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1. Introduction

As we know, an ordered semigroup is a semigroup together with a partial or-
der that is compatible with the semigroup operation. Ordered semigroups play
a prominent role in mathematics with a wider range of applications in many
disciplines such as sequential machines, formal languages, computer arithmetics,
error-correcting codes and many others. Ordered semigroups have been investi-
gated by several researchers, for example, Alimov [1], Clifford [4] and Conrad [5],
also see [38]. The theory of fuzzy sets, which was initially introduced by Zadeh
[39], has been applied to many mathematical branches. In particular, Kehayopulu
and Tsingelis [22] applied the concept of fuzzy sets to the theory of ordered semi-
groups. Then they defined “fuzzy” analogue of several notations, which appeared
to be useful in the theory of ordered semigroups. The theory of fuzzy sets on
ordered semigroups has been recently developed. For more details, the reader is
referred to [23], [24], [34], [36]. In [32], Sardar et al. studied the notions of interior
ideals and characteristic interior ideals of a I'-semigroups. In [33], they studied
the notion of generalized fuzzy interior ideals in I-semigroups. Also, see [13].

The theory of algebraic hyperstructures which is a generalization of the con-
cept of algebraic structures was first introduced by Marty [27]. Later on, hy-
perstructures are widely studied from the theoretical point of view and for their
applications to many subjects of pure and applied mathematics. One of the main
reason which attracts researches towards hyperstructures is its unique property
that in hyperstructures composition of two elements is a set, while in classical
algebraic structures the composition of two elements is an element. Thus hy-
perstructures are natural extension of classical algebraic structures. Recently,
many researchers have worked on algebraic hyperstructures and generalized vari-
ous classical algebraic structures, for instance, see [6], [7], [11], [17], [28], [37]. Es-
pecially, semihypergroups are the simplest algebraic hyperstructures which possess
the properties of closure and associativity. Nowadays many authors have studied
different aspects of semihypergroups, for example, Davvaz [8], Davvaz and Pour-
salavati [14], Hila et al. [21] and Leoreanu [25], also see [10], [29]. It is worth
pointing out that Heidari and Davvaz [19] applied the theory of hyperstructures
to ordered semigroups and introduced the concept of ordered semihypergroups,
which is a generalization of ordered semigroups, also see [3], [12].

The study of fuzzy hyperstructures is an interesting research topic of fuzzy set
theory. We noticed that the relationships between the fuzzy sets and algebraic hy-
perstructures have been already considered by Corsini, Davvaz, Leoreanu, Dudek,
Jun, Zhan, Hila and others, for instance, the reader can refer to [2], [9], [15], [20],
[26], [40]. In [16], Ersoy et al. investigated the properties of fuzzy interior hyper-
ideals of I'-semihypergroups. It is now natural to investigate similar type of the
existing fuzzy subsystems of ordered semihypergroups. In [30], [31], Pibaljommee
and Davvaz studied fuzzy hyperideals of ordered semihypergroups. Also, see [35].
As a further study of ordered semihypergroups theory, we attempt in the present
paper to study fuzzy interior hyperideals of ordered semihypergroups in detail.

The rest of this paper is organized as follows. After an introduction, in Sec-
tion 2 we recall some basic definitions and results of ordered semihypergroups
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which will be used throughout this paper. In Section 3, we define and study the
interior hyperideals of an ordered semihypergroup. Furthermore, we introduce the
concept of fuzzy interior hyperideals of ordered semihypergroups by the ordered
fuzzy points, and investigate its related properties. In particular, we characterize
the fuzzy interior hyperideal generated by a fuzzy subset in an ordered semihyper-
group. The idea of normal fuzzy interior hyperideals in ordered semihypergroups
is given and several related characterization theorems are provided in Section 4.
In Section 5, we give some new characterizations of semisimple ordered semihy-
pergroups in terms of fuzzy interior hyperideals.

2. Preliminaries and some notations

Recall first the basic terms and definitions from the hyperstructure theory.

As we know, a hypergroupoid (S,0) is a nonempty set S together with a
hyperoperation, that is a map o : § x S — P*(S), where P*(S) denotes the set
of all nonempty subsets of S (see [6]). The image of the pair (z,y) is denoted
by xoy. If x € S and A, B are nonempty subsets of S, then A o B is defined by

AoB = |J aob. The notations Ao x and z o A are used for A o {z} and

acA,beB
{z} o A, respectively.
We say that a hypergroupoid (S, o) is a semihypergroup if the hyperoperation
“o” is associative, that is, (roy)oz=x 0 (yoz) for all z,y,z € S (see [7]).
Now, we recall the notion of ordered semihypergroups from [19].

Definition 2.1. An algebraic hyperstructure (5,0, <) is called an ordered semi-
hypergroup (also called po-semihypergroup in [19]) if (S, 0) is a semihypergroup
and (5, <) is a partially ordered set such that: for any z,y,a € S, x <y implies
aox Raoyand xoa < yoa. Here, if A, B € P*(5), then we say that A < B
if for every a € A there exists b € B such that a < b. In particular, if A = {a},
then we write a < B instead of {a} < B.

Throughout this paper, unless otherwise mentioned, S will denote an ordered
semihypergroup.
Let S be an ordered semihypergroup. For () # H C S, we define

(H]:={te€ S|t <hforsomehec H}.

For H = {a}, we write (a] instead of ({a}].

By a subsemihypergroup of an ordered semihypergroup S we mean a nonempty
subset A of S such that Ao A C A. A nonempty subset A of an ordered semihyper-
group S is called a left (resp. right) hyperideal of S'if (1) SoA C A (resp. AoS C A)
and (2) If a € Aand S 2 b < a, then b € A. If A is both a left and a right hyper-
ideal of S, then it is called a (two-sided) hyperideal of S (see [19]).

Lemma 2.2. Let S be an ordered semihypergroup. Then the following statements
hold:

(1) AC (4], VACS.
(2) IfAC BCS, then (A] C (B].
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(3) (A]o (B] C (Ao B] and ((A] o (B]] = (Ao B], YA, B C S.
(4) ((A]] = (4], vAC S.

(5) For any nonempty subset A, B,C of S such that A = B and B < C, we
have A < C.

