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Abstract. We first construct two interval-valued fuzzy hyperoperations by the use
of [a, B]-cut on an interval-valued [, §]-fuzzy hypergraph and list some properties of
them. Then we construct another two interval-valued fuzzy hyperoperations by the use
of (a, B)-cut on an interval-valued («, 3)-fuzzy hypergraph and also list some properties
of them. Lastly, we study the interval-valued fuzzy hyperstructure associated to the
latter two interval-valued fuzzy hyperoperations and we can see that the hyperstructure
is almost an interval-valued superlattice.
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1. Introduction and preliminaries

The connections between graphs and hyperoperations had been looked into by
several researchers (see for instance [3], [8]). Corsini [4] and Ali [1] studied the
connections between hypergraphs and hyperoperations. Feng used fuzzy hyper-
graphs to construct fuzzy hyperoperations in [6], [7].

In this paper, we first construct two interval-valued fuzzy hyperoperations by
the use of [a, f]-cut on an interval-valued [, §]-fuzzy hypergraph and list some
properties of them. Then we construct another two interval-valued fuzzy hyper-
operations by the use of («, 3)-cut on an interval-valued («, 5)-fuzzy hypergraph
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and also list some properties of them. Lastly, we study the interval-valued fuzzy
hyperstructure associated to the latter two interval-valued fuzzy hyperoperations
and we can see that the hyperstructure is almost an interval-valued superlattice.
We recall some notations of interval-valued fuzzy hyperstructure theory.
All intervals in [0, 1] is denoted by I([0, 1]).

Definition 1.1. For all [a,b], [z, y] € I([0, 1]), we define

la,b] V [z,y] = [aVz,bVy.
[a,b] A [z, y] = [aAz,bAy).
[a,0] = [1—=10,1—al.

Proposition 1.2. VA, B,C € I([0,1]), we have the following properties
(1) AVA=AANA= A;

(2) AVB=BV A ANB=BAA;

(3) (AVB)VC =AV(BVC),(ANB)ANC =AN(BAC);

(4) AN(AVB)=AAV (AANB) =4

(5) (AVB)AC =(ANC)V (BAC),(AANB)VC = (AVC)A(BVC);
(6) AV[0,0]= A, AA[0,0]=[0,0, AV [1,1] = [1,1], AA[1,1] = 4;

(7) (A) = 4

8) (AvB)=AANB,(ANB)=AVDB.
Proof. A straightforward verification. .
Definition 1.3. Via,b|, [x,y] € I(]0, 1]), we define
[a,b] < [z,y] =a <z,b<y.

It is easy to see that (I([0,1]); <) is a partial ordered set.

An interval-valued fuzzy subset of a nonempty set H is a function M : H —
I([0,1]). The collection of all interval-valued fuzzy subsets of H is denoted by
[F(H).

Given A, B € IF(H), we give the following definitions

ACB = A(x) < B(x), Vze€H.
A=B = A(x)=B(z), Yx € H.
(AUB)(z) = A(z)V B(z), VYxe€ H.
(AN B)(x) A(x) N B(z), Yz € H.
Al(z) = (Az)), Vo e H.

Note that ) and H can be seen as interval-valued fuzzy subsets of H and we set
0(z) =10,0], H(x) =[1,1], Vx € H.



INTERVAL-VALUED FUZZY HYPERGRAPH AND INTERVAL-VALUED FUZZY ... 3

Proposition 1.4. VA, B,C € IF(H), we have the following properties
1) AUA=A, ANA=A;
2) AUB=BUA, ANB=BnNA,

3) (AUB)UC =AU ((BUC), (AnB)NC=An(BNCQC);

5 (AuUB)NC =(AnC)u(BnNnC), (AnB)UC =(AUuC)N(BUC);

6) AUD=AAN0=0, AUH=H ANH=A.

) (A) =

(1)
(2)
(3)
(4) AN(AUB)=A, AU(ANB) = A
(5)
(6)
(7)
8) (AUB)=ANB, (AnB)=AUDB.

