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1. Introduction

Generalized open sets play a very important role in General Topology and they
are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real Analysis concerns the various modified forms
of continuity, separation axioms etc. by utilizing generalized open sets. Compact-
ness and properties closely related to compactness play an important role in the
applications of General Topology to Real Analysis and Functional Analysis. In
this paper, we have introduce and study the concept of sga-compact spaces and
sga-closed space by means of nets and filterbases.

2. Preliminaries

Throughout this paper, spaces always means topological spaces on which no se-
paration axioms are assumed unless otherwise mentioned. For a subset A of a
space (X, 1), cl(A) and int(A) denote the closure of A and the interior of A in X,

respectively.
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Definition 2.1 A subset A of a space (X, 7) is called semi-open [2] (resp. a-open
[3]) if A C cl(int(A)) (resp. A C int(cl(int(A)))). The complement of a semiopen
(resp. a-open) set is called a semi-closed (resp. a-closed) set.

The semi-closure [1] of a subset A of X, denoted by scl(A) is defined to
be the intersection of all semi-closed sets containing A in X. The a-closure and
a-interior of a set A are similarly defined.

Definition 2.2 A subset A of a space X is called semi-generalized closed (briefly
sga-closed) [4] if acl(A) C U whenever A C U and U is semiopen in X. The
complement of a sga-closed set is called a sga-open set.

Definition 2.3 Let (X,7) be a topological space and E C X. We define the
sga-closure [4] of E (briefly sga cl(E)) to be the intersection of all sga-closed sets
containing E. In symbols, sgacl(E)= () {A: E C A and A € sgaC(X,T)}.

The family of all sga-open (sga-closed) sets of (X, 7) is denoted by sgaO(X)
(sgaC(X)). The family of all sga-open (sga-closed) sets of (X, 7) containing a
point € X is denoted by sgaO(X, x) (sgaC(X,x)).

Proposition 2.4 [4] Let (X, 1) be a topological space and E C X. The following
properties are hold:

(i) sgacl(E) is the smallest sga-closed set containing E;
(ii) E is sga-closed if and only if sgacl(E) = E.

Definition 2.5 [4] Let (X, 7) be a topological space and £ C X. We define
the sga-interior of E (briefly sgaint(F)) to be the union of all sga-open sets
contained in FE.

Definition 2.6 The sga-6-closure [6] of A, denoted by sgaclg(A), is defined to
be the set of all x € X such that A N sgacl(U) # & for every sga-open set U con-
taining x. A subset A is called sga-0-closed [6] if and only if A = sgarclg(A). The
complement of sga-f-closed set is called sga-f-open. A subset S of a topological
space (X, 7) is said to be sga-regular [6] if it is sga-open and sga-closed.

The family of all sga-regular (resp. sga-open, sga-closed) sets of (X, 7) is denoted
by sgaR(X) (resp. sgaO(X), sgaC(X)). The family of all sga-regular (resp.
sga-open, sga-closed) sets of (X,7) containing a point z € X is denoted by
sgaR(X, x) (resp. sgaO(X, x), sgaC (X, x)).

3. sga-compact spaces

Definition 3.1 Let (X,7) be a topological space. A class {G;} of sga-open
subsets of X is said to be sga-open cover of X if each point in X belongs to
atleast one G; that is | JG; = X.
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Definition 3.2 A subset K of a nonempty set X is said to be sga-compact
relative to (X, 7) if every cover of K by sets of sgaO(X) has a finite subcover.
We say that (X, 7) is sga-compact if X is sga-compact.

It is clear that every sga-compact space is compact. But the converse is not
always true as it can be seen from the following example.

Example 3.3 Let X be the set of real numbers endowed with the cofinite topo-
logy. The topological space X is clearly compact. The collection of all sga-open
sets in X is precisely the power set of X. Hence the topological space X is not
sga-compact.

We will give several characterizations of the sga-compact spaces. The first cha-
racterization makes use of the finite intersection condition.