(6) For any two nonempty subsets A, B of S such that A <X B, we have C o A <
CoB and AoC < BoC for any nonempty subset C' of S.

Proof. Straightforward. u

For the sake of simplicity, throughout this paper, we denote A” = AoAo---0A
(n-copies).

An ordered semihypergroup (.5, o, <) is called regular if for each a € S, there
exists € S such that a <aoxzoa.

Equivalent Definitions: (1) A C (AoSoA],VAC S. (2) a € (a0Soal,Va € S.

An ordered semihypergroup (S, o, <) is called semisimple if (I?] = I holds for
every hyperideal I of S (see [35]).

We next state some fuzzy logic concepts.

Let S be an ordered semihypergroup. By a fuzzy subset of S, we mean a
function from S into the real closed interval [0,1], that is, f : S — [0,1]. For an
ordered semihypergroup S, the fuzzy subset 1 of S is defined as follows:

1: S—=[0,1], x+— 1(z):=1, Yz € S.
We denote by F'(S) the set of all fuzzy subsets of S. Let f,g € F(S). Then the
inclusion relation f C g is defined by f(z) < g(x) for all x € S, and fNg is
defined by
(f N g)(x) = min{f(z),g(x)} = f(x) Ag(z)
for all x € S.

Let (S,0,<) be an ordered semihypergroup. For x € S, we define H, :=
{(y,z) € S x S| x <yoz}. Forany f,g € F(S), the product f * g of f and g is
defined by

ANg(2)], ifH,#0,
(Ve € 5) (f + g)(e) = (W\)/eHm[f (y) A g(z)] 7#
0, if H, = 0.
As we know, the multiplication “«” on F'(S) is associative and (F'(S), %, C) forms
an ordered semigroup (see [35]).

Let S be an ordered semihypergroup. A fuzzy subset f of S is called a fuzzy
left (resp. right) hyperideal of S if

(1) z <y implies f(x) > f(y) for all z,y € S, and

(2) A f(z) > f(y) (xresp. A f(2) > f(z)) for all z,y € S. Equivalently,

zExoy zEexoy
L f C f (resp. f+1C f).

A fuzzy hyperideal of S is a fuzzy subset of S which is both a fuzzy left and
a fuzzy right hyperideal of S (see [35]).

Definition 2.3. Let S be an ordered semihypergroup and f € F(S). The set
fi={x €S| f(x) >t}, wheret € [0,1] is called a level subset of f.
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Definition 2.4. ([35]) Let S be an ordered semihypergroup, a € S and A € [0, 1].
An ordered fuzzy point ay of S is defined by the rule that

e e S) @) =y o g (o)

It is evident that every ordered fuzzy point of S is a fuzzy subset of S. For any
fuzzy subset f of S, we also denote a) C f by ay € f in the sequel.

Definition 2.5. ([35]) Let f be a fuzzy subset of an ordered semihypergroup S.
We define (f] by the rule that

(fl(z) =V f(y)

Y=z
for all z € S. A fuzzy subset f of S is called strongly convex if f = (f].

Lemma 2.6. ([35]) Let f be a fuzzy subset of an ordered semihypergroup S. Then
f is a strongly convex fuzzy subset of S if and only if x <y implies f(x) > f(y),
forallz,y € S.

Lemma 2.7. ([35]) Let ay,b, (A > 0, > 0) be ordered fuzzy points of S, and
fyg € F(S). Then the following statements are true:
(1) ay * b,u = U C)\/\H'

c€(aob]

(2) (ax*by) xcs = ax* (b, xcs) = U dinuns for any ordered fuzzy point
de(aoboc]
ax,b, and cs of S.

3) If fCqgand h € F(S), then fxhCgxh, hx f Chxg.
(4) If f is a strongly convex fuzzy subset of S, then ay € f if and only if f(a) > .

Let A be a nonempty subset of an ordered semihypergroup S. Then the
characteristic function fa of A is a fuzzy subset of S defined by
1, ifxeA,
fa: S —=100,1] | x— fa(x) .—{ 0. ifxd A
Lemma 2.8. ([35]) Let S be an ordered semihypergroup. A nonempty subset A of

S is a hyperideal of S if and only if the characteristic function fa of A is a fuzzy
hyperideal of S.

The reader is referred to [7], [35], [38] for notation and terminology not defined
in this paper.

3. Fuzzy interior hyperideals of ordered semihypergroups

In what follows, let Z* denote the set of all positive integers. In this section, we
introduce the concepts of interior hyperideals and fuzzy interior hyperideals of an
ordered semihypergroup, and investigate their related properties. In particular,
we give the characterization of fuzzy interior hyperideal generated by a fuzzy
subset in an ordered semihypergroup.

Definition 3.1. Let S be an ordered semihypergroup. A subsemihypergroup A
of S is called an interior hyperideal of S if
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(1) SoAoS C A, and
(2) Ifae Aand S 5b < a, then b € A. Equivalently, (4] C A.

Remark 3.2. The concept of interior hyperideals defined in Definition 3.1 is a
generalization of the concept of interior hyperideals of semihypergroups (without
order) to ordered semihypergroup theory, see [18]. Moreover, it is clear that every
hyperideal of an ordered semihypergroup S'is an interior hyperideal of S. However,
the converse is not true, in general, as shown in the following example.

Example 3.3. We consider a set S := {a, b, ¢, d} with the following hyperopera-

tion “o” and the order “ < ”:

o a b c d
a| {a} A{a} {a}  {a}
b| {a} {a} A{at  {a}
d

{a}  Hap A{a,0} {a,b}
{a} Hap A{ab} {a}

<:={(a,a), (a,b),(a,c),(a,d), (bb),(c,c),(db),(d,c),(dd)}.
We give the covering relation “<” and the figure of S as follows:

<={(a,d), (d,b), (d, c)}.
b &

a

Then (5,0, <) is an ordered semihypergroup. We can easily verify that the sets
{a}, {a,d}, {a,b,d} and S are all interior hyperideals of S. But {a,d} is not a
hyperideal of S. In fact, since ¢ € S,d € {a,d}, but cod = {a,b} Z {a,d}, i.e.,
{a,d} is not a left hyperideal of S.

In the following theorem, we give a condition for an interior hyperideal of an
ordered semihypergroup S to be a hyperideal of S.

