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1. Introduction

Hoop-algebras are naturally ordered commutative residuated integral monoids,
introduced by B. Bosbach in [5] and then were investigated by Biichi and Owens
in an unpublished manuscript [8] of 1975, and they have been studied by Agliano,
Blok and Ferreirim [1], [6], [7]. The study of hoops is motivated by their occurrence
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both in universal algebra and algebraic logic. In recent years, hoop theory was
enriched with deep structure theorems. Many of these results have a strong impact
with fuzzy logic. Particularly, from the structure theorem of finite basic hoops
one obtains an elegant short proof of the completeness theorem for propositional
basic logic introduced by Héajek [13].

Hyperstructure theory was introduced in 1934 [14], when Marty at the 8th
congress of scandinavian mathematicians, gave the definition of hypergroup and
illustrated some applications and showed its utility in the study of groups, al-
gebraic functions and rational fraction. Till now, the hyperstructures have been
studied from the theoretical point of view for their applications to many subject
of pure and applied mathematics. Some fields of applications of the mentioned
structures are lattices, graphs, coding, ordered sets, median algebra, automata,
and cryptography [9]. Many researchers have worked on this area. The authors
applied hyper structure theory on hyper hoop and introduced hyper hoop algebra
in [4]. In this paper, we continue the study of hyper hoop-algebras and introduce
(strong) regular relations on hyper hoop-algebras and study the quotient (hyper)
hoop-algebras that are the results of (strong) regular relations. Then we define the
notion of maximal filter and we investigate the relation between quotient simple
hyper hoop-algebras and maximal filters.

2. Preliminaries

Let H be a non-empty set. A hypergroupoid is a pair (H, ®), where ® : HxH —
P(H) — {0} is a binary hyperoperation on H. Iff a ® (b ®¢) = (a ®b) ® ¢
holds, for all a,b,¢c € H then (H,®) is called a semihypergroup, and it is said
to be commutative if ® is commutative. An element 1 € H is called a unit, if
ac€l®ana®l,forall a € H and is called a scaler unit, if l ©a =a® 1 = {a},
foralla € A. f a®© H = H = H ® a, for any element a € H, then the pair
(H,®) is called a hypergroup. Note that if A, B C H, then we consider A® B by
AoB= ] (a®b).

acAbeB

Definition 2.1. [7] A hoop-algebra or a hoop is an algebra (A, ®,—,1) of type
(2,2,0) such that (A,®,1) is a commutative monoid and for all x,y,z € A,
r—orx=1 0y z=2—(y—2)and (zr -y Or=(y —z)©y. On
hoop A we define ”x < 3" if and only if x — y = 1. It is easy to see that < is a
partial order relation on A.

Definition 2.2. [4] A quasi hyper hoop algebra or briefly, a quasi hyper hoop is a
non-empty set A endowed with two binary hyperoperations ®, — and a constant
1 such that, for all x,y, 2z € A satisfying the following conditions:

(HHA1) (A, ®,1) is a commutative semihypergroup with 1 as the unit,

(HHA2) 1 € z — =,

(HHA3) (z —y) 0z = (y — 2) Oy,

(HHA4) 2 — (y — 2) = (1 O y) — 2,
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A quasi hyper hoop (A, ®, —, 1) is called a hyper hoop if the following hold;
(HHA5) 1 € 2 — 1,

(HHAG) if 1l € x — y and 1 € y — = then x =y,

(HHA7)iflez —yand 1l €y — zthen 1l €z — 2.

In the sequel we will refer to the (quasi) hyper hoop (A4, ®, —, 1) by its uni-
verse A. On (quasi) hyper hoop A, we define x <y if and only if 1 € x — y. If A
is a hyper hoop, it is easy to see that < is a partial order relation on A. Moreover,
for all B,C C A we define B <« C' iff there exist b € B and ¢ € C such that b < ¢
and define B < C' if and only if for any b € B there exists ¢ € C' such that b < c.
A (quasi) hyper hoop A is bounded if there is an element 0 € A such that 0 < z,
for all z € A.( See [4])

Proposition 2.3. In (quasi) hyper hoop (A, ®,—, 1), if for any z,y € A, Oy
and © — y are singletons, then (A, ®,—,1) is a hoop. Hence (quasi) hyper hoops
are a generalization of hoops.