Theorem 3.4 The following statements are equivalent for any topological space
(X,7):

(i) X is sga-compact.

(ii) Given any family F of sga-open sets, if no finite subfamily of F covers X,
then F does not cover X.

(iii) Given any family F of sga-closed sets, if F satisfies the finite intersection
condition, then (\{A: A€ F} #0.

(iv) Given any family F of subsets of X, if F satisfies the finite intersection
condition, then (\{sgacl(A) : A € F} # 0.

Proof. (i) < (ii) and (ii) < (iii) are obivious. (iii) = (iv): If F C P(X) satisfies
the finite intersection condition, then N{sgacl(A) : A € F} is a family of sga-
closed sets, which obviously satisfies the finite intersection condition. (iv) = (iii)
Follows from the fact that A = bcl(A) for every sga-closed set A. .

Definition 3.5 A point z € X is said to be sga-cluster point of a net {z,}aca
if {x4}aen is frequently in every sga-open set containing z. We denote by sga-
cp{Za}aca the set of all sga-cluster points of a net {x,}aca.

Theorem 3.6 The set of all sga-cluster points of an arbitrary net in X is sga-
closed.

Proof. Let {z,}aca be a net in X. Set A = sga — cp{za}aca. Let z € X\A.
Then there exists a sga-open set U, containing = and «, € A such that Xz ¢ U,
whenever 5 € A, § > «,. It turns out that U, C X\ A, hence z € sgaint(X\A) =
X\sgacl(A). This shows that sgacl(A) C A; hence A is sga-closed. .

Theorem 3.7 A topological space X is sga-compact if and only if each net {xq}aca
in X, has atleast one sga-cluster point.



170 G. SHANMUGAM, N. RAJESH

Proof. Let X be a sga-compact space. Assume that there exist some net {z, }aca
in X such that sga-cp{zs}aca is empty. Then for every x € X, there exist
U(x) € sgaO(X,z) and a(z) € A, such that x5 ¢ U(z) whenever f > a(x),
B € A. Then the family {U(x) : * € X} is a cover of X by sga-open sets
and has a finite subcover, say, {Uy : k = 1,2,...,n} where U, = U(xy) for k =
1,2,...n, {xp : k= 1,2,...,n}. Let us take @ € A such that a > a(x;) for all
k e {1,2,...,n}. For every 8 € A such that § > a we have, x5 ¢ Uy, k =
1, 2,...n, hence z3 ¢ X, which is a contradiction. Conversely, if X is not sga-
compact, there exists {U; : i € I} a cover of X by sga-open sets, which has no
finite subcover. Let P(I) be the family of all finite subsets of I. Clearly, (P(I),C)
is a directed set. For each J € Z. we may choose xz; € X\|J{U; : i € J}. Let us
consider the net {z;};cp). By hypothesis, the set sga-cp{z;};cp() is nonempty.
Let © € sga-cp{x;};epr) and let iy € I such that € Uj. By the definition of
sga-cluster point, for each J € P(I) there exist J* € P(I) such that J C J* and
x5 € Uyp. For J = {ig}, there exists J* € P(I) such that iy € J* and 2} € Uj.
But 27 € X\ U{U; : i € J*} C X\Uj,. The contradiction we obtained shows that
X is sga-compact. u

In the following, we will give a characterization of sga-compact spaces by
means of filterbases.

Let us recall that a nonempty family F of subsets of X is said to be a
filterbase on X if ) ¢ F and each intersection of two members of F contains a
third member of F. Notice that each chain in the family of all filterbase on X
(ordered by inclusion) has an upper bound, for example, the union of all members
of the chain. Then, by Zorn’s Lemma, the family of all filterbases on X has atleast
one maximal element. Similarly, the family of all filterbases on X containing a
given filterbase F has atleast one maximal element.

Definition 3.8 A filterbase F on a topological space X is said to be:

(i) sga-converge to a point x € X if for each sga-open set U containing x,
there exists B € F such that B C U.