8

Proof. A straightforward verification. u

An interval-valued fuzzy hypergroupoid (H; ) is a nonempty set H endowed
with an interval-valued fuzzy hyperoperation (i.e., a function % from H x H to
IF(H)).

Given an interval-valued fuzzy hyperoperation * : H x H — [F(H), for all
a € H, B € IF(H), the interval-valued fuzzy subset a x B of H is defined by

(a* B)(x) = Vprcola*b)(z).

The readers can consult [2], [5], [9] to learn more about hyperstructures and
fuzzy sets.

2. Interval-valued fuzzy hyperoperations obtained from [«, 5]-cut
The [a, §]-cut of a fuzzy subset M of H is defined by

Mia,g = {z € H[M(z) € [a, f]}.

Definition 2.1. H is a nonempty set, {4;}; is a family of interval-valued fuzzy
subsets of H, if there exists [a, 8] € I([0, 1]) with a # 0 such that

Ui (Ai)fa,g = H,

then (H;{A;};) is called an interval-valued [«, 3]-fuzzy hypergraph.

2.1. The interval-valued fuzzy hyperoperation

In this section, we use [«, f]-cut to construct an interval-valued fuzzy hyper-
operation .
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Definition 2.2. Let I' = (H; { A; };) be an interval-valued [«, §]-fuzzy hypergraph,
set Ela () = Ua,()cla,gAi- The interval-valued fuzzy hypergroupoid Hp =
(H;%,) where the interval-valued fuzzy hyperoperation %, is defined by

THRYY = E[a,,@] (.I') U E[a,ﬁ] (y)7 Ve,y e H
is called an interval-valued [a, B]-fuzzy hypergraph hypergroupoid.

Proposition 2.3. The interval-valued |ov, ]-fuzzy hypergraph hypergroupoid Hry
has the following properties for any x,y € H :

(1) z¥uy = a%ux U yFuy;
(2) = € (T%02)[a,9)-

Proof. (1) 2%,y = Fjag(2) U Elag(y) = (B (®) U Eg()) U (Elag(y) U
Elop(y)) = xx0x U yFuy.
(2) (z%u)(2) = (Ejag)(2))(2) = (Ua,@)Cla,sAi) (%) = Va,@)clagdi(z) C [0, 5]. =

Remark 2.4. Vo,y € H, y € (2%02)[0,5 # T € (Y*UY)[a,3)-
For example, I' = ({a,b}; { A1, As, A3}), where

0.2,0.25]  [0.1,0.3
A, = [ ! ]’

a b
0.2.0.3 0.25,0.3
o _ (0203 25,03
a b
0.4.0.5 0.2,0.3
o _ 10403 203
a b

Then (Al)[O.Q,O.B] = {a},(AQ)[o.z,o.?,} = {a, b},(A3)[0.2,0.3] = {b}, and so, I' is an
interval-valued [0.2, 0.3]-fuzzy hypergraph since U=3(A4;)0.2,0.3) = {a, b}

b € (a%yua)j.203 since (axya)(b) = A;(b) V As(b) = [0.1,0.3] v [0.25,0.3] =
[0.25,0.3] C [0.2,0.3].

But a€(b¥*ub)o.2,0.3 since (bxub)(a) = As(a) V As(a) =[0.2,0.3] v [0.4,0.5] =
[0.4,0.5] ¢ [0.2,0.3].

Lemma 2.5. For all [u,v] C [a, 5] C [0,1] and [z,y] C [0, 1] we have
[w, 0] V [z, 9] € [a, 1].

Proof. From [u,v]V [z,y] =[uVz,oVy],a <vVzand bVy <1 we can easily
see that the conclusion is correct. ]

Proposition 2.6. If an interval-valued hyperstructure (H ;%) satisfying (1) and
(2) of the previous proposition, then it also satisfies

(3) {,y} € (TFuY)ia.;

(4) THYY = Y*uT;



INTERVAL-VALUED FUZZY HYPERGRAPH AND INTERVAL-VALUED FUZZY ... 5

5 (x?UH)[a,l] = H;
6) (H;{x*ux}trcm) is an interval-valued [o, B]-fuzzy hypergraph;

(5)
(6)
(7) xFuT*u® = Uz (x)C(0,1]2%0%;

(8) (zxyux)*u(F ) = TFOTF T

Proof. Let us use (1), (2) of the previous proposition to prove (3)-(8).

