 1 1 0 0 O 1 0 1 1 1 0 0 1 0
1 1 1 1 0 1 0 0 1 0 0 1 1 1 1 0 1 0 1 0 1 0
¢G=|1 1 1 0 1 1 1 1 1 0 0/, ¢G=|0 0 0 0 0 0 0 0 1 1 0
0 0 1 1 1 0 0 o 0 O 0 1 1 1 1 1 0 0 1 1 1 0
1 0 0 0 1 1 0 1 1 1 0 0 1 1 1 1 1 0 1 1 1 0
1 0 O 0o 0 1 1 1 1 0 0 0 1 1 o 0 o0 1 0 1 1 0
0O 0 1 1 0 O 0 1 1 0 0 0 O 0 1 1 1 0 1 1 1 0
0 0 0 0 1 0 1 1 1 1 1 1 1 1 0 0 1 1 0 0 1 1

with o(¢1) = 3, 0((2) = 4 and o((1(2) = 10.

Remark 1. With the aid of GAP we were able to determine the structures of all
the normal subgroups of Hy and Hs and the corresponding quotient groups. In
fact we have found that H, = 217:((3142:8):2), while the group Hs = M[32] =
O5(3):2 = Uy(2):2 = Sp(4, 3):2.

We recall that knowledge of the appropriate character tables of inertia factor
groups is crucial in calculating the full character table of any group extension.
Since in our extensions G, the normal subgroup N is abelian and the extension
splits, it follows by applications of Mackey’s Theorem (see for example Theorem
3.3.4 of Whitley [17]), that every character of N is extendible to an ordinary
character of its respective inertia group Hj. Thus all the character tables of the
inertia factor groups that we will use to construct the character tables of G are
the ordinary ones. The character table of Hy = 21%:((3142:8):2) is not in a
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library of GAP. One can use the generators p; and us of Hy to generate Hs inside
Magma [7] or GAP and then obtain its character table. In fact the character
table of Hy appears as Table 11.13 of [1]. The character table of Hj is stored
in GAP, or one can use any set of generators of Uy(2):2 in the forms of 6, 8
or 14-dimensional Fa-representations supplied at [18] to generate this group in
either Magma or GAP and then obtain its character table. Alternatively one can
use the generators (; and (, to find the character table of Hs. Note that from
Table 1 the group G has 109 conjugacy classes. By the description of Section
3 of [2] the 109 irreducible characters of G are distributed into three blocks of
characters correspond to the inertia factor groups. That is [Irr(G)| = |Trr(Hy)| +
\Irr(Hy)| + |Irr(H3)|. From Tables 11.14, 11.15 and 11.16 of [1], we can see that
[Trr(Hy)| + |Trer(Hy)| + |Trr(Hs)| = 43 + 41 + 25 = 109 = |Irr(G)|.

In Tables 3 and 4 we list respectively the fusions of classes of Hy and Hj into
classes of G.

Table 3: The fusion of classes of Hs into classes of G

Class of Class of Class of Class of
— —

Ho Us(2):2 Hy Us(2):2
la = g121 1A 8a = go4,21 8A
2a = g221 2A 8b = g25,21 8B
2b = g222 2A 8c = g26,21 8C
2c = g321 2B 8d = g27,21 8D
2d = g322 2B 8e = g27,22 8D
2e = g421 2C 8f = g26,22 8C
3a = g721 3C 89 = g24,22 8A
3b = ge21 3B 8h = g25,22 8B
da = ggo21 4A 8i = g26,23 8C
4b = g10,21 4B 12a = g33,21 12B
4c = g11,21 4C 12b = g34,21 12C
4d = g12,21 4D 12¢ = g36,21 12E
4e = ggo2 4A 12d = g34,22 12C
4f = gi10,22 4B 12e = g36,22 12E
49 = gg23 4A 12f = g36,23 12E
4h = g10,23 4B 129 = g34,23 12C
6a = g15,21 6B 16a = g39,21 16 A
6b = g16,21 6C 16b = g40,21 16B
6c = g19,21 6F 24a = g42,21 24 A
6d = g17,21 6D 24b = g43,21 24B
6e = g23,21 6J

Table 4: The fusion of classes of Hs into classes of G

Class of Class of Class of Class of
— —

Hs Us(2):2 | Hs Us(2):2
la = g131 1A 6a = g14,31 6D
2a = g431 2C 6b = g20,31 6G
2b = ga231 2A 6c = g23,31 6J
2c = g331 2B 6d = g16,31 6C
2d = g432 2C 6e = g22,31 61
3a = g731 3C 6f = g21,31 6H
3b = gsg31 3D 69 = g23,32 6J
3c = g631 3B 8a = g26,31 8C
4a = g12,31 4D 9a = g29,31 9B
4b = gog33 4A 10a = g30,31 10A
4c = gi12,32 4D 12a = g37 31 12F
4d = g11,31 4C 12b = g34,31 12¢
5a = g13,31 5A
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4. Fischer matrices of G = 219:(U;(2):2)