Theorem 3.4. Let S be a reqular ordered semihypergroup and A an interior
hyperideal of S. Then A is a hyperideal of S.

Proof. Suppose that A is an interior hyperideal of a regular ordered semihyper-
group S. Let x € A,y € S. Then, since S is regular, there exists z; € S such that
x X xox oz, and by Lemma 2.2(6), we have

roy=zxoxjoxoy=(roxr)oroyC SoAoSCA and
yoxr Ryozxoxjor=yoxo(xjoxr)CSoAoSCA.

Then it can be easily shown that z oy C A,yox C A. Thus A is a hyperideal
of S. .
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Theorem 3.5. Let S be an ordered semihypergroup and {A; | i € I} a family of
interior hyperideals of S. Then (| A; is an interior hyperideal of S if (| A; # 0.

i€l iel
Proof. The proof is straightforward verification, and hence we omit the details.
Let now S be an ordered semihypergroup and ) # A C S. We denote

2 ={I | I is an interior hyperideal of S containing A}.

Clearly, © is not empty since S € Q. Let In(A) = () I. It is clear that In(A) # 0
Ieq
because A C In(A). By Theorem 3.5, In(A) is an interior hyperideal of S. More-

over, In(A) is the smallest interior hyperideal of S containing A. The interior hy-
perideal In(A) is called the interior hyperideal of S generated by A. For A = {a},
let In(a) denote the interior hyperideal of S generated by {a}.

Theorem 3.6. Let S be an ordered semihypergroup. Then

(1) For everya € S, In(a) = (aUa*U (SoaoS).
(2) For every® # AC S, In(A) = (AU A*U (So Ao 9)].

Proof. (1) Let a € S. Clearly, (aUa?U(SoaoS)] is a subsemihypergroup of S. Let
z,y € Sand b € (aUa?U(SoaoS)]. Then there exists w € aUa?U(SoaoS) such
that b < w. Thus, by Lemma 2.2(6), we have zoboy < zowoy C aUa?U(SoaoS).
It implies that zoboy C (aUa*U(SoaoS)]. Consequently, So(aUa’U(SoaoS)]oS C
(aUa?U (SoaoS)]. Hence (a Ua? U (S oaoS)]is an interior hyperideal of S
containing a. Furthermore, we claim that In(a) = (aUa*U(SoaoS)]. To prove our
claim, let I be an interior hyperideal of S containing a. Let ¢ € (aUa*U(SoaoS)].
Then, there exists u € aUa?U (SoaoS) such that ¢ < u. Since a € I and I is an
interior hyperideal of S, we have a> C I,SocaoS C SoloS C1I.Thus,c<uecl
and then ¢ € I. Hence (a U a® U (S o aoS)] is the smallest interior hyperideal of
S containing a. Therefore, we obtain the request result.

(2) It can be proved similarly as (1). .
Example 3.7. Let S be the ordered semihypergroup of Example 3.3 and A =

{a,b} C S. Then we apply the result of the above theorem, and obtain that
In(A) = {a,b,d}.

Now, we define and study the fuzzy interior hyperideals of ordered semihy-
pergroups.

Definition 3.8. Let S be an ordered semihypergroup. A fuzzy subset f of S is
called a fuzzy subsemihypergroup of S if x; € f and y, € f imply x; x y,. € f for
all t,7 € (0,1] and z,y € S.

Theorem 3.9. Let S be an ordered semihypergroup and f a strongly convez fuzzy
subset of S. Then f is a fuzzy subsemihypergroup of S if and only if

/\ f(z) > f(x) A f(y) for all z,y € S.

zExoy
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Proof. Let f be a fuzzy subsemihypergroup of S. Assume that A f(2) < f(z)A

zExoy

f(y) for some x,y € S. Choose t € (0,1] such that A f(z) <t < f(z) A f(y).

zExoy

Then, since f is strongly convex, z; € f and y; € f. Thus, by Lemma 2.7(1),
U 2t = @ *xy € f. Then it can be easily shown that A f(z) > ¢, which

z€(zoy) zExoy

is a contradiction. Hence A f(2) > f(x) A f(y) for all z,y € S. Conversely,
zExoy

suppose that A f(z) > f(x) A f(y) for all z,y € S. Let 2, € f and y, € f for

zExOY

all t,r € (0,1]. Then f(x) >t and f(y) > r. By hypothesis, we have A f(z) >

zEexoy
f(@) A f(y) > t A7, which means that f(z) >t Ar for any z € z oy. Let w be
any element of (z o y]. Then there exists u € x oy such that w < w. Since f is a
strongly convex fuzzy subset of S, by Lemma 2.6, f(w) > f(u) >t Ar, and we
have wys, € f. Thus, by Lemma 2.7(1), z; xy, = |J winr € f. Therefore, f is

wé (zoy]
a fuzzy subsemihypergroup of S. n

Definition 3.10. Let S be an ordered semihypergroup. A fuzzy subsemihyper-
group f of S is called a fuzzy interior hyperideal of S if for all z,y,z € S and
€ (0, 1], the following conditions hold:
(Daz<y= flz) = fy).

(2)y € fand x,z2 € S = xp*xyp * 2 € f.

Theorem 3.11. Let S be an ordered semihypergroup and f a fuzzy subsemihyper-
group of S. Then f is a fuzzy interior hyperideal of S if and only if f satisfies the
following assertions:

(1) z<y= f(x) > fly) forall z,y € S.
@ A S =0

Proof. The proof is similar to that of Theorem 3.9 with suitable modification by
using Lemma 2.7(2). n

Lemma 3.12. Let S be an ordered semihypergroup and f a strongly conver fuzzy
subset of S. Then f is a fuzzy subsemihypergroup of S if and only if f* f C f.

Proof. Suppose that f is a fuzzy subsemihypergroup of .S. To prove that fxf C f,
it is enough to show that (f * f)(z) < f(z) for any x € S. Indeed, let € S. If
H, =0, then (f*f)(x) = 0. Since f(z) > 0for all z € S, we have (f*f)(z) < f(z).
Let H, # (). Then there exist 3, z € S such that z < yoz, and there exists w € yoz
such that z < w. Since f is a strongly convex fuzzy subsemihypergroup of S, by

Lemma 2.6 and Theorem 3.9, we have f(y) A f(2) < A f(w) < A flw) <

wEYoz weEYoz
z<w

AN\ f(x) = f(x). Hence we have f(y) A f(z) < f(x) for any x =< y o z. Thus

weEYoz
z<w
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(f+ M) =V [fy) Af(2)] < f(x). Thus (f  f)(z) < f(z) for any z € S.

