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1. Introduction

Throughout this paper, R will denote an arbitrary associative ring with identity,
M a unitary right R-module and S = Endg(M) the ring of all R-endomorphisms
of M. We will use the notation N < M to indicate that N is small in M (i.e.,
VL < M,L+ N # M); N <° M to indicate that N is an essential submodule
of M (ie., V0 # L < M,LNN # 0). The notation N <% M denotes that N is
a direct summand of M. N < M means that N is a fully invariant submodule
of M (ie., Yo € Endr(M), ¢(N) C N). For all I C S, the left and right
annihilators of I in S are denoted by (s(I) and rs(I), respectively. We also
denote ry (1) ={x € M | Ix =0}, for I C S; lg(N) ={p € S| ¢(IN) = 0}, for
NCM AM)={feS|Kerf<*M}and Z(M) ={x € M | I =0 for some
essential right ideal I of R }. A ring R is called a semiregular ring if for each
a € R, there exists €2 = e € aR such that (1 —e)a € J(R) [7]. A ring R is called
weak semiregular if, for any a € R, there exists 0 # b € R and an idempotent
g € abR such that (1 — g)ab € J(R). A ring R is called [-weak semiregular if, for
any a € R, there exist 0 # b € R and e? = e € abR such that (1 —e)ab € T [4].

Lifting modules play important roles in rings and categories of modules, and
have been studied extensively by many authors in recent years (see for example,
[1], [3], [6]). A module M is called lifting if for every A < M, there exists a direct
summand B of M such that B C A and A/B < M/B [6].

In [1], we introduced Z-lifting modules as a generalization of lifting modules.
Following [1], a module M is called Z-lifting if for every ¢ € S there exists a



66 T. AMOUZEGAR

decomposition M = M; & M, such that M; C Im¢ and My NIm¢ < M,. It is
obvious that every lifting module is Z-lifting while the converse in not true (the
Z-module Q is Z-lifting but it is not lifting). It is easily checked that Ry is an
Z-lifting module if and only if R is a semiregular ring.

In this paper, we call a module M weak Z-lifting if, for every ¢ € S, there
exists 0 # b € S such that ppbM = eM @ N, where €2 = e € S and N < M.
We give an example which shows that these modules are non-trivial generaliza-
tion of Z-lifting modules. We call a module M generalized weak Z-lifting if, for
any element ¢ € S = Endgr(M), there exist 0 # b € S and a decomposition
rals(ob) = A@® B such that A C ¢bM and ¢bM N B < M. In this note our aim
is to investigate and study some properties of these modules.

In Section 2, we introduce weak Z-lifting and generalized weak Z-lifting mo-
dules. We give conditions under which a generalized weak Z-lifting module is
weak Z-lifting (Proposition 2.7 and Corollary 2.2). We also prove the following:

Let fi+---+f, = 1in S, where f; 's are orthogonal central idempotents. Then
M is a generalized weak Z-lifting module if and only if each f;M is generalized
weak Z-lifting (see Corollary 2.4).

Let F' be a submodule of an R-module M. A module M is called F-Z-lifting
if for every ¢ € S there exist a decomposition M = A @ B such that A C Im ¢
and Im ¢ N B < F. Let F be a submodule of an R-module M. A module
M is called weak F-Z-lifting if for every ¢ € S there exist 0 # b € S and a
decomposition M = A & B such that A C ¢bM and ¢obM N B < F. These
modules are non-trivial generalization of F-Z-lifting modules. In Section 3, we
give a equivalent condition of semi-projective weak F'I-Z-lifting modules. We also
prove the following corollary (see Corollary 3.6):

Let M be a semi-projective retractable module. Then the following are equi-
valent:

(1) M is weak Z(M)-Z-lifting.

(2) S is weak A(M)-semiregular.
(3) S is weak Z,.(S)-semiregular.
(4) M is weak A(M)M-Z-lifting.

2. Generalized weak Z-lifting modules

Definition 2.1 Let M be a right R-module. M is called weak Z-lifting if, for
every ¢ € S, there exists 0 # b € S such that ¢pbM = eM ® N, where 2 =e € S
and N < M.

It is clear that every Z-lifting module is weak Z-lifting. But the converse is
not true as we see in the following example.

Example 2.2 Let R = M = {(x1,%9, ..., Tpn, T, 2, ...) | X1, 29, ..., € Ms(Zs),

T € ( ZOQ %2 )} Then Mpg is a weak Z-lifting R-module but not Z-lifting.
2
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A module M is called semi-projective if for any epimorphism f : M — N,
where N is a submodule of M, and for any homomorphism ¢ : M — N, there
exists h : M — M such that fh = g.