We recall from [1, 2] that we label the top and bottom of the columns of the Fischer
matrix J;, corresponding to g;, by the sizes of the centralizers of g;;, 1 < j < ¢(g;)
in G and m;; respectively. In Table 1 we supplied |Cx(g;;)| and my;, 1 <4 < 43,
1 < j < ¢(g;). Also the fusions of the classes of Hy and Hj into classes of G are
given in Tables 3 and 4 respectively. Since the size of the Fischer matrix F; is
c(gi), it follows from Table 1 that the sizes of the Fischer matrices of G range
between 1 and 5 for every i € {1, 2, ...,43}.

We have used the arithmetical properties of the Fischer matrices, given in
Proposition 3.6 of [2], to calculate some of the entries of these matrices and also
to build an algebraic system of equations. For example since the extension splits
and N = 210 is abelian, then every coset Ng, (or just Ng;) is a split coset (see

Schiffer [16]) and it results that altm = M, Vi e {1,2,...,43}. With the

il |CH,, (9ikm)
help of the symbolic mathematical package Maxima [13]|, we were able to solve
these systems of equations and hence we have computed all the Fischer matrices
of G, which we list below.

Fi
g1 gi1 gi2 gi3
o(915) 1 2 2
[Ca(g1))] 28028436480 56623104 53084160
(k, m) [CH, (g1km)]
(1,1 27371520 T 1 1
2, 0) 55296 495 15 —17
3,1) 51840 528 —16 16
mig 1 195 528
F2
g2 921 g22 g23 g24
o(g25) 2 2 2 4
[C(92,)] 12467328 1672864 1179648 221184
(k, m) [CHy (92km)]
1,1 165888 1 T T 1
[C3Y) 55296 3 3 3 —1
(2,2) 1536 108 —20 12 0
(3, 1) 1152 144 16 —16 0
may 1 108 144 768
F3
93 931 932 933 934
o(93;) 2 2 4 4
[Cz(g3)] 589824 196608 24576 16384
(k, m) [CH, (g3Km)]
[€R)) 9216 T 1 T T
[CHY) 1536 6 6 2 —2
(2,2) 1024 9 9 -3 1
3, 1) 192 48 —16 0 0
ma; 16 18 384 576
T4
94 941 942 943 944
0(g4;) 2 1 1 1 E 75 e
[Co(g94))] 46080 46080 3072 3072 o<‘g;_) =3
(k, m) 1Chy (9akm)] |CE(gj5j)‘ 77760
(L 1) 1440 L L 1 L k, m) [Cty Wshm)]
(Z,1) 96 15 15 -1 -1 %)) boes T
[ERD) 1440 1 -1 1 —1 J
(3,2) 96 15 —15 —1 1 ms5; 1024
maj 32 32 480 480
Fe T
96 961 962 963 g7 971 g72 973
o(96;) 3 6 6 o(97;) 3 6 6
[C(g6)] 248832 9216 6912 [Cz(g7,)] 6912 1152 768
(k, m) 1CH,, (g6km)] (k, m) 1CH,, (g7Km)]
[€9)) 3888 T 1 1 [€FD) 132 1 1 T
(2, 1) Tid 27 3 -5 (2, 1) a8 9 -3 1
G, 1) 108 36 —4 4 (3, 1) 72 6 2 -2
mej 16 432 576 mr; 64 384 576