Proposition 2.4. [4] Let A be a hyper hoop. Then for all z,y,z € A and
B,C,D C A, the following hold;

(HHAS) z 0y < 2z o2 <y — 2,

(HHA9) BOC < D« B< C — D,

(HHA10) z -y < (y —» =) — (2 — z),

(HHALl) z my < (2 — 2) — (. — ),

(HHA12) 1© 1 ={1}.

Definition 2.5. [4] Let A be a hyper hoop and F' be a non-empty subset of A.
Then,

(i) F is called an upset of A, if v € F and z < y imply y € F, for all z,y € A,
(i) F is called a weak filter of A, if F is an upset and for all z,y € F, OyNF # (),
(iii) F is called a filter of A, if F'is an upset and for all z,y € F, 2 ©y C F.

Let F be a (weak) filter of A and x € F. Since F is an upset and = < 1, we
get 1 € F.

Notation. From now on, in this paper we let A be a hyper hoop, unless otherwise
is stated.

3. (Strong) Regular relations on hyper hoops

In this section, we introduce the concepts of regular, strong regular, and funda-
mental relations on hyper hoops and investigate some properties of them.

Notations. Let R be an equivalence relation on A and B,C C A. Then BRC,
BRC and BRC denoted as follows:
(i) BRC if there exist b € B and ¢ € C such that bRe,
(ii) BRC if for all b € B there exists ¢ € C such that bRc and for all ¢ € C
there exists b € B such that bRc,

(iii) BRC if for all b € B and ¢ € C, we have bRe.
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Remark 3.1. It is clear that BRC and CRD imply that BRD, for all B,C, D C A.

Definition 3.2. Let R be an equivalence relation on A. Then R is called a regular
relation on A if and only if for all z,y,z € A,

(i) if 2Ry, then z ® 2Ry ® 2,
(ii) if zRy, then z — 2Ry — z and z — 2Rz — v,
(iii) if x — yR{1} and y — 2R{1}, then 2Ry.

Example 3.3. Let A = {1,a,b,c}. Define the hyperoperations ® and — on A as
follows:

® 1 a b ¢

1 {1} {1,a} {1,b} {1,a,b,c}
a {1,a}  {1,a,b,¢} {l,a,b,c} {1l,a,b,c}
b {1,b} {1,a,b,c} {1,b} {1,a,b,c}
c | {1,a,b,¢} {1,a,b,¢} {1,a,b,c¢} {1,a,b,c}
— 1 a b C

11 {Labc}  {ac} {b,c} {c}

a | {1,a,b,c} {l,a,b,c} {1,a,b,c} {b,c}
b | {1,a,b,c} {a,c} {1,a,b,c} {a,c}

c | {1,a,b,¢} {1,a,b,c} {l,a,b,c} {1,a,b,c}

Then (A, ®,—, 1) is a hyper hoop. Let
R ={(1,1),(a,a), (b,b),(c,c),(1,b), (b, 1), (a,c),(c,a)}
Then R is a regular relation on A.

In the following example, we will show that the condition (iii) in the Definition
3.2, is independent from the other conditions.

Example 3.4. Let A = {1,a,b,c}. Define hyperoperations ® and — on A as
follows:

® 1 a b C

1 {1 {1,a,c} {1,0} {1,c}
a|{l,a,c¢} {l,a,¢} {l,a,b,¢} {l,a,c}
b | {1,b} {l,a,b,c} {1,a,b,c} {1,b,c}
c| {l,c} {1,a,c} {1,b,¢} {1,a,c}
— 1 a b Cc

1| {1,a,c} {a} {a,b} {a,c}
a | {lya,c} {l,a,¢} {l,a,b,c} {1,a,c}
b | {l,a,b,c} {a,b} {1,a,b,¢} {a,b,c}
c | {l,a,c} {a,c} {a,b,c} {l,a,c}

Then (A, ®,—, 1) is a bounded hyper hoop.
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Let

R = {(a,a),(b,0),(c,¢c),(1,1),(1,¢), (¢, 1), (a,¢), (¢, a), (a, 1), (1,0) }

Then R is an equivalence relation on A and conditions (i) and (ii) hold. We have
b — ¢R{1} and ¢ — bR{1}, but b, ¢ are not related.

In the follows, by definition of homomorphism on hyper hoops, we get a class
of examples of regular relations on hyper hoops.

Definition 3.5. Let A; and Ay be two hyper hoops. A mapping f : A; — As
is said to be a homomorphism if f(1) = 1, f(x — y) = f(x) — f(y), and
flzoy) = f(z)©® f(y), for any z,y € A. If f is both one to one and onto, we say
that f is an isomorphism.