(3) (z*uy)(x) = (aFuz UyFuy)(z) = (z%uz) () V (yFuy)(z) C [os 1.
So & € (T%UY)[a,1]- Similarly we can prove y € (T*UY)[a,1]-

(4) x¥py = rxux Uykpy = yFuy U akor = yxuT.

(5) for any y € H, (xx0H)(y) = (Uena*ut)(y) = (Uien (z¥ux U txut))(y) =

(oY) U (Uren (xxuz Utot)) (y) = (y%0y) (y) V (Urenz¥ut) (y) C [, 1] and
thus y € (2%, H ) a1
)

So, H C (x¥%yH )1 and, finally, H = (2%, H)[a,1) -

(6) From z € (2%2)[a,5 We know Uzepn (2%,2)[0,5 = H.
And then < H;{z% x}.cmg > is an interval-valued [, §]-fuzzy hypergraph.

(7) THUTRUT = Uz z)(2)C(0,1]2%¥UT = U(xgux)(z)g(071](z¥uz) U (JZ?U:E)
= Uwsua)(2)C(0,1] 7FUZ-

(8) (zxyua)*u(*uT) = Uwsuw)(a)C(0,1],(zFuz)(b)C(0,1] A*Ub
= U(arua)(a)C(0,1],(z%02)(5)C(0,1] (@FLaUbFUb) = Ulasa)(a)C(0,1)0%0E = THLTFLT. @

Remark 2.7. An interval-valued [a, §]-fuzzy quasi-hypergroup is an interval-
valued fuzzy hypergroupoid such that

(x * H)[am =H= (H*[E)[am, Ve € H.
From (4) and (5) of the previous we know that Hr is a commutative interval-

valued [«, ]-fuzzy quasi-hypergroup if 3 = 1.

2.2. The interval-valued fuzzy hyperoperation *n

In this section, we use [«, f]-cut to construct an interval-valued fuzzy hyper-
operation *n.

Definition 2.8. Let I' = (H; {A;};) be an interval-valued [«, §]-fuzzy hypergraph,
set Dia5)() = Na,2)cla,gAi- The fuzzy hyperoperation *n is defined by

x;ﬂy = D[a,ﬁ] (x) U D[a,,ﬂ] (y)7 Vx, y e H.
Proposition 2.9. For all x,y € H, we have:
(1) a%qy = ¥%nx U y*ny;

(2) = € (T%2)[a,9)-
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Proof. (1) 2%y = Dy g(x) U D g(y) = (Dja,g(2) U Diag(2)) U (Dja,g(y) U
Diag(y)) = a%qz U yFny.
(2) (2%72)(2) = (Djag ())(@) = AyciasAi(z) C [a, B]. .

Proposition 2.10. (H;*q) also has the following properties.
3) {z,y} € (%) (0,115
(4) x*, YR,

(5) (x*ﬂH)[a 1) = H;

(6) (H;{ax*nx}ren) is an interval-valued o, B]-fuzzy hypergraph;

(7) FATHFnT = Uz (2)C(01]2%0%;

(8) (T%nT)Fn(TFAT) = TFATFAL.

Proof. Applied Proposition 2.6. u

Remark 2.11. From (4), (5) of the previous proposition we know that (H;%*q)
is also a commutative interval-valued [, §]-fuzzy quasi-hypergroup if 5 = 1.