T=yoz
Conversely, let 2,y € S. Then we can prove that f(z) > f(y) A f(z) for any
z € xoy. In fact, since z € z oy, 2z < 2z, we have z < x o y. Thus, by hypothesis,

we have f(z) = (f* f)(2) = V [f(u) A f(v)] = f(z) A fly) for every z,y € §

Z2=Uov
such that z € x oy, from which we can deduce that A f(z) > f(z) A f(y). By
zExoy
Theorem 3.9, f is a fuzzy subsemihypergroup of S. .

Theorem 3.13. Let S be an ordered semihypergroup and f a strongly convex fuzzy
subset of S. Then f is a fuzzy interior hyperideal of S if and only if fxf C f and
1xf*x1Cf.

Proof. Let f be a fuzzy interior hyperideal of S. Then (1% f*1)(a) < f(a) for all
a € S.Indeed, if (1% fx1)(a) = 0, clearly, (1% f*1)(a) < f(a). Let (1xfx1)(a) # 0.
Then we can also prove that (1% f % 1)(a) < f(a). In fact, let (z,y) € H, and
(p,q) € Hy, ie., a < xoy,x = pogq. Then, by Lemma 2.2, a < pogoy, and
there exists u € p o qoy such that a < u. Since f is a fuzzy interior hyperideal
of S, by Theorem 3.11 we have f(a) > A f(u) > A f(u) > f(¢g). Thus

AxfxD@) =V [(xH@AI= V 1xH@)= V ( V [1e)A
(z,y)€Ha (z,y)€Ha (z.y)eHa (pg)EHz
flg)]) = ﬁ\{o f(q) < f(a), which means that 1% f 1 C f.

Conversely, for any x,y,z € S, let w € x oy o z. Then, there exists u €
xoy C (zoy| such that w € uoz C (uo z], and we have (x,y) € H,, (u,z) € Hy.

Since 1% f*1 C f, we have f(w) > (1x fx1)(w) =\ [(1xf)(p) Al(g)]>

(p.q)€Huw
(L f)(u) A1(2) = (1 f)(u) = ( t}éH [1(s) A f()] = 1(x) A f(y) = f(y). It thus
follows that e/\ fw) > f(y).

The rest of the proof is a consequence of Theorem 3.11 and Lemma 3.12. =

Theorem 3.14. Let S be an ordered semihypergroup. A nonempty subset A of S
is an interior hyperideal of S if and only if the characteristic function fa of A is
a fuzzy interior hyperideal of S.

Proof. Suppose that A is an interior hyperideal of S. Let z,y € S,x < y. Then
fa(z) > fa(y). In fact, if y € A, then fa(y) = 1. Since S 3 x < y € A, by
hypothesis we have z € A, then fu(x) = 1. Thus fa(x) > fa(y). If y € A, then
fa(y) = 0. Since x € S, we have fs(xz) > 0. Thus fa(x) > 0 = fa(y), and by
Lemma 2.6, f4 is a strongly convex fuzzy subset of S. Let now z,y € S. Then
we can show that A fa(z) > fa(z) A fa(y). Indeed, if z 0y Z A, then there

zExOoY

exists z € oy such that z € A, and we have A fa(z) = 0. Besides that,

zExoy

xoy Z A implies that x € A or y € A. Then fa(x) = 0 or fa(y) = 0, and
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N fa(z) = fa(x) A faly). Let x oy C A. Then fa(z) =1 for any z € zoy. It

zEexoy

implies that A fa(z) = 1. Since f4 is a fuzzy subset of S, we have fa(z) <1 for

zZETOoY

any x € A. Thus, in this case, A fa(z) > fa(z) A fa(y). Similar to the above

zExO0yY

proof, we can prove that A fa(w) > fa(y) for all z,y, z € S. Therefore, f, is

weExroyoz
a fuzzy interior hyperideal of S by Theorem 3.11.
Conversely, let ) # A C S such that f is a fuzzy interior hyperideal of
S. We claim that Ao A C A. To prove our claim, let z,y € A. By hypothesis,

N\ fa(z) > fa(x) A fa(y) = 1, which implies that f4(z) > 1 for any z € z o y.

zexoy

On the other hand, fa(z) < 1 for all z € S. Thus for any z € z oy, fa(z) =1,
ie., z € A. It thus follows that Ao A C A. In a similar way, we can show that
SoAoS C A. Furthermore, let x € A,S 5 y < z. Then y € A. Indeed, it is
enough to prove that fa(y) = 1. From = € A, we have f4(x) = 1. Since f4 is a
fuzzy interior hyperideal of S and y < z, we have fa(y) > fa(z) = 1. Since y € S,
we have f4(y) < 1. Thus A is an interior hyperideal of S. .

Now, we shall characterize fuzzy interior hyperideals of ordered semihyper-
groups by the level subsets.

Theorem 3.15. Let S be an ordered semihypergroup and [ a fuzzy subset of
S. Then f is a fuzzy interior hyperideal of S if and only if the level subset f,
(t € (0,1)) of f is an interior hyperideal of S for f, # 0.