Example 3.6. Let f: Ay — Ay be a homomorphism of hyper hoops. We define
relation p on Ay, for all a,b € Ay, as following:

apb < f(a) = f(b)

We claim that p is a regular relation on A;. It is clear that p is an equivalence
relation on A;. So, we show that p is regular. Let zpy, for x,y € A;. Then
f(x) = f(y) and so f(x) — f(2) = f(y) — f(2), for all z € A; . Then f(zx — z)
= f(y — z). Hence for all u € x — =z there exists v € y — z such that
uRv and for all v € y — 2z there exists u € x — 2z such that vpu and so
x — zpy — z. By the same way, we can show that zpy implies x ® zpy ® z, for
all z € A;. Now, if z — yp{1} and y — xp{1}, then there exist u € (z — y)
and v € (y — x) such that upl and vpl and so f(u) = f(v) = f(1) = 1. Then
le flx —y)=f(z) = fly) and 1 € f(y — x) = f(y) — f(z). Since A3 is a
hyper hoop, we get f(z) = f(y) and so zpy. Hence p is a regular relation on A;.

Lemma 3.7. Let F' be a non-empty subset of A. Then F is a filter of A if and
onlyifl€ Fand F < x — y and x € F implies y € F, for any x,y € A.

Proof. (=) Let F be a filter, F < x — y and = € F, for z,y € A. Hence there
exist u € F and v € x — y such that u < v. Since v € F and F' is an upset,
we get v € F and since F is a filter, we get x © v C F. By v € x — y we have
v < x — y. Then by (HHA10), v ® 2 < y and so there exists t € v ® z C F such
that t < y. Since F' is an upset, we get y € F'.

(<) Let  <yand x € F, for z,y € A. Then 1 € x — y and since 1 € F, we get
F < x — y. Then, by hypothesis y € F' and so F' is an upset. Now, let x,y € F
and v € x ®y. Then * ® y < w and so by (HHA10), y < x — wu. Since y € F,
we get [' < x — u and so by hypothesis, u € F. Hence x ® y C F' and so F'is a
filter of A. u

Proposition 3.8. If R is a regular relation on A, then the class [1] is a filter
of A.
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Proof. Let FF = [1]. It is clear that 1 € F. Let FF < ¢ — y and x € F,
for z,y € A. Then there exist u € F' and v € * — y such that v < v. Then
1 € u— v and so v — vR{1}. Since u € F', we have uR1 and by Definition 3.2,
v — uRv — 1. By (HHA5), 1 € v — 1, and so v — 1R{1}. Then by Remark
3.1, v — uR{1} and then by Definition 3.2(iii), uRwv. Since uR1 and uRwv, we get
vR1 and since v €  — y, we get + — yR{1}. By x € F, we have xR1 and so by
Definition 3.2(ii), y — xRy — 1. By (HHA5), 1 € y — 1 and so y — *R{1}. By
Definition 3.2(iii), since + — yR{1} and y — zR{1}, we get zRy. Hence yR1
and so y € F. Therefore by Lemma 3.7, F' is a filter of A. n

Definition 3.9. Let R be an equivalence relation on A. Then R is called a strong
reqular relation on A if and only if, for all x,y,z € A,

(i) if xRy, then z ® zﬁy ® z,
(i) if xRy, then z — zﬁy — zand z — 2Rz — Y.

Example 3.10. Let A = {1,a,b,c}. Define the hyperoperations ®,— on A as
follows:

1 a b c
{1}  {ad} {0} A{l.¢}

O, 1 a b
1
g {a,0} {a,b} {a,b} {a,b}

T (@ {ab) (o
L} {Le} {L& {Lc}
L} { {La {Le}
L} {ab} {ab} {Lc}

{6} {a,0} {a,b} {a,b}
{1,¢} {a,b} {a,b} {1,c}

Then (A, ®,—,1) is a hyper hoop. Let
R ={(a,a),(b,b),(c,c),(1,1),(1,¢), (¢, 1), (a,b), (b,a)}.

Then R is a strong regular relation on A.

o oo ]

Proposition 3.11. If R is a strong regular relation on A, then R is a reqular
relation on A.