654 A.B.M. BASHEER, J. MOORI
F9
‘FS 99 991 992 993 994 995
o(g9;) 4 4 4 4 4
g8 981 982 1
oTos7) 3 3 [C=(g9,)] 147456 49152 24576 24576 3072
3 E
\Ca(gsj)\ 2592 364 (k, m) ‘CHk (gorm)I
(k,m) 10, 9skm)| e 2304 : : i y
)
Eé 8 2‘112 é 71 (2,2) 192 12 12 -4 —4 0
s o (2,3) 96 24 -8 -8 8 0
maj (3, 1) 96 24 -8 8 -8 0
Mo 16 48 96 96 768
gio ]:1210 1 g10,2 g10,3 g10,4 ]:11
O(‘gmv) - Y - I — 7 gi1 gi1,1 g11,2 911,3
4 o(g115) 4 4 8
[C=(9105)] 12288 12288 6144 1024 [O=(or,)] 3073 To51 556
(k, m) |CH, (910km)] (e, m) T Corimm)]
(1,1) 768 1 1 1 1 . b uc
‘ ; ; ) (1,1) 192 1 1 1
2,1) 256 3 3 3 -1
(2, 1) 64 3 3 -1
(2,2) 192 4 4 —4 0 :
(3, 1) 16 12 —4 0
(2,3) 96 8 —8 0 0 ; 64 192 768
mio; 64 64 128 768 UGRE;
Fi2
gi2 g12,1 gi2,2 g12,3 g12.,4 ]:13
o(g12;) 4 4 8 8 913 9131 9132
[Ce(g125)] 768 768 256 256 o(g13;) 5 10
(k, m) 1CH, (912km)] [C&(g135)] 120 40
(1, 1) 96 1 1 1 1 (k, m) 1CH, (913Km)|
2, 1) 32 3 3 -1 -1 (1, 1) 30 1 1
3, 1) 96 1 -1 1 -1 (3, 1) 10 3 —1
(3,2) 32 3 -3 —1 1 mis; 256 768
mia, 128 128 384 384
Fi4 F1s
gis 915,1 915,2
s - 0(915,) R
— - 3
[C(o1a))] 758 |C?k(g15>_7)\ — . 5184 1728
,m 5k
(&, m) [CH, (91akm)l Hy 915km
(1, 1) 1296 1 1
(1, 1) 1728 1
. 051 2, 1) 132 3 —1
LTS mis; 256 768
Fi6 Fir
916 916,1 _ 916,2  916,3 917 917,1 _ 917.2  917,3
o(916;) 6 6 12 o(9175) 6 6 6
[Cz(g165)] 6912 2304 576 [C=(g17,)] 6912 1152 768
(k, m) [CH, (916Kkm)] (k, m) 1CH, (917Km)]
(1, 1) 432 1 1 1 (1,1) 432 1 1 1
(2,1) 144 3 3 -1 2, 1) 43 9 -3 1
(3,1 36 12 —4 0 (3, 1) 72 6 2 —2
mig; 64 192 768 mi7; 64 384 576
Fis F19
J1is 9181 g19 919,1 919,2
o(g18;) 6 0(g919;) 6 12
Cx i 288 [C=(g19;)] 576 192
[Ca(g185)] -
- i (k, m) |CHy (910km )]
(k, m) [CH, (918Km)]
(1, 1) 144 1 1
(1, 1) 288 1
051 (2, 1) a8 3 —1
mi8j migj 256 768
F20 Fa1
920 920,1 920,2 921 g21,1 g921,2
o(g20;) 6 6 o(g215) 6 6
[C&(g205)] 432 144 [C&(g215)] 288 96
(k, m) [Cry (920km)] (k, m) [CHy (9216m)]
(1, 1) 108 1 1 (1, 1) 72 1 T
(3, 1) 36 3 —1 (3, 1) 24 3 —1
ma0; 256 768 ma1, 256 768
F23
J'_22 g23 g23,1 g23,2 923,3 923.,4
922 922,1 922,2 o(g23;) 6 12 12 12
0(g22;) 6 12 [C (9231 288 288 96 96
[Ca(g225)] 72 72 (k, m) [CHy (923km)|
(k, m) [Cry (9226m)] (1, 1) 36 T 1 1 1
(1, 1) 36 1 1 (2, 1) 12 3 3 -1 -1
(3, 1) 36 1 -1 3, 1) 36 1 -1 1 -1
Mmoo 512 512 (3,2) 12 3 -3 -1 1
ma3; 128 128 384 384
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F2a F25
924 9241 9242 9243 925 9251 9252 9253
o(g24;) 8 8 8 o(g25;) 8 8 8
‘Ca<924j)‘ 1536 512 384 |Ca(g25j)‘ 1536 512 384
(k, m) [CH, (924km)] (k, m) [CH, (925Km)]
(1, 1) 192 1 T T (1, 1) 192 T T T
2,1) 192 1 1 -1 2, 1) 192 1 1 -1
(2,2) 32 6 —2 0 (2,2) 32 6 —2 0
moa; 128 384 512 mas; 128 384 512
F26
926 926,1  926,2  926,3 9264 926,5
o(9g26;) 8 8 8 8 8
‘06(926_7‘)‘ 256 256 128 128 128
(k, m) [Cry (926Km)]
(T, 1) 32 T 1 1 T T
CN)) 32 1 1 —1 1 —1
(2,2) 32 1 1 1 —1 —1
(2,3) 32 1 1 —1 —1 1
G, 1) 3 4 —4 0 0 0