Lemma 2.3 Let M be a semi-projective module. Then the following are equiva-
lent for an element ¢ € S:

(1) There exist 0 £ b € S and €? = e € ¢pbS with GbM N (1 —e)M < M.
(2) M is weak Z-lifting.

Proof. (1) = (2) Note that ¢pM = eM @ [pbM N (1 — e)M]. The rest is clear.

(2) = (1) By (2), there exists 0 # b € S such that pbM = eM & N where
e2 =e € Sand N < M. First we show that 2 = e € ¢bS. Consider the
epimorphisms ¢b : M — ¢bM and e : M — eM. Since M is semi-projective,
there exists a homomorphism g € S such that ¢bg = ie = e, where i : eM — ¢bM
is the inclusion map. Hence e € ¢bS. Since pbM = eM & N, pbM N (1 —e)M =
NN(1—ey M CN. AsN<K M, pbMN(1—e)M < M. .

Proposition 2.4 Let M be a projective weak Z-lifting module. Then Rad(M) is
small in M.

Proof. Let N C M be any submodule with N+ Rad(M) =M. If g: M — M/N
is the natural map, then there exists f : M — Rad(M) with gf = g. Then
g = gf?. Note that if f = 0, then ¢ = 0 and so M = N. Suppose that f # 0.
Since M is weak Z-lifting, there exists a decomposition M = M; & M, with
M; C Imf? and My, NImf? < M,. Note that M; C Imf? C Imf C Rad(M). By
9, 22.3], M; = 0 and so Imf? < M. Hence f? € V = Jac(S), thus ¢ = 0 and so
N = M. This shows that Rad(M) < M. .

Recall that a projective module is semiperfect if every homomorphic image
has a projective cover [9].

Corollary 2.1 If R is a semiperfect ring, then the following are equivalent for a
projective R-module M :

(1) M is semiperfect;

(2) Endg(M) is semiregular;

(3) Rad(M) < M;

(4) M is Z-lifting;

(5) M is weak Z-lifting.

Proof. (1) = (2) = (3) = (1) By [7, Corollary 3.7].

(2) = (4) Since M is projective, it is well known that, J(S) = V(M) where
V(M) = {a € S| Ima <« M}. Assume that f € S, then there exists an
idempotent e € S such that eS C fS and (1 —e)fS C J(S) = V(M). Therefore
M=eM®(1—e)M,eM C fM and (1 —e)fM < M. Hence M is Z-lifting.

(4) = (5) is clear.

(5) = (3) By Proposition 2.4. .
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Definition 2.5 Let M be a right R-module. M is called generalized weak I -lifting
if, for every ¢ € S, there exist 0 # b € S and a decomposition ryls(¢pb) = A® B
such that A C ¢bM and BN ¢bM < M.

Proposition 2.6 Let M be a weak L-lifting module. Then M is generalized weak
L-lifting.

Proof. Let ¢ € S. Then there exist 0 # b € S and e¢* = ¢ € ¢bS such t hat
oM N (1 —e)M <« M. Thus M = eM & (1 — e)M, where eM C ¢pbM and
obM N (1 —e)M < M. Since ¢pbM C rpls(¢b), it follows by the modular law
that rals(ob) = rals(ob) N (eM & (1 —e)M) = eM & (ryls(pb) N (1 —e)M) and
dOM N (rals(pb) N (1 —e)M) = ¢bM N (1 — e)M < M. Hence M is generalized
weak Z-lifting. .

Proposition 2.7 Let M be a semi-projective generalized weak I-lifting module
with RadM < M. If there exists €* = e € S such that ls(p) = ls(e) for any
¢ €S, then M is weak Z-lifting.

Proof. Let ¢ € S. Then there exist 0 # b € S and a decomposition ryls(pb) =
A ® B such that A C ¢bM and B N ¢bM < M. Since ls(pb) = ls(e) where e* =
e € S, we have rylg(pb) = ryls(e) = eM and so eM = A@ B. As A and B are
direct summands of M, we can write eM = fM @ gM for some f2=f € S, ¢> =
g€ S. By [9, 18.4], we get Homg(M,eM) = Homg(M, fM) + Homg(M, gM).
Since M is semi-projective, eS = fS +gS. As ANB =0, fSNgS = 0.
Thus eS = fS @& ¢gS. Since fM C ¢bM and gM N ¢bM < M, fS C ¢bS and
gS N ¢bS C Homp(M, RadM). Since ls(¢b) = ls(e), rsls(pb) = rsls(e) = eS
and so ¢b = epb. Let e = a + 3, where a = ¢pbh € fS and § € ¢gS. Then
¢b = epb = pbhob + Bpb and ¢pbh = pbhobh + Bpbh. As pbh — pbhpbh = [pbh €
gSNfS =0, ¢bh is an idempotent. Moreover, we have (1 —@bh)pb = pb— pbhpb =
Bob € gS N ¢bS C Homp(M, RadM), hence (1 — ¢bh)pbM C RadM < M.
Therefore M is weak Z-lifting. .