(i) sga-accumulate at x € X if U N B # () for every sga-open set U containing
x and every B € F.

Remark 3.9 A filterbase F sga-accumulate at x if and only if x € ({sga cl(B) :
B € F}. Clearly, if a filterbase F sga-converges to z € X, then F sga-accumu-
lates at x.

Lemma 3.10 If a mazimal filterbase F sga-accumulate at x € X, then F sga-
converges to x.

Proof. Let F be a maximal filterbase which sga-accumulate at x € X. If F does
not sga-converges to x, then there exists a sga-open set Uy containing x such that
UpN B # () and (X\Uy) N B # ) for every B € F. Then F|J{UsNB:B¢e F}is

a filterbase which strictly contains F, which is a contradiction. .
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Theorem 3.11 For a topological space X, the following statements are equiva-
lent:

(i) X is sga-compact;
(ii) Every maximal filterbase sga-converges to some point of X ;

(i) Ewvery filterbase sga-accumulates at some point of X .

Proof. (i) = (ii): Let Fy be a maximal filterbase on X. Suppose that F; does
not sga-converge to any point of X. Then, by Lemma 3.10, Fy does not sga-
accumulate at any point of X. For each x € X, there exists a sga-open set U,
containing = and B, € Fy such that U, N B, = (. The family {U, : z € X} is
a cover of X by sga-open sets. By (i), there exists a finite subset {x1, z9, ..., 2}
of X such that X = (J{U,, : k = 1,2,...,n}. Since Fy is a filterbase, there exists
By € Fy such that By C ({By, : k= 1,2,...,n} = X\ UH{U,, : £ =1,2,....n},
hence By = (). This is a contradiction. (ii) = (iii): Let F be a filterbase on
X. There exists a maximal filterbase Fy such that F C Fy. By (ii), Fy sga-
converges to some point 7o € X. Let B € F. For every U € sgaO(X,xg),
there exists By € Fy such that By C U, hence U N B # (), since it contains the
member By N B of Fy. This shows that F sga-accumulates at . (iil) = (i):
Let {V; :i € I} = () be any family of sga-closed sets such that ({V;:i € I} =0.
We shall prove that there exists a finite subset Iy of I such that ([{V; : i € I}.
By Theorem 3.4, this implies (i). Let P(I) be the family of finite subsets of .
Assume that

({V::ie J} =0 for every J € P(I). (%)

Then the family F = {(\{V; : i € J} : J € P(I)} is a filterbase on X. By (iii),
F sga-accumulates to some point zp € X. Since {X\V; : i € I} is a cover of X,
there exists iy € I such that 2o € X\V;,. Then X\Vjy is a sga-open set containing
xg, Viy € F and (X\V;,) NV;, = 0. This is a contradiction with the fact that F
sga-accumulates at xy shows that (x) is false. n

Definition 3.12 A point z in a topological space X is said to be a sga-complete
accumulation point of a subset A of X if n(SNA) =n(95) for each A € sgaO(X, x),
where n(S) denotes the cardinality of S.

Definition 3.13 In a topological space (X, 7), a point x is said to be a sga-adhe-
rent point of a filterbase F on X if it lies in the sga-closure of all sets of F.

Theorem 3.14 A topological space (X, 1) is sga-compact if and only if each in-
finite subset of X has a sga-complete accumulation point.