Proof. Assume that f is a fuzzy interior hyperideal of S. Let t € (0, 1] be such
that f; # 0. Let now =,y € f;. Then f(x) > t, f(y) > t. By hypothesis, we
have A f(z) > f(x) A f(y) > t At = t. Thus for any z € z oy, we have

zZExXoY
f(z) >t ie., z € fi. It follows that x oy C f;. Hence f; is a subsemihypergroup

of S. Let y € fi,z,z € S. Then f(y) > t. It follows from Theorem 3.11 that
N\ f(w) > f(y) > t. Hence f(w) >t for any w € x oy o z. Thus it can be

weEToyoz

easily shown that z oy o z C f;. Furthermore, let z € f;,S 2 y < x. Then y € f;.
Indeed, since = € f;, f(x) > t and f is a fuzzy interior hyperideal of S, we have
fly) > f(z) > t, s0y € f;. Consequently, f; is an interior hyperideal of S for

fe #0.
Conversely, suppose that f; (# 0) is an interior hyperideal of S. If A f(z) <

zExoy

f(z) A f(y) for some z,y € S, then there exists t € (0,1] such that A f(z) <

zExoyY
t < f(x) A f(y), which implies that x,y € f; and z oy € f;. It contradicts the
fact that f; is an interior hyperideal of S. Consequently, A f(z) > f(x) A f(y)

zExoyY
for all z,y € S. In a similar way, we can show that A f(w) > f(y) for all

weEroyoz

x,y,z € S. Moreover, let z,y € S and x < y. Then f(x) > f(y). In fact, let
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t = f(y). Then y € f;. Since f; is an interior hyperideal of S, we have z € f;.
Then f(z) >t = f(y). Therefore, f is a fuzzy interior hyperideal of S. n

Example 3.16. We consider a set S := {a, b, ¢, d, e} with the following hyperop-
eration “o” and the order “ <7

a b c d e
{a,b} A{a,b} A{a,b} {a,b} {a,b}
{a,b} {a,b} {a,b} {a,b} {a,b}
{a,b}  {a,b} {c}  {c} {e}
{a,b}  {a,b} {c}  {d}  {e}
{a,b}  {a,b}  {c} {c} {e}

<:={(a,a), (a,c),(a,d),(a,e),(bb),(bc), (bd),(be),(cc),(cd),(ce),(dd),(ee)}.

We give the covering relation “<” and the figure of S as follows:

<={(a,c), (bc), (c,d), (c,e)}.

QD QO NS0

do e
C
ao b

Then (5, 0,<) is an ordered semihypergroup, and the sets {a,b}, {a,b,c,e} and
S are all interior hyperideals of S. Now let f be a fuzzy subset of S such that
fa) = f(b) = 038, f(c) = f(d) = f(¢) = 0.6. Then

S, ift € (0,0.6],

f,=4 {a,b}, ifte (0.6,08],

0, ifte(0.8,1]
Thus all nonempty level subsets f; (t € (0,1]) of f are interior hyperideals of S
and by Theorem 3.15, f is a fuzzy interior hyperideal of S.

Theorem 3.17. Let S be an ordered semihypergroup. If f is a fuzzy hyperideal
of S, then f is a fuzzy interior hyperideal of S.

Proof. Assume that f is a fuzzy hyperideal of S. Then, by Lemma 2.7(3), we
have f+x f C fx1C fand 1+ fx1=1x%(f*1) C1xf C f. Thus, by Theorem
3.13, f is a fuzzy interior hyperideal of S. u

The converse of Theorem 3.17 is not true in general. We can illustrate it by
the following example:

Example 3.18. Suppose that S is the ordered semihypergroup of Example 3.3.
Let f be a fuzzy subset of S such that f(a) = 0.8, f(b) = f(c) = 0.4, f(d) = 0.6.
Then
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S, ift €(0,0.4],
1= {a,d}, ?ft € (0.4,0.6],
{a}, ift € (0.6,0.8],
0, ifte (0.8,1].
Similar to Example 3.16, we can verify that f is a fuzzy interior hyperideal of S.
But we claim that f is not a fuzzy hyperideal of S. Indeed, since co d = {a, b},
we have

/\df(Z) = fla) A f(b) =04 <0.6 = f(d),
Z€co
i.e., f is not a fuzzy left hyperideal of S.

The following theorem can be obtained under the assumption of an additional
condition.

Theorem 3.19. Let S be a reqular ordered semihypergroup. If f is a fuzzy interior
hyperideal of S, then f is a fuzzy hyperideal of S.

Proof. Assume that f is a fuzzy interior hyperideal of a regular ordered semihy-
pergroup S. Let z,y € S. Then, since S is regular, there exists x; € S such that
x = xoxyox. Then, by Lemma 2.2(6), we have zoy < (zoxjox)oy = (zox;)oxoy.
Thus, for any z € x oy, there exists w € (x o x1) o x oy such that z < w. By
w € (rox)oxoy, we have w € uox oy for some u € x o x;. Since f is a fuzzy
interior hyperideal of S, by Theorem 3.11 we have

f) = fw)= N\ fw) > fx).

wEUOTOY

Thus it can be obtained that A f(z) > f(z). Hence f is a fuzzy right hyperideal

zEexoy
of S. In the same way we can show that f is also a fuzzy left hyperideal of S.
Therefore, f is indeed a fuzzy hyperideal of S. .

By Theorems 3.17 and 3.19, we immediately obtain the following corollary:

Corollary 3.20. In reqular ordered semihypergroups the concepts of fuzzy hyper-
ideals and fuzzy interior hyperideals coincide.

Theorem 3.21. Let {f; | i € I} be a family of fuzzy interior hyperideals of an
ordered semihypergroup S. Then f = () fi is a fuzzy interior hyperideal of S,

where (( fi)(z) = A(fi(x)).

i€l i€l
Proof. Let z,y € S. Then, since each f; (i € I) is a fuzzy interior hyperideal of S,
N fi(z) > fi(x)Afi(y). Thus, for any z € zoy, fi(z) > fi(x)Afi(y), and we have

f(z) = (Qlfi)<z) = é\l(fi(z)) > G/\I(fi(w) A fily)) = (E/\I(fz-(w))) A (G/\I(fi(y))) =

(N fi)(@) AN fi)(y) = f(z) A f(y), which implies that A f(2) > f(x) A f(y).

el el zExoy

Similar to the above proof, it can be easily shown that A f(w) > f(y) for all

weToyYyoz



A STUDY ON FUZZY INTERIOR HYPERIDEALS ... 137

x,y,z € S. Furthermore, if z <y, then f(z) > f(y). Indeed, since every f; (i € I)
is a fuzzy interior hyperideal of S, it can be obtained that f;(z) > fi(y) for all
i€l Thus f(r) = (ﬂlfi)(iv) = /\I(fi(JC)) > /\I(fi(y)) = (ﬂlfi)(y) = f(y). By
1€ 1€ 1€ e

Theorems 3.9 and 3.11, f is a fuzzy interior hyperideal of S.