Proof. Let R be a strong regular relation on A. Clearly the properties (i) and
(ii), of Definition 3.2 are satisfied. If + — yR{1} and y — xzR{1} then by the
condition (ii) of Definition 3.9 we have, ® (z — y)Rr®1 and y® (y — )Ry 1.
By (HHA1)and (HHA3), we get xRy and so the condition (iii) of Definition 3.2
holds. Hence R is a regular relation on A. n

Example 3.12. In Example 3.3, R is a regular relation but is not a strong regular
relation. Hence every regular relation may not be a strong regular relation.

In the following, by definition of fundamental relation on hyper hoops, we get
an example of strong regular relations.

Let (H, {+;}icr) be an algebraic hyperstructure, where {x;};c; are hyperope-
rations. Consider U be the set of all finite combinations of elements of A with
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respect to #;, where %; € {*;};c;. We define the relation 5 on A by afb if and
only if there exists u € U such that {a,b} C u. Let §* be the transitive closure
of 3, that is a3*b if and only if there exist zq,..., 2,11 € A and u; € U such that
21 = a, zmy1 = b and {z;, z;11} C wy, for i = 1,...,m. Then the relation 5* is an
equivalence relation on A and is called the fundamental relation on A (See [10]).

Now, in the following, the well-known idea of 3* relation on hyperstructures
that is mentioned above is applied to hyper hoops.

Let U(A) denote the set of all finite combinations of elements A with ® and
—. Then, for all a,b € A, we have afb if and only if {a,b} C u, where u € U(A),
and a(*b if and only if there exist zq, ..., 2,41 € A with z; = a, 2,41 = b such that
{zi,zix1} Cu; CU(A), for i = 1,...,m. (In fact §* is the transitive closure of the
relation 3 and so is an equivalence relation on A).

Example 3.13. 3* is a strong regular relation on A. Since, if a*b, for a,b € A,
then there exist x1,..., 2,41 € A with x; = a,x,.; = b and u; € U(A) such that
{ziyxig1} Cu;for 1 <i<n. Letz;€x; —c¢ foralll <i<n+1,c€ A Then
we have,

{ziyzit1} C (s = ) U (2i41 — ¢) Cu; — c CU(A), forall 1 <i <n.

Hence z13*2,,1, where z; € a — c and z,;,1 € b — ¢ and so a — c@b — C.
Similarly, we can show that ¢ — a3*¢ — b. Now, by the same way we can prove

that a/3*b implies a ® c?b Oc, for all ¢ € A. Hence [3* is a strong regular relation
on A.

4. Quotient hyper hoops

In this section we construct the quotient hyper hoops by using the concept of
regular relations and the quotient hoops by using the concept of strong regular
relations and investigate some properties of them.

Lemma 4.1. Let R be a regular relation on A. If v — yR{1} and y — zR{1},
then © — zR{1}, for any x,y,z € A.

Proof. Let + — yR{1l} and y — 2zR{1}. Then it is easy to see that (z — y)
Oy — 2)R{1} ® {1} = {1} and so for all u € (z — y) ® (y — z), we have
uR1. By (HHA9) and (HHA10), (z — y) ® (y — 2) < © — z and so there exists
veE(r—y)O(y— 2)and r € x — z, such that v < r. By considering u = v,
we get u < 7. Since u <7, we get 1 € u — r and so u — rR{1}. Since uR1, we
have r — uRr — 1 and since by (HHA5), 1 € r — 1, we get » — uR{1}. Hence
rRu. Now, since uR1, we have rR1 and so x — zR{1}. .

Theorem 4.2. Let R be a regular relation on A and % be the set of all equivalence
classes respect to R, that is 4 = {[z]| = € A}. Then (4,®,—,[1]) is a hyper
hoop, which is called the quotient hyper hoop of A respect to R, where for all
2], [y] € 4,

el ={tteroyt ad [z]—yl={zcz—y}
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Proof. First, we show that ® and < are well-defined on %. Let [z1] = [z2]
and [y1] = [yg} Then z;Rxs and y;Rys. Since R is a regular relatlon on A, it
follows that z; ® lexQ ®y; and T2 © lex2 ® Y9 and so 1 ©® lexz ® y9. Let

[t] € [#1] ® [y1]. Then [t] = [s] for some s € 2; ® y;. From x; ® y1Rzy © 55, we
get that sRu for some u € x5 ® yo. Thus [s] = [u] and then [t] = [u]. Hence
[1] @ [y1] C [22] ® [yo]. Similarly, we have [x3] ® [y2] C [21] ® [y1]. Therefore, ® is
well-defined. By the same way we can prove that — is well-defined on A Now,

we show that (4, ®,—,[1]) is a hyper hoop.