Proof. Let the topological space (X, 7) be sga-compact and A an infinite sub-
set of X. Let K be the set of all points z in X which are not sga-complete
accumulation points of S. Now it is obvious that for each point z in K, we are
able to find U(z) € sgaO(X,z) such that n(ANU(x)) # n(S). If K is the
whole space X, then F = {U(z)xr € X} is a sga-cover of X. By hypothesis, X
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is sga-compact. So, there exists a finite subcover G = {U(z;) : ¢ = 1,2,...,n},
such that A C (J{U(z;) N A:i=1,2,...,n}. Then n(S) = max{n(U(z;) NA) :
i = 1,2,...,n} which does not agree with what we assumed. This implies that
A has a sga-complete accumulation point. Conversely, assume that X is not
sga-compact and that every infinite subset A of X has a sga-complete accu-
mulation point in X. It follows that there exists a sga-cover & with no finite
subcover. Set « = min{n(V): ¥ C S, where ¥ is a sga-cover of X}. Fix
U = S for which n(¥) = o and |J{U : U € ¥} = X. Then, by hypothesis
a > n(N), where N denotes the set of all natural numbers. By well-ordering of
U by some minimal well-ordering ”~", suppose that U is any member of U. By
minimal well-ordering ”"~" we have n({V : V € U,V ~ U}) < n({V : V € ¥}).
Since ¥ cannot have any subcover with cardinality less than «, then for each
U e ¥ we have X # | J{V;V € ¥,V ~ U}). For each U € V¥, choose a point
z(U) e X\ H{VU{z(V)};V € ¥,V ~U}). We are always able to do this if not
one can choose a cover of smaller cardinality from ¥. If H = {z(U) : U € ¥},
then to finish the proof we will show that H has no sga-complete accumulation
point in X. Suppose z € X. Since V¥ is a sga-cover of X, z is a point of some
set, say W in W. By the fact that U ~ W, we have z(U) € W. It follows that
T ={U:U €€ Vand z(U) € W} C{V;V € V.V ~ W}. But n(T) < a.
Therefore, n(H N W) < a. But n(H) = a > n(N). Since for two distinct points
U and W in ¥, we have x(U) # x(W). This means that H has no sga-complete
accumulation point in X, which contradicts our assumption. Therefore X is sga-
compact. ]

Theorem 3.15 For a topological space (X, T), the following statements are equi-
valent:

(i) X is sga-compact;

(ii) Ewvery net in X with a well-ordered directed set as its domain sga-accumulates
to some point of X.

Proof. (i) = (ii): Suppose that X is sga-compact and A = {z, : « € A} a
net with a well-ordered directed set A as domain. Assume that A has no sga-
adherent point in X. Then for each # € X, there exists V(z) € sgaO(X,x)
and an a(x) € A such that V(z) N {z, : @ > a(x)} = 0. This implies that
{Zq:a > a(zx)} is a subset of X\V(z). Then the collection F = {V(z) : 2 € X}
is a sga-open cover of X. Since X is sga-compact, F has a finite subfamily

{Vei +i=1,2,...,n} such that X = U{V(xz) : 4 = 1,2,...,n}. Suppose that

the corresponding elements of A are {oz(x,)} where ¢ = 1,2,...,n. Since A is
well-ordered and {a(x;) : ¢ = 1,2,...,n} is finite, the largest element of {a(z;)}
exists Suppose it is {a(:cl)} Then for 6 > {«a(z;)}, we have {zs : 6 > [} C

ﬂ {X\V(z))} = X\ U V(x;) = 0, which is impossible. This shows that A has at

least one sga- adherent point in X. (ii) = (i): Now, it is enough to prove that
each infinite subset has a sga-complete accumulation point by utilizing Theorem
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3.14. Suppose that S is an infinite subset of X. According to Zorn’s Lemma,
the infinite set S can be well-ordered. This means that we can assume S to be
a net with a domain which is a well-ordered index set. It follows that S has a
sga-adherent point z. Therefore, 2z is a sga-complete accumulation point of S.
This shows that X is sga-compact. .

Theorem 3.16 A topological space X is sga-compact if and only if each family
of sga-closed subsets of X with the finite intersection property has a nonempty
intersection.

Proof. Straightforward. u

Theorem 3.17 A topological space X is sga-compact if and only if each filterbase
in X has at least one sga-adherent point.