Definition 3.22. Let S be an ordered semihypergroup and f € F(S). The small-
est fuzzy interior hyperideal of S containing f is called the fuzzy interior hyperideal
of S generated by f, denoted by < f > .

In order to characterize the fuzzy interior hyperideal generated by a fuzzy
subset in an ordered semihypergroup, we need the following lemma.

Lemma 3.23. Let S be an ordered semihypergroup and f € F(S). Then f(x) =
sup{k | x € fp} for any x € S, where fi, (k € (0,1]) is the level subset of f.

Proof. Let a = sup{k | € fi}. Then, for any € > 0, we have sup{k | = € fr} >
a — ¢, and thus there exists t € {k | © € fi} such that t > a — ¢. Since z € fi,
we have f(x) > t. Thus f(z) > o — e. By the arbitrariness of ¢, it follows that
f(x) > a. On the other hand, let ¢t = f(z). Then = € f;, and t € {k | x € fi}.
It thus implies that f(z) =t < sup{k | = € fr} = a. Therefore, we obtain the
requested result. .

Theorem 3.24. Let S be an ordered semihypergroup and f € F(S). Then the
fuzzy set f* of S defined by

(Ve e S) f*(x) =sup{k | z € In(fx)}

is the fuzzy interior hyperideal < f > generated by f in S, where In(fi,) (k € (0,1])
1s the interior hyperideal of S generated by f.

Proof. In order to prove that f* is the fuzzy interior hyperideal < f > of §
generated by f, we now consider the following three steps:

(1) f C f*. In fact, for any z € S, let t € {k | z € fi}. Then = € f;, and we
have z € In(f;). It thus follows that ¢ € {k | x € In(f;)}. Hence we have shown
that {k | z € fi} C{k | x € In(fx)}. By Lemma 3.23, we have

f(z) =sup{k |z € fi} <sup{k |z € In(fi)} = f*(2),

from which we can deduce that f C f*.
(2) f* is a fuzzy interior hyperideal of S. Indeed, let ¢ € (0, 1] be such that
f*#0. Let ay, = t—+ for any n € Z*. We claim that f; = () In(fa,). To prove

nez+
our claim, let z € f;. Then f*(z) > t, that is, sup{k |z € In(fi)} >t > t—L =a,
for any n € Z*. It implies that k, > «, for some k, € sup{k | z € In(fy)}.
Thus fx, C fa,, and we have © € In(fg,) C In(f,,), which means that z €

( In(fa,)- Consequently, ff C () In(fa,). To show the inverse inclusion, let

neZ+ nezZ+

z € () In(fa,) Then o, € {k | x € In(fy)} for any n € Z*. Thus we have

nezZ+

- % — an < sup{k | = € In(fi)} = f*(x), n € Z*.
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Since n is an arbitrary positive integer, we have t < f*(x). Thus z € f;". Therefore,
ff= N In(f.,), and by Theorem 3.5, f; is an interior hyperideal of S. Thus

neZ+

f* is a fuzzy interior hyperideal of S by Theorem 3.15.

(3) f* =< f > . In fact, suppose that g is a fuzzy interior hyperideal of S and
f Cg. Let z € S. If f*(x) =0, then, obviously, f*(z) < g(x). Let f*(z) =t #0.
Then, by (2), we have = € ff = () In(f.,). Since f C g, we have f, C ga,,

nez+

and = € In(fa,) € In(ga,) = (9o, Y92 U(S©ga,0S)], n € ZT. Then z < w for
some w € g,,, U gin U (S © ga,, ©5). We consider the following three cases:

Case 1. If w € g,,, then g(w) > a,.

Case 2. If w € gzn, then w € w; o wy for some wy,ws € g,,. Hence g(w;) >
ap, g(ws) > . Since g is a fuzzy interior hyperideal of S, and it is a fuzzy
subsemihypergroup of S, by Theorem 3.9, g(w) > A g(w) > g(w1) A g(wy) >

wWEW1 oW
an N\ Qg = Q.

Case 3. Let w € S og,, oS. Then there exist y,z € S,u € g,, such that
w € yowuo z and we have g(u) > «,. Since g is a fuzzy interior hyperideal of S,
by Theorem 3.11, g(w) > A g(w) > g(u) > ay,.

wWEYouUoz

Thus, in any case, we have g(w) > a,, n € ZT. Since g is a fuzzy interior
hyperideal of S and z < w, we have g(z) > g(w) > a, =t — %, n € Z*. By the
arbitrariness of n in Z%, g(z) > t = f*(x). Hence f* C g, and it is shown that
f* is the fuzzy interior hyperideal < f > of S generated by f. This completes the
proof. n

4. Normal fuzzy interior hyperideals of ordered semihypergroups

In the current section we define a normal fuzzy interior hyperideal of an ordered
semihypergroup, and investigate some related properties.

An element 0 of an ordered semihypergroup S is called zero element if 0 < x
and Oox = 200 = {0} for all x € S. In this section, unless stated otherwise S
means an ordered semihypergroup containing the zero element 0.

Example 4.1. Suppose that S is the ordered semihypergroup of Example 3.3.
Then S is an ordered semihypergroup containing the zero element, and a is the
zero element of S.

For a given fuzzy interior hyperideal f of S, we note that f(0) is the largest
value of f, that is, f(0) > f(x) for all z € S. In general, f(0) # 1. Particularly,
we have the following concept.

Definition 4.2. A fuzzy interior hyperideal f of S is said to be normal, if f(0) = 1.

Theorem 4.3. Let f be a fuzzy subset of S. We define the subset Sy of S as
follows:

Spi=A{v eS| f(z)= f(0)}.

Then the following statements are true:

1) If f is a fuzzy interior hyperideal of S, then Sy is an interior hyperideal of \S.
!
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(2) If A is an interior hyperideal of S, then the characteristic function fa of A
is a normal fuzzy interior hyperideal of S and Sy, = A.