(HHA1): First we check the associativity of ®. Let [z],[y] and [z] be arbitrary
elements in 4 and [u] € ([2] ® [y]) ® [2]. Then there exists [v] € [2] @ [y] such
that[u] € [v] ® [z]. In the other words, there exist v; € x ® y and u; € v ® z,
such that vRwv; and uRuy. Since R is regular and A is a hyper hoop, there exists
uz €010z C (x0Y)®z = 2O (y©®2) such that u; Rus. Then there exists uy € y©z
such that ug € x ® ug. Hence [u] = [u1] = [us] € [z] @ [u4] C [2] ® ([y] @ [2]) and so
([z] @ [y]) @ [2] € [2z] ® ([y] ® [z]). Similarly, we can prove that [z] @ ([y] ® [z]) €
([x] ® [y]) ® [2]. Then ® is associative. Now, since ® is commutative, then ® is
commutative. Since by (HHA1), z € 1 ® z, for all x € A, then [z] € [z] ® [1], for
all z € A. Hence [1] is a unit of (%, ®). Therefore (%, ®) is a semihypergroup
with [1] as unit.

(HHA2): Since for all z € A, 1 € z — z, we get [1] € [z] — [z].

(HHA3): Let [2], [y], [] be arbitrary elements in & and [u] € ([z]®[y]) < [z]. This
means that there exists [v] € [z] ® [y] such that[u] € [v] < [z]. Then, there exist
v € rOy and u; € v — z, such that vRwv; and uRu,. Since R is regular and A is a
hyper hoop, it follows that there exists ug € v; — 2 C (xQy) = 2 =2 — (y — 2)
such that uyRugz. Then there exists uy € y — 2z such that uz € r — uy. Hence
[u] = [w1] = [us] € [z] —= [u4] € [z] = ([y] = [2]). Then ([z]® [y]) — [2] C [z] —
([y] = [#]). Similarly, we can prove that [z] — ([y] — [2]) C ([z] ® [y]) — [z].
(HHA4): Let [z] and [y] be arbitrary elements in 4 and [u] € ([z] — [y]) ® [2].
This means that there exists [v] € [¢] < [y] such that [u] € [v] ® [z]. Then, there
exist v1 € v — y and u; € v ® z, such that vRwv; and uRu,. Since R is regular
and A is a hyper hoop, it follows that there exists us3 € v @z C (x — y) O x
= (y — z) ® y such that u;Rus. Then there exists uy € y — x such that
uz € ug ©y. Hence [u] = [u1] = [us] € [u] ® [y] € ([y] — [2]) ® [y]. Then
([z] = [y]) ® [z] € ([y] — [z]) ® [y]. Similarly, we can prove the converse and
conclude that ([z] — [y]) ® [z] = ([y] = []) @ [y]

(HHAD5): Since for all z € A, 1 €  — 1, we get [1] € [z] — [1].

—

(HHAG): Let [z] and [y] be arbitrary elements in %, [1] € [z] < [y] and [1] €
[y] = [z]. Then there exist u € + — y and v € y — z such that [u] = [v] = [1].
Since R is a regular relation on A, we get xRy and so [z] = [y].

(HHAT): Let [z], [y], [z] be arbitrary elements in &, [1] € [z] — [y] and [1] €
[y] = [2]. Then there exist u € x — y and v € y — z such that [u] = [v] = [1].
Since R is a regular relation on A, by Lemma 4.1, + — zR{1} and so there exists

t € x — z such that [t] = [1]. So [1] € [z] < [2].
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Therefore, (%, ®, <, [1]) is a hyper hoop. .

Example 4.3. Let (A, ®,<,1) be hyper hoop as in Example 3.3. Then [1] =
[b] = {1,b} and [a] = [c] = {a,c}. Hence & = {[1], [a]} and hyperoperations ®, —
are as following tables,

a

A Ay A{le), [0} (] | {la], [0} {la]}
lal | { 1

It is clear that (%, ®, <, [1]) is a hyper hoop.

Theorem 4.4. Let R be an equivalence relation on A. ]f(%, ®, <, [1]) is a hyper
hoop, then R is a regular relation.