Proof. Suppose that X is sga-compact and F = {F, : a« € A} a filterbase in
it. Since all finite intersections of F,’s are nonempty, it follows that all finite
intersection of sgacl(F,)’s are also nonempty. Now, it follows from Theorem

3.15 that () sgacl(F,) # (. This implies that F has at least one sga-adherent
aEA
point. Now suppose F is a family of sga-closed sets. Let each finite intersection

be nonempty. The sets F,, with their finite intersection establish a filterbase F.

Therefore, F sga-accumulates to some point z € X. It follows that z € () F,.

acA
Now, we have by Theorem 3.15 X is sga-compact. © n

Theorem 3.18 A topological space X is sga-compact if and only if each filterbase
on X with at least one sga-adherent point is sga-convergent.

Proof. Suppose that X is sga-compact, x € X and F is a filterbase on X. The
sga-adherence of F is a subset of {z}. Then the sga-adherence of F is equal to
{z} by Theorem 3.15. Assume that there exists V' € sgaO(X,z) such that for

all Fe F, FN(X\V) # 0. Then ¥V = {F\V : F € F} is a filterbase on X. It

follows that the sga-adherence of W is nonempty. However, [\ sgacl(F\V) =
FeF

(N sgacl(F))N(X\V) = {z}n (X\V) = 0, a contradiction. Hence for each

FeF

V € sgaO(X, z), there exists an F' € F with F* C V. This shows that F sga-
converges to x. To prove the converse, it suffices to show that each filterbase in X
has at least one sga-accumulation point. Assume that F is a filterbase on X with
no sga-adherent point. By hypothesis, F sga-converges to some point z € X.
Suppose F, is an arbitrary element of F. Then for each V' € sgaO(X, ), there
exists 3 € F such that Fg C V. Since F is a filterbase, there exists a v such
that F, C F, N Fz C F, NV, where F, # (. This means that Fa NV # ( for
every V € sgaO(X,x) and corresponding for each «, z is a point of sga cl(F,).
It follows that z € ()sgacl(F,). Therefore, z is a sga-adherent point of F, a

«
contradiction. This shows that X is sga-compact. .



174 G. SHANMUGAM, N. RAJESH

Definition 3.19 A subset K of a topological space X is said to be sga-closed
relative to X if for any cover {U; : i € I} of K by sga-open sets, there exists a
finite subset Iy of I such that K C (J{sgacl(U;) : i € Iy}. We say that X is sga-
closed if X is sga-closed relative to X. Obviously every set which is sga-compact
relative to X is also sga-closed relative to X.

Definition 3.20 Let X be a topological space. A point x € X is said to be
sga-0-cluster point of a net {z,}aea if {Za}aca is frequently in the sga-closure
of every sga-open set containing x.

Theorem 3.21 A topological space X is sga-compact if and only if each net
{Za}aen in X, has atleast one sga-cluster point.

Proof. Similar to the proof of Theorem 3.7. u
Definition 3.22 A filterbase F on a topological space X is said to be:

(i) sga-B-converge to = € X if for each sga-open set U containing x, there
exists B € F such that B C sgacl(U).

(ii) sga-f-accumulate at x € X if sgacl(U) N B # () for each sga-open set U
containing x and every B € F.

Remark 3.23 A filterbase F is sga-0-convergent to a point x € X if and only if
F contains the collection {sgacl(U) : U € sgaO(X, z)}.

Theorem 3.24 For a topological space X, the following statements are equiva-
lent:

(i) X s sga-closed;

)
(ii) Every maximal filterbase sga-0-converges to some point of X ;
(i) Ewvery filterbase sga-0-accumulates to some point of X ;
(iv) For every family {V; : i € I} of sga-closed sets that N{V; :i € I} =0, there
exists a finite subset Iy of I such that ({sgaint(V;) :i € Iy} = 0.