Remark 2.12. Vx,y € H,

y € (T%02) [0, # T € (YFnY) (a3

For example,

= <{a’ b}; {Ab Ay, A3}> )

where 0.2,0.25 0.2,04
4 - 02025 204

a b
0.2.0.3 0.2,0.25
4 - 0208 (02,025

a b

0.1,0.2 0.2,0.3
o _ 0102 203

a b

Then

(A1)[0.270.3] = {a}, (A2)[0.270.3] = {a,b}, (A3)[0.2,0.3} = {b},
and so I' is an interval-valued [0.2, 0.3]-fuzzy hypergraph since

UZi(ADp20s = {a, b}
b € (a%ya)p.2,0.3 since
(aFna)(b) = AL (b) A Ax(b) = [0.2,0.4] A [0.2,0.25] = [0.2,0.25] C [0.2,0.3].
But a€(b¥,b)(0.2,0.3 since

(b%ub)(a) = As(a) A As(a) = [0.2,0.3] A[0.1,0.2] = [0.1,0.2] ¢ [0.2,0.3].
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3. Interval-valued fuzzy hyperoperations obtained from («, §)-cut

Definition 3.1. M is an interval-valued fuzzy subset of H, set
M(z) = [M~(z), M* ()], Vz € H.

M~ :H —[0,1] and Mt : H — [0,1] are called lower fuzzy set and upper fuzzy
set about M.

The («, 3)-cut of an interval-valued fuzzy subset M of H is defined by
Mg ={zx € H|M (z) >a, M (z) > 3}.

Definition 3.2. H is a nonempty set, {4;}; is a family of interval-valued fuzzy
subsets of H, if there exists «, § € (0,1] such that

Ui<Ai)(a,,8) = H,

then (H;{A;};) is called an interval-valued («, 5)-fuzzy hypergraph.

3.1. The interval-valued fuzzy hyperoperation o

In this section, we use < «, f >-cut to construct an interval-valued fuzzy hyper-
operation o.

Definition 3.3. Let I' = (H;{A;};) be an interval-valued (c, 3)-fuzzy hyper-
graph, set Ei, 5)(7) = Uy- (1504 ()>pAi- The interval-valued fuzzy hypergrou-
poid Hr = (H; o) where the interval-valued fuzzy hyperoperation o, is defined by

fﬁguy = E{a,ﬂ) (37) U E(a,ﬁ) (y)7 VZL‘,y € H
is called an interval-valued < «, § >-fuzzy hypergraph hypergroupoid.

Proposition 3.4. The interval-valued (o, 3)-fuzzy hypergraph hypergroupoid Hry
has the following properties for any x,y € H :

(1) aouy = x5,z U yoyy;
(2) = € (20uT)(a,8)-

Proof. (1) 200y = Ea)(2) U Bl (y) = (Eas)(2) U B (2) U (Elag(y) U
Ela,5)(y)) = 20uz U youy.

(2) (376u1’)($):(E<a,6>(37))(x):(UA;(x)za,Aj(x)ngi)(w):VA;(m)za,Aj(m)ngi(x)-

Since U;(A;)a,5 = H, then for all z € H there exists some A; such that
z € (Aj)(a,p and thus A7 (z) > o, AT (z) > 0.

So (20ur) (1) = Va- ()zaat @)zedi (T) = a.

Similarly, (zo,2)"(z) = vA;(m)Za,A?(m)ZﬂA;r(x) > 0.

So & € (20UT)(a,8)- .
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Proposition 3.5. If an interval-valued hyperstructure < H;5S, > satisfying (1)
and (2) of the previous proposition, then it also satisfies

(3) {7, y} C (00Y)(a,8);
4

ZEOUy = ’yOUQT

5) (wouH) a6 = H;

(H;{xoux}een) is an interval-valued (o, 5)-fuzzy hypergraph;
7) 20uxouT = U(so,a)(2)C(0,1]200%;

)
)
)
)
)
8)

(
(
(6
(
(8) (wxoyux)oy(xoyx) = 23 To .

Proof. Let’s use the (1) and (2) of the previous proposition to prove (3)-(8).
(3) Since (25,y)(x) = (23,7 U yoLY) (%) = (V A~ (1)30.4% (112541 (T))
V (Vs ()za,at )2pAi(2)), then

(z3uy) " (x) = (VA;(x)za,Aj(x)zﬁA;r(w)) V (VA=) 20,47 ()24 i (x) > 6.