Proof. Let R be an equivalence relation on A, (%, ®, <, [1]) be a hyper hoop,
and aRb, for a,b € A. Then for any z € A and u € a®z, we have [u] € [a]®[z] =
[b] ® [x] = {[v]lv € b ® x} and so, there exists v € b ® z such that uRwv. Thus
(a ®2)R(b® z). Similarly, if aRb, then (a — x)R(b — z). Now, let z — yR{1}
and y — zR{1}, for z,y € A. Then [1] € [z] — [y] and [1] € [y] — [z]. Since
(%, ®, <, [1]) is a hyper hoop by (HHAG), we get [z] = [y] and so zRy. Hence R
is a regular relation. .

Corollary 4.5. Let R be an equivalence relation on A. Then R is a reqular
relation on A if and only if (%, ®, <, [1]) is a hyper hoop.

Proof. By Theorems 4.2 and 4.4, the proof is clear. n

Theorem 4.6. Let R be a strong regular relation on A. Then (4, ®,<,[1]) is a
hoop which is called the quotient hoop of A respect to R.

Proof. Similar to the proof of Theorem 4.2, we can prove that the hyperoperations
® and — are well-defined on # and axioms (HHA1), (HHA2)and (HHA3) hold on
(%, ®, <, [1]). Hence (%, ®, <, [1]) is a quasi hyper hoop. Now, for any x,y € A,

since zRx and R is a strong regular relation on A, we get (z ® y)f:{(x ® y) and

(x — y)R(z — y). Hence for any z, 2’ € xOy and w,w’ € r — y, 2Rz and wRw'.
Then [z]®[y] = {[z]|z € Oy} = {[z]} and [z] — [y] = {[w]jw € z — y} = {[w]},
which means that [z] ® [y] and [z] < [y] are singletons, for any [z],[y] € Z.
Therefore, By Proposition 2.3, (%, ®, <, [1]) is a hoop. .

Example 4.7. Let A be hyper hoop as in Example 3.10. Then [a] = [b] = {a, b}
and [c] = [1] = {1,c}. Hence 4 = {[1], [a]} and

® | 1] [d = | [1] [
[A] | {1y {lal} A | {103 {laly
la] b Alal} o] | {011} {[1)}

{
{la]
®

It is clear that (A4, ®, <, [1]) is a hoop.
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Theorem 4.8. Let R be an equivalence relation on A. If (%, ®, <, [1]) is a hoop,
then R is a strong reqular relation on A.

Proof. Let R be an equivalence relation on A, (%, ®, <, [1]) be a hoop , aRb,
for a,b € A, and * € A. Then for any v € a © x and v € b ©® x, we have

[u] = [a] ® [x] = [b] ® [z] = [v], which means th:at uRw. Hence, (a ® x)zﬁ(b O x).

Similarly, if aRb then for any z € A, (a — z)R(b — z) and (x — a)R(z — b).
Hence R is a strong regular relation on A. u

Corollary 4.9. Let R be an equivalence relation on A. Then R is a strong regular
relation if and only if (%, ®,—,[1]) is a hoop.

Proof. By Theorems 4.6 and 4.8, the proof is clear. u
Lemma 4.10. Let f: Ay — Ay be a homomorphism of hyper hoops. Then,

(i) ifx <y, for all z,y € Ay then f(x) < f(y),
if Fis a (weak) filter of As, then f~1(F) is a (weak) filter of Ay,
ker(f) = {x € A1|f(x) = 1} is a filter of Aq,
f is one to one if and only if ker(f) = {1},

if f is onto and F is a filter of Ay which contains ker(f), then f(F) is a filter
Of AQ .

Proof. (i). The proof is easy.

(ii) Let z <y and x € f~'(F). Then there exists u € F such that f(z) = u.
Since x < y, by (i), v = f(x) < f(y). Since F is a filter and u € F, we get
fly) € Fandsoy € f~(F). Then f~'(F) is an upset. Let x,y € f~*(F). Then
f(z) € Fand f(y) € F. Hence f(z®y) = f(z)®f(y) C Fandsoz®y C f~1(F).
Then f~!(F) is a filter. If F is a weak filter, then f(z©y) = f(z)© f(y)NF # 0.
Hence z © y N f~1(F) # 0 and then f~(F) is a weak filter, too.

(iii) Let z < y and = € ker(f). Then by (i), f(x) < f(y). Since f(x) = 1,
we get f(y) = 1 and so y € ker(f). Hence ker(f) is an upset. Let x,y € ker(F).
Then by (HHA12), f(z©y) = f(z) ® f(y) =1©1 = 1. Hence x ®y C F and so
F is a filter of A;.

