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Abstract. Based on a new kernel function, a large-update primal-dual interior-point
algorithm for solving linear optimization is proposed. The kernel function is used both
for determining the search directions and for measuring the distance between the given
iterate and the u-center for the algorithm. By using several new technical lemmas, the
iteration complexity bound as O(y/nlognlog2) is obtained, which coincides with the
currently best iteration complexity bounds for large-update methods. In addition, we
present some preliminary numerical results.
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1. Introduction

In this paper, we consider the standard form of the linear optimization (LO)
problem

(P) min {c'x : Av =b, x>0},

where A € R™" with rank(A) = m < n, z,c € R and b € R™. The dual
problem of (P) is given by

(D) max {b7y: ATy+s=rc, s>0},

where y € R™ and s € R".

After the landmark paper of Karmarkar [9], interior point methods (IPMs)
for solving LO attract much attention, since IPMs not only are the most effective
methods in practice but also have polynomial complexity. The primal-dual TPMs
for LO were first introduced by Kojima et al. in [11]. Lately, a large amount of
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beautiful results have been reported. For a survey, we refer to recent books on
the subject [18], [22], [23].

In the IPMs, the choice of the barrier function is crucial not only for the quali-
ty and elegance of the analysis but also for the performance of the algorithm. Most
IPMs for LO were based on the classical logarithmic barrier function. However,
today there is still a gap between the practical behavior of these algorithms and the
theoretical performance results. Especially, the so-called large-update methods
for which the theoretical iteration complexity bound is O(nlogZ). In practice,
the so-called large-update methods are much more efficient than the so-called
small-update methods for which the theoretical iteration complexity bound is
only O(y/nlog®). This significant gap between theory and practice has been
referred to as the irony of IPMs [3].

Recently, a new variant of primal-dual IPM for LO and semi-definite opti-
mization (SDO) based on the so-called self-regular kernel functions was proposed
by Peng et al. in [15] and aforementioned gap was narrowed. They obtained the
currently best iteration complexity bound, namely, O(y/nlognlog?), for large-
update IPMs for LO and SDO. Subsequently, Bai et al. [3] proposed a class of
primal-dual IPMs for LO based on an eligible kernel function (neither logarithmic
nor self-regular function). The algorithm derived the same favourable iteration
complexity bound with large-update strategy as [15]. Kim et al. [10] proposed a
new adaptive single-step primal-dual [IPM with wide neighborhood for LO based
on a simple kernel function, and showed that the algorithm has O(q/n7 log 2)
iteration complexity bound for large-update methods. Later, Liu et al. [13] intro-
duced a new kind of kernel function, and concluded that in some situations the
iteration complexity bound as O(mm;;; 0 log 2). Very recently, Peyghami et
al. [17] proposed a primal-dual IPM based on a trigonometric kernel function for
LO, and obtained the iteration complexity bound as O(n§ log 2) for large-update
methods. Cai et. al [5] introduced a new parametric kernel function, which is a
combination of the classic kernel function and a trigonometric barrier term, and
obtained the iteration bounds for large-update methods the same as [17]. Li et al.
[12] presented a new primal-dual interior-point algorithm for linear optimization
based on a trigonometric kernel function, and derived the worst case complexity
for a large-update primal-dual interior-point method based on the kernel function.
For more studies with primal-dual IPMs based on kernel functions please refer to
1), (21, (4], (6], (7], [8), [16], [19], [21], [24];

Motivated by their works, we present a large-update primal-dual IPM for LO
based on a new kernel function and the corresponding barrier function. Since
our kernel function is exponentially convex and is not self-regular and logarithmic
barrier function, which is different from the analysis provided to self-regular and
logarithmic barrier kernel function. By using several technical lemmas, we derive
that the algorithm has favorable iteration complexity iteration bound, namely,
O(y/nlognlog %), which is currently the best known iteration complexity bound
for large-update IPMs. Furthermore, some preliminary numerical results are pre-
sented to show that the algorithm is efficient and reliable.

The paper is organized as follows. In Section 2, after recalling some basic
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concepts, we study the central path and the new search directions for LO. The
generic primal-dual interior-point algorithm for LO is also presented. In Section
3, we define a new kernel function and the corresponding barrier function and
present some properties of kernel function and the barrier function. The amount
of decrease of the barrier function during an inner iteration and the default step
size are given in Section 4. The complexity analysis of primal-dual IPMs based on
our kernel function is given in Section 5. In Section 6, we give some preliminary
numerical results. Finally, some concluding remarks are given in Section 7.

We use the following notational conventions.