Similarly, (z5uy)”(z) > a. And so & € (25uY)(a,-. The other part is proved
similarly.

(4) 25,y = x5,z U yduy = youy U xo,x = yo .

(5) ¥y € H, (15,H)(y) = (Uer(a50,8))(y) = (Upen (5,2U5,8))(y) = (3540
(Uter (#00t)))(y) = (V a- ()04t @)2541(Y)) V (Uren (¥001)) ().

Thus (zouH) ™ (y) > o and (xouH)"(y) > B. And so (z *y H)@p 2 H.
Therefore, (z *y H) o = H.

(6) From = € (26,2) (4,8, We know Uzecp (25u2)a s = H.

And then (H;{xo,x},cy) is an interval-valued (o, 5)-fuzzy hypergraph.

(7) 280280 = Utroua)(:)c(0,112%08 = Utaoua)()c011((2002) U (20u2))
= U(as,2)(2)<(0,1) 7002

(8) (z0ua)ou(20uT) = Ugwsie)w)c(0,1) aour) ()c(0,1) 40UV
= U(asua) (w) < (0,1],(z50) (v) < (0,1 (4OLU U ¥8LV) = Uys,a)(u)c(0,)U0LU = TOT0LT. =

Remark 3.6. An interval-valued («, §)-fuzzy quasi-hypergroup is an interval-
valued fuzzy hypergroupoid such that

(33 * H)(a’@ =H= (H*l‘)mﬁ), Vo € H.

From (4) and (5) of the previous proposition we know that Hr is a commu-
tative interval-valued («, §)-fuzzy quasi-hypergroup.

3.2. The interval-valued fuzzy hyperoperation o

Definition 3.7. Let I' = (H;{A;};) be an interval-valued (v, 3)-fuzzy hypergraph,
set Dia,p) (%) = Ny-()>a,a+@)>pAi- The interval-valued fuzzy hyperoperation on
15 defined by

2oy = Diap) (x)U Do) (y), Vx,ye€ H.
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Proposition 3.8. The interval-valued fuzzy hyperoperation o4 has the following
properties for any x,y € H:

(1) 23ny = xonz U yony;
(2) z € (2007)(a,8)-

Proof. (1) 2ony = Dap)(2) U Diapy(y) = (Dias)(7) U Diagy(2)) U (Dia,s (y) U
Diap)(y)) = 200z U yony.

(2) (20n7)(2)=(Dia,5) (1)) () =N~ () 50,47 (02840 (T)=A 4= (2)5 0,47 ()54 (T)-

Since U;(A;) (.5 = H, then for all x € H there exists some A; such that
z € (Aj)(a,p and thus A7 (z) > o, AT (z) > 0.

So (20uT) ™ (%) = A p= (1) 2a,4F ()2pdi (€) = @ and

(7002) " (2) = A - (1) 20,4t (@247 () = B

So = € (20nT)<a - .

Proposition 3.9. The interval-valued fuzzy hyperoperation o also satisfies

LONXONT = U(a5n2)(2)C(0,1]20N%;
(0nx)0n(20nT) = TOATOAT.
Proof. Applied Proposition 3.5. u

Remark 3.10. From (4) and (5) of the previous we know that (H;0on) is also a
commutative interval-valued (o, 5)-fuzzy quasi-hypergroup .

Proposition 3.11. Vz,y € H, y € (2%12) (0.5 = (Y*y)(x) < (x%q7)(T).

Proof. Since (2%12)7(y) = A - (p)>ant@>pdi (V) = a, then A7 (y) > « for all
A; € IF(H), where A; () > «. Similarly, A (y) > 3 for all A; € [F(H), where
Af(z) > (3. Thus

WFay)~ () = Au-(psaat@zsii (7)

IN

(Aaz@za.a7 )2p.47 @)20.4F (@267 (7))
A A= (2)z 0,4t ()i (T)
= (z%nx)" ().
Similarly, (y¥qy)" (z) < (z%q2) " (2).
Therefore, (yxny)(z) < (z%qz)(x). .
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3.3. The interval-valued fuzzy hyperstructure (H;5,5,)

Definition 3.12. Given the interval-valued fuzzy hyperoperations A, % on X, we
say that <X AW v> is an interval-valued (o, 3)-fuzzy superlattice iff the following
properties hold for all z,y, 2z € X.