(iv) The proof is clear.

(v) Since 1 € F, we get 1 = f(1) € f(F). Let z,y € Ay such that f(F) <
x —yand x € f(F). Since € f(F) and f is onto, there are a € F and b € A,
such that y = f(b) and = = f(a). Hence f(a — b) = f(a) — f(b) = z —
y > f(F). Then there are u € a — b and v € F such that f(v) < f(u) and so
1€ f(v) — f(u) = f(v — u). Then there exists ¢t € v — wu, such that f(t) =1
and so t € ker(f) C F. Hence FF < v — u. Since F is a filter of A; and v € F,
by Theorem 3.7, we get uw € F. Then F < a — b and so by Theorem 3.7, b € F.
Hence y = f(b) € f(F) and so, by Theorem 3.7 f(F) is a filter of A,. .

Let R be a regular relation on A. We define the relation < on 4 by [z] < [y]
if and only if [1] € [z] < [y].
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Theorem 4.11. (First isomorphism theorem) Let A; and Ay be two hyper hoops
and R be a reqular relation on Ay. If f: Ay — As is a homomorphism of hyper

hoops and ker(f) = [1], then 4+ = Im(f).

Proof. Since R is a regular relation on Aj, % is Well—deﬁned Now, let
f o4l — Ay is defined by flz] = f(z), for all z € A;. If [z] = [y], for
x,y G A, then xRy and so 2 — yRy — y. Since by (HHA2), 1 € y — v,
we get © — yR{1} and so there exists a € z — y such that a € [1] = ker(f).

Then 1 = f(a) € f(z — y) = f(z) — f(y) and so f(x) < f(y). By the same
way, we can show that f(y) < f(x). Hence by (HHAG), f(z) = f(y) and so fis

well-defined. Now, we show that f is a homomorphism. Let [z], [y] € £&-. Then,

o] = l) = {?[Hzex—nu}—{f()Isz—>y}=f($—>y)
f@) = fy) = f(l=]) = F(ly])

Jlale) = {flhdlzez0yt={f(z)|z€20y}=flzOy)
f@) o fly) = F((=]) © fly)

Moreover, f([1]) = f(1) = 1. Then f is a homomorphism. Now, we show that
f is one to one. Suppose that [z] € ker(f). Then f(z) = f([z]) = 1 and so
x € kerf = [1] which implies that zR1. i.e. [x] = [1]. Hence kerf = {[1]} and so
by Theorem 4.10 (iv), f is one to one. Clearly 41 — Im(f) is onto. Therefore,

%%[m(f). "

Example 4.12. If f : A; — Ay is a homomorphism of hyper hoops and p is
regular relation as Example 3.6, then % = Im(f).

Notation. In the follows, the set of all filters of A is denoted by F(A) and the
set of all filters of A containing S is denoted by F (A, S), where S is a non-empty
subset of A.

Theorem 4.13. Let R be a regular relation on A and F' = [1]. Then there exists
a one to one corresponding between F(A, F) and .7:(%).

Proof. Consider the canonical homomorphism 7 : A — %. If J is a filter of A

containing F', then by Proposition 4.10(ii) and (v), the function g : F(A, F') —
F(4) by J — 7(J) is onto. Now, we show that g is one to one. Let G, H €
F(A,F) and ¢(G) = g(H). Then for z € H, [z] € 7(H) = n(G). Hence there
exists y € G such that [x] = [y] and so zRy. Since R is a regular relation on A,
we have y — 2Ry — vy and since 1 € y — y we get y — zR{1}. Then there
exists t € y — x such that tR1, ie. t € F. Now, since ' < y — z and F C G,
we have G < y — z and so by Lemma 3.7 € G. Hence H C G. Similarly, we
can show that G C H. Therefore G = H and so g is one to one. n

Definition 4.14. Let F' be a proper (weak) filter of A. Then F'is called a (weak)
mazimal filter of A, if FF C J C A for some (weak)filter of A, then F' = J or
J=A.
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Proposition 4.15. Fvery proper filter of A is contained in a maximal filter of A.