Proof. (i) = (ii): Let F be a maximal filterbase on X. Suppose that F does
not sga-f-converge to any point of X. Then, by Theorem 3.21, F does not sga-
f-accumulates at any point of X. For each x € X, there exist a sga-open set U,
containing x and B, € F such that sgacl(U,) N B, = 0. The family {U, : x € X'}
is a cover of X by sga-open sets. By (i), there exists a finite subset {z1, z, ..., x, }
of X such that X = (J{sgacl(Uyx) : k = 1,2,...,n}. Since F is a filterbase,
there exists I € F such that Fy C ([{B, : k¥ = 1,2,....,n}. It follows that
Fo C (W X\sgacl(Uy, : k=1,2,....,n} = X\ U {sgacl(Uyz : k =1,2,...,n} =0,
hence F' = (). This is a contradiction with the definition of filterbase. (ii) = (iii):
Let Fy be a filterbase on X. There exists a maximal filterbase F such that
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Fo C F. By (ii), F sga-0-converges to some point xy € X. Let F' € F,. For
every U € sgaO(X, xy), there exists By € F such that By C sgacl(U), hence
sgacl(U)NB D By N B is nonempty, since it contains a member of F. This shows
that Fy sga-0-accumulates at . (iii) = (iv): Let {V; : i € I} be any family of
sga-closed set such that (\{V; : i € I} = (. Let P(I) be the family of all finite
subsets of I. Assume that

{sgaint(V;) : i € J} = 0 for every J € P(I). (xx)

Then, the family F = {(\{sgaint(V;) : i € I} : J € I} is a filterbase on X.
By (iii), F sga-accumulates at some point x € X. Since {X\V; : ¢ € I} is a
cover of X, there exists ig € I such that z € X\Vj,. Then X\V,, is a sga-open
set containing z, sgaint(V;,) € F and sgacl(X\V;,) N sgaint(V;,) = 0. This
contradicts the fact that that F sga-accumulates at x. It follows that (xx) is false.
(iv) = (i): Let {U; : ¢ € I} be a cover of X by sga-open sets. Denote V; = X\Us,.
Then {V; : i € I} is a family of sga-closed sets such that (\{V; : i € I} = (). There
exists a finite subset Zy of Z such that ({sgaint(V;) : i € I} = (. Then X =
X\ ({sgaint(V;) :i € Iy} = [ J{ X \sgaint(V;) :i € Iy} = J{sgacl(U;) : i € Iy} =

Theorem 3.25 A topological space X is sga-closed if and only if each net {4 }aen
in X has atleast one sga-0-cluster point.

Proof. Similar to the proof of Theorem 3.7. u
Definition 3.26 Let A be a directed set.

(i) A set F = {z, : @ € A} sga-accumulates at a point z € X if the net is
frequently in every U € sgaO(X, z), that is, for each U € sgaO(X, x) and
for each ag € A, there is some o > «q such that z, € U.

(ii) The net F sga-converges to a point x € X if it is eventually in every

U € sgaO(X, x).

(iii) A filterbase F = {F, : a € '} sga-converges at a point = € X if sga-open

subsets U, of X for each o € T such that S C |J U,.
aceF

(iv) A filterbase F = {F, : o € I'} sga-converges to a point x in X if for each
U € sgaO(X, z), there exists an F,, in F such that F, C U.

Definition 3.27 If F is a filterbase on a topological space X, then the section
of F, denoted by secF, is given by secF ={A C X : ANG # (), for all G € F}.

Theorem 3.28 If a filterbase F on a topological space X, sga-0-adheres to some
point x € X, then F is sga-0-convergent to x.

Proof. Let a filterbase F on X, sga-f-adhere at x € X. Then for each U €
sgaO (X, z) and each G € F, sgacl(U) NG # 0 so that sgacl(U) € secF, for
each U € sgaO(X, x), and hence X\sgacl(U) ¢ F. Then sgacl(U) € F (as F is
a filterbase and X € F), for each U € sgaO(X, x). Hence F must sga-fconverge
to w. "
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Remark 3.29 Let X be a topological space. Then, for any x € X, we adopt the
following notions:

(i) F(sgap,x) ={AC X :2 € sgacly(A)}.
(ii) secF(sgag,z) ={AC X :ANG #, for all G € F(sgay,x)}

In the next two theorems, we characterize the sga-6-adherence and sga-6-conver-
gence of filterbase in terms of the above notions.