Throughout the paper, || z ||[= VaTx denotes the 2-norm of the vector z. The
nonnegative orthant and positive orthant are denoted as R’} and R”} , , respectively.
If 2,5 € R™, then xs denotes the coordinatewise (or Hadamard) product of the
vectors x and s and e denotes the all-one vector of length n, i.e., e = (1,1, ..., 1)T.
The diagonal matrix with the vector x is denoted X = diag(x). Furthermore,

n
2Ty = szy, for z,y € R*. For any x = (21,29, ....,2,)7 € R", 2, denotes

the Smalllelzst and xy. denotes the largest value of the components of x. Finally,
if f(x) > 0 is a real valued function of a real nonnegative variable, the notation
f(z) = O(z) means that f(z) < cx for some positive constant ¢ and g(z) = O(x)
that c;z < g(x) < cox for two positive constants ¢; and cs.

2. Preliminaries
Without loss of generality, we may assume that both (P) and (D) satisfy the
interior-point condition (IPC) [11], i.e., there exist zy and (yo, So) such that
Arg=0b, x9 >0,
ATyg+so=c¢, s9>0.

The optimality condition for (P) and (D) is equivalent to solving the following
nonlinear system

Arxr=b, x>0,
(1) ATy+s=¢c, >0,
xs = 0.

The basic idea of primal-dual IPMs is to replace the third equation in system (1)
by a parametric equation xs = pe, where y > 0. This leads the system (1) to the
following parametric system

Axr=b, x>0,
(2) Aly+s=c, s>0,
xS = Jie.

Surprisingly enough, if the IPC is satisfied, the parameterized system (2) has a
unique solution (x(u),y(u), s(p)) for each p > 0, which is called a p-center of (P)
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and (D). The set of p-centers is said to be the central path of (P) and (D). The
relevance of the central path for LO was recognized first by Sonnevend in [20] and
Megiddo in [14]. If ;1 — 0, then the limit of the central path exists. Since the
limit point satisfies the complementarity condition, the limit point yields optimal
solutions for (P) and (D).

For fixed ;o > 0, by applying Newton’s method to the parameterized sys-
tem (2), we obtain the search direction (Az, Ay, As) from the following Newton
system

AAx =0,
(3) ATAy + As =0,
SAx + xAs = pe — xs.
Since A has full row rank, the system (3) uniquely defines (Az, Ay, As) for any

x > 0 and s > 0. By taking a step along the search direction (Az, Ay, As), we
can construct a new tripe (z,y.,sy) according to

(4) ry=r+alzr,  y,=y+aly, s;:=s+als,

where o € (0, 1] is obtained by using some rules so that the new iterate satisfies

(T4, Y+, 54) > 0.
Introducing the notations

s vAx vAs

(5) Vi= ] —, dy:i= . dg = ,

then the Newton system (3) can be rewritten as
Ad, =0,
(6) A Ay+d, =0,
dy+dy =v ! — v,
where A:= LAVT'X, V= diag(v), X :=diag(z), S := diag(s).

Note that d, and d; are orthogonalivectors, since d, belongs to the null space
and d, to the row space of the matrix A. Hence, we will have

1

dy=ds=0v—v =0 x=2x(u),s=-s(u).

It is surprising that the right-side of the third equation in (6) is called the scaled
centering equation, which equals the minus gradient of the barrier function

U,(v) = Xn: (”1‘22_1 - logvi).

=1

In this paper, we replace W.(v) by a strictly convex function ¥(v), v € R, such
that W(v) is minimal at v = e and W(e) = 0. Thus the new scaled centering
equation becomes

dy, +ds = —V¥(v).
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As before, we will have
d; =ds =0 VV(v)=0cv=cc v =u0(u),s=s(u).

To simplify matters, we restrict ourselves to the case where W(v) is separable
with identical coordinate functions. Thus, letting W(v) denote the function on
the coordinates, we write

qj(”) = Z w(vi)a

where 9(t) : D — R% with R}, C D, is called the kernel function of barrier
function W(v) if ¥ (t) is twice differentiable and satisfies the following condition

M AW =YM) =0 >0, Jimv(o) = mv(D) = .

Now the new search directions d,, Ay, d, are obtained by solving the following
system so that (Az, Ay, As) is computed via (5)

Ad, =0,
(8) ZTAy +ds =0,
d, +ds = =V (v).

Thus, the generic primal-dual interior-point algorithm works as follows.