Proof. (1) Let z,y € S;. Then f(z) = f(y) = 0. Since f is a fuzzy subsemihyper-
group of S, by Theorem 3.9, A f(z) > f(x)A f(y) = f(0), and for any z € zoy,

zEx0Y
we have f(z) > f(0). Noticing that f(z) < f(0) for all z € S, we have f(z) = f(0),
that is, z € Sy. It thus follows that x oy C Sy. Let now z,2 € S,y € Sy. Then,
similar to the above proof, we can deduce that x oy o 2z C S;. Furthermore, let
y €57, Sz <y. Then x € S;. Indeed, it is enough to prove that f(z) > f(0).
By y € Sy, we have f(y) = 0. Since f is a fuzzy interior hyperideal of S, we have
f(z) > f(y) = 0. Hence Sy is an interior hyperideal of S.

(2) Assume that A is an interior hyperideal of S. By Theorem 3.14, f4 is a
fuzzy interior hyperideal of S. To prove that f4 is normal, let € A. Then, since
A is an interior hyperideal of S, 0 € 0ox 00 C So Ao S C A, and we have
fa(0) = 1. Thus f4 is a normal fuzzy interior hyperideal of S. Moreover, it can
be easily shown that Sy, = A. n

Theorem 4.4. Let f,g be fuzzy interior hyperideals of S. Then the following
statements are true:

(1) SpNS,; C Spng.
(2) If f € g and f(0) = g(0), then Sy C S
Proof. The proof is obvious, and hence we omit the details. u
By Theorem 4.4, we immediately obtain the following corollary:

Corollary 4.5. Let f,g be normal fuzzy interior hyperideals of S. Then the fol-
lowing statements are true:

(1) SpNS; = Sing-
(2) If f C g, then Sy C S,.

The hypothesis that f and g are normal cannot be removed in the above
corollary. Otherwise, Corollary 4.5 does not hold in general. We can illustrate it
by the following example.

Example 4.6. Let S be an ordered semihypergroup containing the zero element
0 and |S| > 2. Define two fuzzy subsets f, g of S as follows:

1, ifz=0,
f(z):=0 and g¢g(x) .:{0’ itz 20

for any x € S. We can easily verify that f and g are two fuzzy interior hyperideals
of S, and Sy = 5,5, = {0}. Clearly, f C g. But Sy NS, = {0} C S=S5F =Sy
and_S}iD Sb.

Theorem 4.7. Let [ be a fuzzy interior hyperideal of S and let f+ be a fuzzy
subset of S defined by (Vx € S) ff(x) = f(x) +1— f(0). Then f* is a normal

fuzzy interior hyperideal of S containing f.
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Proof. Suppose that f is a fuzzy interior hyperideal of S. Let x,y € S. Then
AN Ff@E) = AN UER+1-F0)=(A f(z)+1=f0)=(fx)Afly) +

zEzxoy zExoy zExoy

1= £(0)) = (f(x) + 1= f(0)) A (f(y) + 1= f(0)) = fT(x) A f(y). In a similar
way we can show that A fT(w) > fT(y) for all z,y,z € S. Furthermore, let

wEeExroyoz

x,y € S be such that z < y. Then f*(z) > fT(y). In fact, since f is a fuzzy
interior hyperideal of S, we have f(z) > f(y). Thus

fra) = fl@)+1=£0) = fly) + 1= f(0) = f(y).

Consequently, f* is a fuzzy interior hyperideal of S. Clearly, f7(0) = 1 and
f C f*. The proof is completed.

Corollary 4.8. Let f be a fuzzy interior hyperideal of S satisfying f+(z) =0 for
some x € S. Then f(z) =0 and f is normal.

Theorem 4.9. Let f be a fuzzy interior hyperideal of S. Then f is normal if and

only if f+=F.

Proof. The sufficiency is obvious. Assume that f is a normal fuzzy interior

hyperideal of S. Let z € S. Then f*(z) = f(z) + 1 — f(0) = f(x), and thus

fr=r -
Using Theorems 4.7 and 4.9, we obtain the following corollaries.

Corollary 4.10. If f is a fuzzy interior hyperideal of S, then (fH)* = fT.

Corollary 4.11. If f is a normal fuzzy interior hyperideal of S, then (f+)* = f.

Theorem 4.12. Let f be a fuzzy interior hyperideal of S. If there exists a fuzzy
interior hyperideal g of S satisfying gt C f, then f is normal.

Proof. Assume there exists a fuzzy interior hyperideal g of S such that gt C f.
Then, by Theorem 4.7, 1 = ¢*(0) < f(0), whence f(0) = 1. This completes the
proof. .

Corollary 4.13. Let f be a fuzzy interior hyperideal of S. If f is not normal,
then f doesn’t contain any normal fuzzy interior hyperideal of S.

Proof. It is a direct consequence of Theorem 4.12. n

Theorem 4.14. Let f be a fuzzy interior hyperideal of S and let ¢ : [0, f(0)] —
[0,1] be an increasing function. Define a fuzzy subset f, of S as follows:

(Vo € 5) fo(z) = (f(2)).
Then f, is a fuzzy interior hyperideal of S. In particular, if ¢(f(0)) =1, then f,
is normal, and if o(t) >t for all t € [0, f(0)], then f C f,.
Proof. Suppose that f is a fuzzy interior hyperideal of S. Let x,y € S. Then,
since ¢ is an increasing function, we have

N fo(z) = A (e(f(2)) =l N\ f(2) = e(f(2) A fy))

zEexoy zEexoy zEexoy

= o(f(@) No(f(W) = fol@) A foly).
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Similar to the above proof, we can prove that A f,(w) > f,(y) for all

wEToYoz

x,y,z € S. Let now x,y € S be such that x <y. Then, by hypothesis, we have

fe(@) = o(f(2)) = o(f(y) = fo(y)-

Hence f, is a fuzzy interior hyperideal of S. If p(f(0)) = 1, then, clearly, f, is
normal. Assume that ¢(t) > ¢ for all ¢t € [0, f(0)]. Then f,(x) = ¢(f(x)) > f(z)
for any x € S, which implies that f C f,. u

Theorem 4.15. Let f be a nonconstant normal fuzzy interior hyperideal of S,
which is maximal in the poset of normal fuzzy interior hyperideals under set in-
clusion. Then f takes only the values 0 and 1, that is, Im(f) = {0,1}.