(1) @ € (@A) 0, T € (V)0

(2) zlhy = yAx, x50y = yve.

(3) (@DY)A2) 0 = (@AYA2)) 0 p, (EVY)V2)0s) = @V (YV2)) (a0
(4) = € (@AY)VE)(0g), T € (3VY)AT) (09)-

(5) ¥ € (V) (g © T € (EAY) ().

(6) 7,y € (TVY)(ap) = T =1.

(7) y e (fgy)w,ﬁ) et z € (y%Z)m,ﬁ) =z € (l‘%z)m,ﬁ%

Proposition 3.13. The fuzzy hyperstructure (H;*n, %) has the following proper-
ties for all x,y, 2 € H.

(1) x € (20nT)(a,8), T € (TOLT) (a8 -
(2) 20~y = yonx, TOLY = Yo T.

(3) ((°ny)onz) (e N (290 (yon2))tas) 7 0,
((#ouy)ou2) (a8 N (70U (YoU2)) (0 ) 7 D

4) z € ((:B5my)5ux)<aﬁ>,x ((mouy)omm)am,

5) y € (20LY)(a,3) & T € (TOAY)(a,8)-

6) ,y € (TOUY)(ap # T =Y.

(
(
(
(7

)
)
)
) ¥ € (200Y)(ap) €t Z € (YOUZ)(ap) = 2 € (T0UZ)(ap)-

Proof. It is enough to prove (3), (4) and (6). The others are clear.
(3) Since ((zony)onz)~(y) = (yonz) (y) = a and
(zon(yon2)) " (y) = (zony) ™ (y) = o
Similarly, ((zony)onz) T (y) > 6 and (2on(yon2)) T (y) > 5.
Then Y < ((x60y>6ﬂz)(a,,6> M (:L“on(yomz))( B
And so ((25nY)0n2) (a8 N (204 (Y0n2)) (a8 # 0.
The other part is proved similarly.
(4)((zony)ouz)~(x) = (zou2)” (7) > o
((zouy)onz)™(x) > (20n2)~ (7) > a.
Similarly, ((zony)ouz) ™ (x) > B; ((xoyy)onx) T (z) > 5.
So x € ((25nY)ouT) (a,3)-
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The other part is proved similarly.
(6)For example, the interval-valued (0.2, 0.5)-fuzzy hypergraph is

({z, y}i {41, A2})

where

2,0. 4,0. 2,0. 2,0.
02,05 04,08 ., 0203  [0.2,05]
x y x y

Of course we have =,y € xo~y. But x # y. u

Ay =

Remark 3.14. From the previous proposition we can see that the hyperstructure
(H;%n,0y) is almost an interval-valued (o, 3)-fuzzy superlattice.

4. Further research

Definition 4.1. for all [a,b], [z,y] € 1([0,1]),p € [0,1] we define
(@, 0] Vp [z, y] = [(a vV 2) Ap, (0V y) VP

(@, 0] Ay [, 9] = [(a N ) Ap, (b AY) VT
Definition 4.2. Given A, B € IF(H), we give the following definitions

(AU, B)(z) = A(z) V, B(z),Vx € H.
(AN, B)(z) = A(z) A, B(z),Vx € H.

The present work can be extended in several directions. Let us indicate some
possibilities.

1. We can use the above definitions to reconstruct interval-valued fuzzy hyper-
operations and study the properties of them and the relations between them.

2. One may explore the interval-valued fuzzy join space by the use of the hyper-
operations.

3. One can also investigate the hyperstructure associated to the product of
interval-valued hypergraphs (see [1]).
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