Algorithm 1: Generic Primal-Dual Algorithm for LO
Input:

A threshold parameter 7 > 1;

a barrier function ¥ (v);

a fixed barrier update parameter 6, 0 < 6 < 1;

an accuracy parameter € > 0;
begin

ri=a% s:=5% pui=pu

while nu > ¢ do

begin
= (1= 0);
while ¥(v) > 7 do
begin
r:=x+alxr; y:=y+aly, s:=s+als;
V= %;
end
end
end

Remark 1 The choice of the barrier update parameter 6 plays an important
role in both theory and practice of [PMs. Usually, if § is a constant which is
independent of the dimension n of the problem, such as 6 = %, then the algorithm
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is called a large-update (or long-step) method. If # depends on the dimension of
the problem, for instance 6 = \/Lﬁ, then the algorithm is called a small-update (or
short-step) method.

Remark 2 The choice of the step size o (0 < o < 1) is another crucial issue in
the analysis of the algorithm. It has to be taken such that the closeness of the
iterates to the current p-center improves by a sufficient amount. In the theoretical
analysis the step size « is usually given a value that depends on the closeness of
the current iterates to the p-center.

3. The new kernel (barrier) function and its properties

This section is devoted to present a new kernel (barrier) function and give its
properties, which are used in the complexity analysis of the algorithm. Let’s
define a univariate function (t) : D — R with R} C D as follows

0 w0 =" [ Lt 2
g — ez €T .
5 = . p=
The first three derivatives of the function v (t) are given by
1
! _ J A
(10) Pi(t) = t—tQ—pef 7,
2p P p_
" — t et
(11) PI(t) = 1+t2p+1€ p+t2p+2 P,
2p(2p+1) »_, 4p*+2p »_ P’ b
" .
(12) f(/] (t) = _—t2p+2 et p_ _t2—p+3 et p__ t2_p+4€t p'

Using (9)-(11), we can easily get
V(1) = 9/(1) = 0,07(6) > 1, lim (1) = Jim (1) =

which show that (t) is indeed a kernel function. According to the definition
of self-regular function in [15], we can easily verify that the kernel function (t)
does not belong to the family of self-regular functions. Due to conditions (1) =
Y'(1) = 0, one can completely describe 1(t) by its second derivative

(13) //Mdm

The next lemma serves to prove that the new kernel function v (¢) is an eligible
kernel function according to [3].

Lemma 1 For the function v (t), defined by (9), we have
W

(14) (a) ) >1, Vt>0,

(15) (b)  t"(t) +4'(t) >0, V>0,
(16) () t"(t) —4'(t) >0, V>0,
(17) (d) ¥"(t) <0, Vt>O0.
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Proof. Inequalities (a) and (d) immediately follows from (11) and (12), respec-
tively. Next, we prove that (b) holds. Using (10), (11) and p > 1, we get

W)+ (D) =t et b Dt gy et
Furthermore, for proving (c), we have
" (t) =Y (t) =t + 2_]?6%_1, U S5 ieg—l’
2p £2p+1 2

2p+1
= I;p et P 4 —tzfﬂe%_p > 0.

This completes the proof. .

Lemma 2 (Lemma 2.1.2 in [15]) ¥(t) is exponentially convez (e-convez), namely,

Y(Vhitz) < S(¥(t) +(t2)).

DO | —

Proof. This result follows easily by using Lemma 2.1 in [3], which states that the
above inequality holds if and only if )" (t) + ¢/(t) > 0 for all ¢ > 0. From (15)
the result holds. n

In the analysis of the algorithm, we introduce the norm-based proximity mea-
sure d(v) defined by

(18) o(v) =

Since 9 (t) is an eligible kernel function, we can get the following lemma
which will be used in next section. Its proof is similar to the proof of Lemma 2.1,
Corollary 2.2 and 2.3 in [3], and is therefore stated without proof.

Lemma 3 Let ¢(t) be as defined in (9), we have

V'), if >0,

N | —

() (17 < u() <
b) W) <20,
@ llvll< Vit VI < Vi + 250).

Corollary 1 If U(v) > 1, then we have

(19) 6(v) >

= §|“

Proof. It is easily followed from the (b) of Lemma 3. .



326 X. LI, M.W. ZHANG, P. JI

4. Analysis of the algorithm

In this section, we deal with the growth behavior of the barrier function. A default
value for the step size is also presented in this section.

4.1. Growth behavior for the barrier function

For given threshold parameter 7, we have W(v) < 7 before the update of pu with
the factor 1 — #. According to the update of u, the vector v is divided by a factor
V1 — 0, which leads to an increase of the value W(v) in general. The subsequent
inner iterations are performed in order to bring the value of W(v) decrease until
it passes the threshold parameter 7 again. Therefore, the largest values of W(v)
occur just after the update of u. In order to investigate the growth behavior of
U(v), we need the following lemmas which are important in deriving the iteration
complexity bound.