Proof. Let F be a proper filter of A and S be the collection of all proper filters
J of A such that F C J. Then F' € S and S # (). S is a partially ordered set by
C . Let C' = {J,Ja € I'} be a chain in S. We can show that J = (J o Jo is a
filter of A. It is clear that ' C J. If J = A then 0 € J. Thus there exists § € I’
such that 0 € Jg. Since Jg is an upset, we get Jg = A and this is a contradiction.
Therefore J # A and then J € C. Now, the proof follows by Zorn’s Lemma. =

Proposition 4.16. Let f : Ay — A, be an epimorphism of hyper hoops. Then,

(i) if F' is a mazimal filter of Ay which contains kerf, then f(F') is a mazimal

filter of As,

(ii) if F is a mazimal filter of As, then f~(F) is a maximal filter of Ay which
contains kerf,

(iii) the map f : F — f(F) is one to one corresponding between the maximal
filters of Ay containing ker f and maximal filters of As.

Proof. (i ) et f(F) = Ag. Since F' # Aj, there exists x € A; such that = ¢ F.
So f(z) € Ay = f(F). Thus there exists some a € F such that f(z) = f(a) and
then 1 = f( ) € f(a) — f(x) = f(a — x). So there exists t € a — z such

that f(t) = 1, i.e.,, t € kerf C F. Then F' < a — x. Thus by Theorem 3.7,
x € F which is a contradiction. Hence f(F') # As. Since F is a filter of A; which
contains kerf, then f(F) is a filter of Ay by Theorem 4.10 (v). Let J be a filter
of Ay such that f(F) C J C Ay. By Lemma 4.10 (ii), f~*(J) is a filter of A,
such that £/ C f~1(J) C f~1(Ay) = A;. Since F is a maximal filter of A;, we get
f~YJ)=For f71(J) = A;. Hence J = f(F) or J = f(A;) = Ay, ie., f(F)isa
maximal filter of A,.

(ii) Let f~1(F) = A;. Since F' # A, , there exists y € Ay such that y ¢ F. So
fYy) € Ay = fY(F). Thus there exists some x € A; such that y = f(x) € F
which is a contradiction. Hence f~!(F) # A;. Similarly to the part(i), we can
show that f~!(F) is a maximal filter of A;.

(iii) The proof is straightforward by (i) and (ii). .

Definition 4.17. The hyper hoop A is called simple, if it has only two filters {1}
and A.

Example 4.18. Let A = {1,a,b,c}. Define the hyperoperations ® and — on A
as follows,

1 a b c
{1} {1,a} {r.o0}  {labc}
{1,a}  {1,a,b,¢} {l,a,b} {1,a,b,c}
{1,b} {1,a,b} {1,a,b,c} {1,a,b,c}
{1,a,b,¢} {1,a,b,¢} {1,a,b,c} {1,a,b,c}

o T o ~®
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1 a b c
{1,a,b,c} {a,c} {b,c} {c}
{1,a,b,c} {1,a,b,¢} {a,b,c} {a,c}
{1,a,b,¢} {a,b,c} {1,a,b,c} {b,c}
{1,a,b,c} {1,a,b,c} {l,a,b,c} {l,a,b,c}

o T ® ]

Then (A, ®,—, 1) is a simple hyper hoop.

Remark 4.19. The hyper hoop A is simple if and only if {1} is a maximal filter
of A.

Theorem 4.20. Let R be a regular relation on A and F = [1]. Then 4% is simple
if and only if F' is a maximal filter of A.

Proof. Let & be simple. Then by Remark 4.19, {[1]} is a maximal filter of 4 and
so {[1]} # &. Then there exists [z] € 4 such that [z] # [1] and so = ¢ F. Hence
F £ A. Suppose that F' is not a maximal filter of A. By Proposition 4.15, there
exists a maximal filter J of A such that F' C J. Consider canonical epimorphism
¢ : A — & in which ker(p) = F. Using Proposition 4.16(i), # is a maximal filter
of &. Also, we have {[1]} = {[z]|z € F} C {[z]|z € J} = 4. So {[1]} = 4. Then
for all x € J |, we have zR1, i.e., z € F. Hence J C F which is a contradiction.
Conversely, let I’ be a maximal filter of A. By contrary, suppose that % is not
simple. Then by Remark 4.19, {[1]} is not a maximal filter of &. By Proposition
4.15, there exists a maximal filter K of & such that {[1]} C K. By Proposition
4.16(ii), ¢ }(K) is a maximal filter of A such that F' C p~}(K). So F = ¢ }(K).

Hence {[1]} = ¢(F) = K which is a contradiction. n
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