Proof. Note that f(0) = 1. Let a € S be such that f(a) # 1. It is sufficient to
show that f(a) = 0. Assume that 0 < f(a) < 1. Now define a fuzzy subset g of S
as follows:

(V2 € 8) g(z) = 5((2) + J(a).

We claim that g is a fuzzy interior hyperideal of S. To prove our claim, let x,y € s.
Then, since f is a fuzzy interior hyperideal of S, we have

A o) = A GUE @) =50\ 7+ (@)
> (@) A S) + (@) = ) + F@) A L) + fa)]
= g(=) Ag(y).

In the same way we can show that A ¢(z) > g(y) for all z,y, z € S. Moreover,
wWELOYozZ

let x,y € S be such that x < y. Since f is a fuzzy interior hyperideal of S, by
Theorem 3.11, f(z) > f(y), and we have

1

g(x) = 5 (f(x) + f(a)) =

5 (f(y) + f(a)) = g(y).

N | —

Thus, g is indeed a fuzzy interior hyperideal of S. By Theorem 4.7, g* is a normal
fuzzy interior hyperideal of S. In addition, for any z € S, we have

g7(r) = () + 1= 9(0) = 5(F(&) + F(@) + 1= 3(F(0) + F(a) = 3 (&) + 1),

and thus we have
g70) = 1> g7(a) = 3(f(a) +1) > f(a)

which means that g* is nonconstant. From g*(a) > f(a) it follows that f is not
maximal. This completes the proof.
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5. Characterizations of semisimple ordered semihypergroups

In this section, we give some new characterizations of semisimple ordered semihy-
pergroups by fuzzy hyperideals and fuzzy interior hyperideals.

Lemma 5.1 ([35]). Let S be an ordered semihypergroup. Then S is semisimple if
and only if a € (SoaoSoaoS| forallac S.

Lemma 5.2. Let S be a semisimple ordered semihypergroup. If f is a fuzzy
interior hyperideal of S, then f is a fuzzy hyperideal of S.

Proof. The proof is similar to that of Theorem 3.19 with suitable modification
by using Lemma 5.1. n

In order to characterize the semisimple ordered semihypergroups, we need
the following lemma.

Lemma 5.3. Let A, B be any two nonempty subsets of an ordered semihypergroup
S. Then fa* fB = flaom), where fa, f and fiaop) are the characteristic function
of A, B and (A o B], respectively.

Proof. Let v € S. If v € (Ao BJ, then fuaop(z) = 1, and < a o b for some
a € Aand b€ B. Thus (a,b) € H,, and

(faxfo)@) = \/ [fa) A fe(2)] > fa(a) A fe(b) =1A1=1.

(y,2)€Hs

On the other hand, since fa(y) < 1 and fp(z) < 1 for all y,z € S, we have

(fa* fB)(z) < 1. Therefore, (fa * fp)(x) =1 = flaop(x). If x ¢ (Ao B], then
ftaop)(x) = 0. We now prove that (fa * fp)(x) = 0. Indeed, if H, = 0, then

(fa* fe)(x) =0, and (fa * f5)(x) = fraop(x). If Hy # 0, then x < y o 2 for all
(y,2) € H,. If y € A and z € B, then yo 2z C Ao B, so x € (Ao B], which is
impossible. Thus y ¢ Aor z ¢ B. If y ¢ A, then fa(y) = 0. Since fg(z) > 0,
we have fa(y) A fg(z) = 0. If = ¢ B, then, as in the previous case, we have
fa(y) A fe(z) = 0. Thus we have

(fax f)(@) =\ [faly) A fo(2)] = 0.
(y,2)€EHy
This completes the proof. n

Now, we give characterizations of an ordered semihypergroup which is semisim-
ple in terms of fuzzy hyperideals and fuzzy interior hyperideals.

Theorem 5.4. Let S be an ordered semihypergroup. Then the following state-
ments are equivalent:

(1) S is semisimple.
(2) f*xg= fNg forall fuzzy interior hyperideals f and g of S.

(3) fxg= fNg for every fuzzy interior hyperideal f and every fuzzy hyperideal
g of S.
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(4) fxg= fNg for every fuzzy hyperideal f and every fuzzy interior hyperideal
g of S.

(5) fxg=fnNg for all fuzzy hyperideals f and g of S.

(6) f = f=f for every fuzzy hyperideal f of S.

(7) f = f=f for every fuzzy interior hyperideal f of S.

Proof. (1) = (2). Let f and g be fuzzy interior hyperideals of S and a € S.
Then, since S is semisimple, by Lemma 5.1 there exist x,y,z € S such that
a =xoaoyoaoz Thus, by Lemma 2.2, we have

a % roaoyoaoz=xo(rxroaoyoaoz)oyoaoz

= (2°caoy)o((aozoy)oaoz).

Then there exist w; € ¥?o0aoy,ws € (a0 z0y)oaoz such that a < wy ows, i.e.,
(wy,wy) € H,. By wy € 22 0 a oy, there exists u € x? such that w; € uoaoy.
Since f is a fuzzy interior hyperideal of S, by Theorem 3.11 we have

flw) > N\ fw) = f(a).

weuoaoy

By wy € (a0 zoy)oaoz, in a similar way we can get g(wz) > g(a). Thus

(fxg)a) =\ [f(s)Ag()] = fwn) Aglws) = f(a) Agla) = (f Ng)(a),

(s,t)€H,

which implies that f Ng C f % g. On the other hand, since S is a semisimple
ordered semihypergroup, by Lemmas 2.7(3) and 5.2 we have

frxgC fx1Cf and fxgClxgCuy,

and hence fxg C fNg. Thus fxg= fNgy.

Using Theorem 3.17, every fuzzy hyperideal of S is a fuzzy interior hyperideal
of S, and so (2) = (3) = (5), (2) = (4) = (5) and (7) = (6) are clear.

(5) = (6). Take f =g in (5), we get f* f = f N f = f. This proves the (6)
holds.

(2) = (7). The proof is similar to that of (5) = (6) with slight modification.

(6) = (1). Let I be a hyperideal of S. By Lemma 2.8, the characteristic
function f; of I is a fuzzy hyperideal of S. Then, by hypothesis and Lemma 5.3,
we have

f(I?} = frxfr= /1,

from which we deduce that (I?] = I. Therefore, S is semisimple. ]
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