mag; 128 128 256 256 256
For
927 9271 9272 9273 Fos
o(g27;) 8 8 8 928 928.1
[C=(9275)] 128 128 64 o(g28;) 9
(k, m) 1Chy (927Km)] [Cx(g285)I 54
(1, 1) 32 1 1 1 (k, m) 1CH, (928Km)
CN) 32 1 1 —1 €N) 54 T
(2,2) 16 2 —2 0 mas; 1024
maz 256 256 512
Fag F30
929 9291 9292 930 9301 930,2
o(g29;) 9 18 o(930;) 10 20
[Ca(g295)] 108 36 [C=(g930;)] 20 20
(k, m) [Cry (929Km)] (k, m) 1Cx, (930km)]
[€N) 27 T 1 EN) 10 1 1
G)) 9 3 —1 C)) 10 1 —1
mag; 256 768 m30; 512 512
F31 F32
931 g931,1 932 932,1
o(g315) 11 o(g32;) 12
[Ca(g315)] 11 [C=(g32;)I 144
(k, m) 1CH, (931K6m)] (k, m) 1CH, (932Km)]
(1, 1) 11 1 (1, 1) 144 1
ma1 1024 ma2; 1024
T34
Fas 934 9341 9342 9343  g344  g3a5
933 9331 9332 olg3a;) 12 12 12 12 12
(9353 3.0 9332 [Cg(g34))] 1152 384 384 384 192
‘06(933].)‘ 288 96 (k, m) |CHI€ (934km)|
(k,m) [C, 9330m)] (L 1) 72 ! 1 1 ! 1
a0 = T T 2, 1) 24 3 -1 -1 3 -1
o) 53 3 . (2,2) 24 3 -1 3 -1 -1
2 ) (2,3) 24 3 3 -1 -1 -1
m33; 256 768 3,1 i) 6 _2 —2 —2 2
maa; 64 192 192 192 384
F36
F 936 936,1  936,2  936,3  936.4
e 35 e 0(9367) 12 12 12 12
O(q3“5’j> =35 [C=(g365)] 96 96 96 96
[C(935,)] 21 (k, m) 1Ch, (936Km )]
(k. m) [CH, (935km)] (1, 1) 24 ! ! ! !
) o T 52,1; P! 1 —1 1 —1
2,2 24 1 1 —1 —1
M35 1024 (2,3) 24 1 1 1 1
m36 256 256 256 256
937 o 9371 9372 Fas
o(9575) ) 35 938 gaslé
— - o(93s8;)
‘CG<9371)‘ 24 24 [C=(g3s:)] 15
(k, m) 1CH, (937Km)] ot
k (k, m) 1CH, (938km)]
(1,1) 12 1 1 a1 k 5 I
(3, 1) 12 1 —1 2
m37; 512 512 38 1024
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Fa0
939 939.1 9392 940 9401 940,2
0(g39]'> 16 16 o(g40j) 16 16
[Ca(939;)I 32 32 1C5(940;)] 32 32
(k, m) [Cry (939Km)] (k, m) [Ca,, (Ja0km)]
(1, 1) 16 1 1 [ 16 1 1
. D 16 1 —1 [CA) 6 1 1
m39; 512 512 mao; 512 512
Far Fa2
941 g41,1 942 9421 g42.2
o(ga1) 18 C°(942j) 4213 4213
[Ca(g415)] 18 [ i(942j)\ -
(k, m) [Cry Ga1km)] ((1» T)) [CH,, (gzzkm)\ 1
(1,1) 18 1 >
(2,1) 24 1 —1
ma1, 1024 ey - p—
Fa3
943 9431 9432
o(943;) 24 24
[Ca(g435)] 48 18
(k, m) [Cry (943Km)]
(1, 1) 24 1 T
(2, 1) 24 1 -1
m43; 512 512

5. The character table of G = 2':(U5(2):2)

From Sections 2, 3, 4 and the Appendix of Basheer [1], we have
e the conjugacy classes of G (Table 1),

e the fusions of classes of the inertia factors Hy and Hs into classes of G
(Tables 3 and 4 respectively),

e the character tables of the inertia factors Hy, H, and Hjz (Tables 11.14,
11.15 and 11.16 of [1] respectively),

e the Fischer matrices of G (see Section ).

By [1] or [2], it follows that the full character table of G can be constructed easily.
One can apply similar arguments used in [2, 3] to obtain the character table of G,
which is a 109 x 109 C-valued matrix, partitioned into 129 parts K;.F;x, where
1 <i<43, 1<k < 3. The full character table of G, in the format of Clifford-
Fischer theory appears as Table 11.17 of [1].
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