Lemma 4 Let 3> 1. Then

(20) Y(Bt) < (t) + 5 (67 - 1).

Proof. Defining

e

t 1 »
w(®)i= — [ et
1

we have

1 »_
¢é(t) = —tQ—th P < 07

i.e., ¥y(t) is a decreasing function with ¢ > 0. Thus ¢,(8t) < 1h(t) for 8 > 1. So

(5% — 1)t

N | —

D(B1) = (t) = 5(5 — D+ a(80) — (1) <
That implies the lemma. .

Lemma 5 Assume that 0 <0 <1 and vy := \/%, then

6
U(vy) <U(v) + ——= (2P (v) + 24/2n¥(v) + n).
2(1-10)
Proof. We can conclude that the above relations by using Lemma 4, with
6= \/1179, and Lemma 3. u

By the assumption W(v) < 7 just before the update of i, we have

v 0
@(m) ST—l—m(?T—i—Q\/%—l-n).

We define

0
L(n,G,T) =7+ m(ZT + 2\/ 2nT + n)
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Since 7 = O(n) and 6 = ©(1), we have

L:=L(n,0,7) = O(n).

4.2. A default value for the step size

After a damped step, using (5), the new point is computed as

Ty =2+ alx = z(U tady), yyi=y+aly,
v

Sy =85+ als = §(v + ady),

v

where « is a step size which is obtained by using a line search strategy. Thus,

we get

V2 = Tedv (v + ad,) (v + ady).
i

From Lemma 2, we have

T(vy) = U/ (v+ ady) (v + ady)) < = (V(v + ad,) + V(v + ady)).

N | —

By defining

fla) = T(vy) = ¥(v) = U(/ (v + ad,)(v + ady)) — U(v),

and

(21) fila) == %(\I/(v + ad,) + V(v + ady)) — ¥(v),

we have f(a) < fi(a) and fi(a) is a convex function with f(0) = f1(0) = 0.
Taking the derivative with respect to «, we further get

n

fila) = % Z(W(Uz’ + adyi)dyi + V' (v; + adyi)dsi),
i=1

" . 1 " 2 " 2
1 (a) = 3 D (W (05 + ady)d2; + ¢ (v + ady)d2).

i=1
By using the third equation of the system (8), we obtain

£1(0) = %V\I!T(v)(dx +d) = —%V\IIT(U)V\II(U) _ _98%(v).

For simplicity, in the sequel we use the following notations
vy :=min(v), J:=d(v).

Since our kernel function is an eligible function, so we only state the following
important results without proof.
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Lemma 6 (Lemma 4.1 in [3]) Let fi(«) be defined as (21). Then

V() < 26%9" (01 — 200).
Lemma 7 (Lemma 3.4 in [2]) One has fi(«) <0, if « satisfies the inequality
(22) —'(v; — 2a0) + ' (vy) < 20.

Lemma 8 (Lemma 4.3 in [16]) Let p : [0,00) — (0, 1] denote the inverse function
of —31/(t) restricted to the interval (0,1]. Then, the step size

_ 1
(23) a = =(p(d) — p(26)),
20
is the largest possible solution of inequality (22).

Lemma 9 (Lemma 4.4 in [6]) Let p and & be as define in Lemma 8. Then

1
24 a> —
24) = )
We are using the following step size as our default step size in Algorithm 1
1
25 o=
(25) P(0(29))

By (24) and (25), we have & < a.
Lemma 10 (Lemma 4.6 in [16]) If the step size « is such that o < &, then
(26) f(a) < —ad.

Theorem 1 Let p be as defined in Lemma 8, & as define in (25) and U(v) > 1.
Then
52 J

—_ < .
U(p(20)) = (18p+2)(1 + ; log(4d + 1))?

(27) fl@) <

Proof. Lemma 10 and the fact & < @ imply that f(&) < —&d?, which follows
the first inequality.

To obtain the inverse function of the restriction of —3¢'(¢) in the interval
t € (0, 1], we need to solve the equation —1¢/(t) = s for ¢. To do so, we have

1
—(t— ﬁe%—p) = 2s.