Theorem 3.30 The filterbase F on a topological space X, sga-0-adheres to a
point x € X if and only if F C F(sgag,x).

Proof. A filterbase F on a topological space X sga-0-converges at x € X.

= sgacl(U)NG £ for all U € sgaO(X,x) and all G € F.

= z € sgacly for all G € F.

= G € F(sgag,z) for all G € F.

= F C F(sgag, ).

Conversely, let F C F(sgag, z). Then, for all G € F, x € sgacly, so that for
all U € sgaO(X) and for all G € F, sgacl(U) NG # 0. Hence, F sga-6-adheres

to a point . =

Theorem 3.31 A filterbase F on a topological space X is sqga-0-convergent to a
point x of X if and only if secF(sgag,x) C F.

Proof. Let F be a filterbase on X, sga-6-converging to x € X. Then, for each
U € sgaO(X), there exist G € F such that G C bcl(U); hence

sgacl(U) € F for each U € sgaO(X). (%)

Now, B € secF(sgag,x) = X\B ¢ secF(sgap,x) = x ¢ sgacly(X\B) = there
exists U € sgaO(X) such that sgacl(U) N (X\B) =0 = sgacl(U) C B, where
U € sgaO(X) = B € F (by (x)). Conversely, let if possible, F not belong to
sga-f-converge to x. Then for some U € sgaO(X), sgacl(U) ¢ F and hence
sgacl(U) ¢ secF(sgag, x). Thus, for some A € F(sgay, x),

Ansgac(U) =10 (k).
But A € F(sgag, x) = x € sgacly(A) = sgacl(U) N A # (), contradiction (xx).m

We shall now derive some new characterizations of sga-closedness in terms
of filterbase and the associated concepts.

Theorem 3.32 A subset A of a topological space X is sga-closed relative to X if
and only if every filterbase F on X with A € F, sga-0-converges to a point in A.

Proof. Let A be sga-closed relative to X and F a filterbase on X satisfying A € F
such that F does not sga-6-converge to any a € A. Then to each a € A, there
corresponds some U, € sgaO(X, a) such that sgacl(U,) ¢ F. Now {U, : a € A}
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is a cover of A by sga-open sets of X. Then A C U sgacl(Uy;) = U (say) for

some positive integer n. Since F is a filterbase, U € .7-" and hence A € F, which is
a contradiction. Conversely, let A be not sga-closed relative to X. Then for some
cover U = {U, : @ € A} of A by sga-open sets of X, F ={A\ |J : A CA}isa

aclNg
filterbase on X. Then the family F can be extended to an ultra-filter F* on X.

Then F* is a filterbase on X with A € F* (as each F of F is a subset of A). Now
for each = € A, there exist § € A such that z € Ug, as U is a cover of A. Then
for any G € F*, G N (A\sgacl(Us) # 0, so that G € sgacl(Up) for all G € G.
Hence F* cannot sga-6-converge to any point of A. This contradiction proves the
desired result. n

Theorem 3.33 Let X be any topological space such that every filterbase F on X,

with the property that () sga cla(G;) # O for every finite subfamily {G1, G, ....G,}
i=1

of F sga-0-adheres in X, then X is a sga-closed space.

Proof. Let U be any ultrafilter on X. Then U is a filterbase on X and also
for each finite subcollection {Uy, Us,....U,} of U, ﬂ sgaclp(U;) D ﬂ U; # 0 so

that U is a filterbase on X with the given Condltlon Hence by hypothe51s U
sga-B-adheres. Consequently, the space X is sga-closed. n

Definition 3.34 A filterbase F on a topological space X is said to be:
(i) sga-6-linked if for any two members A, B € F sgacly(A) N sgacly(B) = 0;

(ii) sga-f-conjoint if for every finite subfamily A, A, ...., A,
of F sgaint(() sgacly(A;) # 0.