Corollary 2.2 Let ryls(¢pb) is a direct summand of a semi-projective module M
for any ¢ € S. If M is a generalized weak ZI-lifting module with RadM < M,
then M is weak ZL-lifting.

Proof. Let ¢ € S. By assumption, 7y/fs(¢b) = eM for some e* = e € S. Then
ls(pb) = ls(e) and so M is weak Z-lifting by Proposition 2.7. .

A ring R is called left Rickart if for every a € R there exists an idempotent
e € R such that (g(a) = Re [2].

Corollary 2.3 Let S be a left Rickart ring. If M is a finitely generated semi-
projective generalized weak Z-lifting module, then M 1is weak Z-lifting.

Proposition 2.8 Let e be a central idempotent of S. If M is a generalized weak
I-lifting module, then eM 1is generalized weak Z-lifting.
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Proof. Let ¢ € Endg(eM) = eSe. Then there exists 0 # b € S such that
¢b # 0 and ryls(¢b) = P @ L where P C ¢pbM and L N ¢pbM < M. Note that
ob = epb = ¢eb since ¢ € eSe. We claim that replese(pb) = eP @ eL. Since
¢ € eSe, 1 —e € ls(¢p) C ls(gpb). Thus for every t € L, we have (1 —e)t = 0,
which implies that el = L. Similarly, eP = P. Take any y € eP C e¢pbM,
where y = eyy, y1 € P C ryls(¢pb). Then for every ¢ € leso(pb) C ls(ob),
Yy = 0. Asy; € P C ¢bM, y; = ¢bm, for some my; € M. Thus we have
vy = ey, = Yepbmy = Yobmy = Yy; = 0. Hence y € replese(ob) and eP C
Tertlese(Pb). Similarly, eL C roplese(4b). On the other hand, let x € repflese(¢b).
Then for every f € lg(¢b), we have efedpbM = efpbM = 0. Thus efe € los.(ob)
and so efex = 0 which gives fxr = fex = efex = 0 since x € eM. Hence
Termlese(Pb) C rals(pb). Take x = xy + 9, where 1 € P and a9 € L. Then
x = ex = ex; + exs € eP + eL. This shows that replese(pb) = eP @ eL. Since
eP C epbM = ¢belM, it is enough to show that el N ¢pbeM < eM. Note that
eLNebeM = LNgbe M < M. Thus eLNpbe M < eM since eM <% M. Therefore
eM is generalized weak Z-lifting. u

Theorem 2.9 Let e and f be orthogonal central idempotents of S. If eM and
fM are generalized weak Z-lifting modules, then gM = eM & fM is generalized
weak L-lifting.

Proof. Let ¢ € Endgr(gM) = gSg = ¢gS. Then ep € eS and f¢ € fS. By
assumption, there exists 0 # b € eS such that epb # 0 and reples(epb) =
P, ® L., where P, C epbeM = ¢beM and ¢beM N L, < eM. Similarly, there
exists 0 # ¢t € fS such that fot # 0 and replpS(fPt) = Pr @ Ly, where Py C
otfM and Ly N ¢tfM < fM. Note that ¢ = e + f is central idempotent
and ¢be + ¢tf = ¢(be +tf) # 0. Let h = be +tf € ¢gS. Then ¢h # 0.
We claim that 7y lys(ph) = P. ® L, @ Py @ Ly. Take any x € rgylys(oh).
Then for any ¢ € l.g(epb), we have epb = 0 and so Yoh = pp(be + tf) =
Yobe + Yot f = Yotf = eptf = 0. Hence gipph = 0 and gy € ,5(¢ph). Thus
Y(x) = g¥(x) = 0 and so Yex = eyp(x) = 0, hence ex € reples(epb) = P. @ Le.
Similarly, fo € reples(fot) = PrdLy. Thena = gv = ex+fr € P.&PyS LS Ly
since e and f are orthogonal. Hence ryplys(¢h) C P. ® L & Py @ Ly. On the
other hand, P. @ Py C ¢pbe M @ ¢t fM C phgM. Let x € L.. For any ¢ € {,5(¢h),
we have ¥oh = 0, and so eveph = epph = 0. Thus eepb = epb = 0 and
e € les(epb). As L, C reples(epb), epxr = 0. Note that L, C eM C gM and
Yr = exr = exr = 0. Hence L. C ryplys(oh). Similarly, Ly C rynlys(oh).
This shows that rgylys(ph) = P. @ Py @ L. @ Ly. It is easily checked that
(Le® Ly)NphgM C (Le® L) N (pbeM +otfM) C (L.NpbeM) & (LNt fM) <
eM @ fM = gM. Therefore gM is generalized weak Z-lifting. u

Corollary 2.4 Let fi +---+ f, = 1 in S, where f; s are orthogonal central
tdempotents. Then M is a generalized weak Z-lifting module if and only if each
fiM s generalized weak ZI-lifting.