=1

Theorem 3.35 In a sga-closed topological space X, every sga-0-conjoint filter-
base sga-0-adheres in X .

Proof. Consider any sga-6-conjoint filterbase F on a sga -closed space X.
We first note from Theorem 3.31 that, for A C X, sgacly(A) is sga-closed.
Thus, {sga clg(A) : A € F} is a collection of sga-closed sets in X, such that
sga int(ﬂ sgaclp(A;)) # 0 for any finite subcollection Ay, As....A,, of F. Thus,

i=1
by Theorem 3.32, ﬂ {sgacly(A) : A € F} # 0, that is, there exists z € X such

that z € sga Clg(A) for all A € F. Hence F C F(sgay,x) so that by Theorem
3.30, F sga-6-adheres at x € X. .

Theorem 3.36 FEvery filterbase F on a topological space X with the property that
{sgacly(G) : G € Fo} # O for every finite subset Fo of F, sga-0-adheres in X if
and only if for every family F of subsets of X for which the family {sga cly(F) :
F € F} has the finite intersection property, we have (\{sgaclg(F) : F € F} # (.
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Proof. Let every filterbase on a topological space X satisfying the given condition,
sga-f-adheres in X, and suppose that F is a family of subsets of X such that the
family F* = {sgacly(F) : F' € F} has the finite intersection property. Let U be
the collection of all those families of subsets of X for which F* = {sgacly(G) :
G € F} has the finite intersection property and F C G. Then F € U and U is
a partially ordered set under inclusion in which every chain clearly has an upper
bound. By Zorn’s lemma, F is then contained in a maximal family U* € U.
It is easy to verify that U* is a filterbase with the stipulated property. Hence
N{sgacly(F) : F € F} D N{sgacly(U) : U € U # 0. Conversely, if F is a
filterbase on X with the given property, then for every finite subfamily Fy of F,
N{sgacly(F) : F € Fo} # 0. So, by hypothesis, ({sgacly(F) : F € F} # 0.
Hence F sga-6-adheres in X. u

Theorem 3.37 [5] For a topological space X, the following statements are equi-
valent:
(i) X is sga-regular;
(ii) For each and each open set U of X containing x, there exists a sga-open set
V such that accl(V) C U.

Theorem 3.38 Let X be a sga-reqular space. Then a subset K of X is sga-
compact if and only if K is sga-closed relative to X.

Proof. Let {U; : i € I} be a cover of K by sga-open sets. For each z € K
there exists i(x) € I such that x € Ujy,) and by the assumption that X is sga-
regular, there exists, according to Theorem 3.37, a sga-open set V, such that
r eV, C sgacl(Vy) C Uyy). The family {V, : © € X} is a cover of K by
sga-open sets. Since K is sga-closed relative to X, there exists a finite subset
{z1,29,...,x,} of K such that K C U{sgacl(Vux) : k = 1,2,...,n}. Which shows
that K is sga-compact relative to X. The necessity is obvious. .

References

[1] CrOSSLEY, S.G., HILDEBRAND, S.K., Semi-closure, Texas J. Sci., 22
(1971), 99-112.

[2] LEVINE, N., Semi-open sets and semi-continuity in topological spaces, Amer.
Math. Monthly, 70 (1963), 36-41.

[3] NJASTAD, O., On some classes of nearly open sets, Pacific J. Math., 15
(1965), 961-970.

[4] RaJEsH, N., KRSTESKA, B., Semigeneralized a-closed sets, Antarctica J.
Math., 6 (1) 2009, 1-12.

[5] RAJESH, N., SHANMUGAM, G., On sga-normal space and sga-reqular space
(submitted).

6] RAJESH, N., SHANMUGAM, G., On some applications of sga-open sets in
topological spaces (submitted).

Accepted: 13.08.2016