A ring R is called abelian if every idempotent is central, that is, ae = ea for
any a,e? =e € R.
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Corollary 2.5 If S is an abelian ring, then any finite direct sum of generalized
weak L-lifting modules is generalized weak I-lifting.

3. Weak F-Z-lifting modules

Definition 3.1 Let F be a submodule of an R-module M. A module M is called
weak F'-I-lifting if for every ¢ € S there exist 0 # b € S and a decomposition
M = A® B such that A C ¢bM and ¢pM N B < F.

It is clear that every weak Z-lifting module is weak Rad(M)-Z-lifting.
The following example shows that weak F-Z-lifting modules need not be F-
Z-lifting.

Example 3.2 Let C' be a commutative Von Neumann regular ring with no mi-

c C
J C s MQ = ZQ[[XH be the
formal power series ring over Zy, and M = R = M; & M,. Then My is a weak

Rad(M)-Z-lifting module but not Rad(M )-Z-lifting.

nimal ideal and J a maximal ideal. Let M; =

Lemma 3.3 Let F be a fully invariant submodule of a semiprojective module M.
Then the following are equivalent for an element ¢ € S:

(1) There exist 0 £b € S and €* = e € ¢pbS with ppbM N (1 —e)M C F.
(2) M is weak F-I-lifting.

Proof. (1) = (2) Note that ¢pM = eM @ [pbM N (1 — e)M]. The rest is clear.

(2) = (1) By (2), there exists 0 # b € S such that ppM = eM & N where
e? = e € Sand N C F. First we show that ¢ = e € ¢bS. Consider the
epimorphisms ¢b : M — ¢bM and e : M — eM. Since M is semi-projective,
there exists a homomorphism g € S such that ¢bg = ie = e, where ¢ : e M — ¢pbM
is the inclusion map. Hence e € ¢bS. Since pbM = eM & N, pbM N (1 —e)M =
NN(1-e) M CN.AsNCF,¢bMN(1—e)MCF. .

An R-module M is called retractable if Homgr(M,N) # 0 for all nonzero
submodules N of M.

Lemma 3.4 Let M be a semi-projective module. Consider the following condi-
tions for ¢ € S:
(1) There exists 0 # b € S such that ppM = eM ® N where ¢* =e € S and N
15 a singular submodule of M.
(2) There exists 0 # b € S such that $bS = eS & B where ¢ = e € S and
B C A(M) is a right ideal of S.

Then (1) = (2) holds and, if moreover M ‘s a retractable module, then (2) = (1)
holds.
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Proof. (1) = (2) Suppose that ¢pbM = eM & N as in (1). First we show that
N = ¢bhM for some h € S. Consider the homomorphism ¢b : M — ¢bM.
Since M is semi-projective, there exists a homomorphism h : M — M such
that ¢bh = iw¢pb, where i : N — ¢bM and 7w : ¢bM — N are injection and
projection maps respectively. Hence ¢pbhM = w(¢pbM) = N. Now, by [9, 18.4],
we have Hompg(M, pbM) = Hom(M,eM) + Hom (M, pbhM). Since M is semi-
projective, ¢bS = eS + ¢bhS. As eM NN = 0, eS N ¢pbhS = Hompr(M,eM) N
Hompg(M, pbhM) = Homg(M,eMNpbhM) = 0. Thus ¢pbS = eS®¢bhS. Finally,
since N = ¢bhM is singular and ¢bhM = Ke]\r{z)bh’ Kergbh <¢ M by [8, Lemma
2.1]. So ¢bh € A(M).

(2) = (1) Let ¢bS = eS@ B as in (2). Clearly, pbM = eM + BM. Since eSN
B = 0 and M is semi-projective, we have Hompg(M,eM)NHomg(M, BM) = 0.
Therefore, Homgr(M,eM N B) = 0. Hence eM N BM = 0 by retractability. It
follows that ¢pbM = eM & BM and BM C A(M)M C Z(M). n

Corollary 3.6 Let M be a semi-projective retractable module. Then the following
are equivalent:

(1) M is weak Z(M)-Z-lifting.

(2) S is weak A(M)-semiregular.

(3) S is weak Z,.(S)-semiregular.

(4) M is weak A(M)M-Z-lifting.

Proof. (1) & (2) By Lemma 3.4. (2) < (3) By [5, Proposition 2.4]. (2) < (4)
Similar to the proof of Lemma 3.4. .
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