This implies that

1
28 —etTP =25+t <25+ 1,
2
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where the last inequality is obtained from the fact that ¢ < 1. Hence, putting
t = p(26), which is equivalent to 49 = —1/(t), we get

1
tTpe%*p — 45+t <40+1, = et P <tP(464+1) <46+ 1,

(29) = Ig —p <log(46 + 1),
1 1
= Z < 1+—10g<45+1).
p

Furthermore, using (11) and (29), we conclude that
1 1

e 2p B_ P
¢ (t) 1+t2p+let p+t2p+2€t p

o =

>
T 14+ 2p(40 + 1)(1 + 5 log (40 + 1)) + p(46 + 1)(1 + > log (4 + 1))?

,_‘\_/)—‘

>
T 1+ 2p(48 +1)(1 +  log(40 + 1)
1
>
~ 1+ 12pd(1 + S log(4d + 1))2 + 3p(1 +  log(40 + 1))?
1
1+ (12pd + 3p)(1 +  log(40 +1))*

Using Corollary 1, one has

~—

24 p(46 + 1)(1 + 3 log(4d +1))?

1
“= V26 + (12p6 + 3v/2ps) (1 + 1 log (4 +1))?
S 1
~ (20 +12pd + 6pd) (1 + %10g(45 +1))2
S 1
~ (18p+2)d(1 + ; log(4d +1))*
This implies that

fl@) <

52 4]

TUp0) = (18p+ 2)(1+ Llog(#0 + D)

Thus the theorem follows. "

A direction consequence of applying the Lemma 3 to (27) is

) 5
fla) < - (18p + 2)(1 + %log(ll(; +1))?
. U(v)2
T V2(18p +2)(1+ L log(2y/29(v) + 1))?
(30) < - pe

V2(18p + 2)(1 + %10g(2\/W+ 1)

where the last inequality follows from Wo(v) > ¥(v) > 7 > 1.
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5. Iteration complexity

We need to count how many inner iterations are required to return to the situation
where W(v) < 7 after a p-update. We define the value of U (v) after u-update as
Uy (v) and the subsequent values as Wy, for k =1,2,..., K. Let K stands for the
total number of inner iterations in an outer iteration. Then we have

(31) \IJQ(U)SL:0<H), \I’K_1>T, 0 < Py <.

To get the iteration complexity bound of algorithm, we need the following tech-
nical result.

Lemma 11 (Lemma 4.7 in [21]) Let to,t1,...,tx be a sequence of positive num-
bers such that

(32) thon <ty — Bty 7, k=0,...,K —1,
where >0 and 0 <y < 1. Then K < |t}/67].

Lemma 12 If K denote the total number of inner iterations in the outer iteration.
Then we have

K < 2V2(18p +2) (1 + % log(2+/2W(v) + 1))2 Wo(v)2.

Proof. From (30), we have

\I/k(v)

Uhp1(v) < Wp(v) — V2(18p + 2)(1 + %log(Q\/W"’" 1)

. o . 1 _ 1
Letting t, = Uy (v), f = NI VRS TS and v = 3, we can get the

result of the lemma from Lemma 11. n

The following theorem gives the iteration bound for the algorithm with large-
update methods.

Theorem 2 For large-update methods, one takes 8 = O(1) and T = O(n), then
Algorithm 1 requires at most

1
O(p\/ﬁ(l + = log n)2 log E)
P €
iterations. The output gives an e-approzimate solution of (P) and (D).

Proof. It is well known that the number of outer iterations is bounded above by

11 n
_O_
0 ge
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(see, e.g.,[11]). By multiplying this result and the upper bound for the number
of inner iterations per outer iteration, we can get an upper bound for the total
number of iterations, namely,

2v/2(18p + 2)(1 + Llog(2 2\1;0(@)+1))2\110(v)%1 n
og —.
0 €

1
Considering that § = O(1), 7 = O(n) and ¥ = O(y/n), some elementary trans-
formation reduce this iteration complexity bound in the theorem. .

Corollary 2 If p = logn, the iteration bound for large-update methods reduces
to O(y/nlognlog 2), which matches the currently best known iteration bound for
large-update IPMs.

6. Numerical results

In this section, we present some numerical results. Number results are obtained
by using Matlab 2012b. We consider the following simple LO problem

1
3 2 1 0 0 0 1
A=|-1 2 0 1 0], b=|2], cCc=|1
1 1 0 0 1 3 1

1

The main goal of this section is to compare iteration numbers of the algorithm
for the following kernel functions

13
5 o7 5 —(t—=1)et ™,

2 —1

dalt) = —— ~ logt, Ualt) =t 417t =2,

2ol 1, 21
Golt) = —/ L e p> 1, () =
1

Y1 (t) is the new kernel function proposed in [24], ¥ (t) is the classical logarithmic
kernel function in [18], and 3(t) is the non-self-regular kernel function in [21].
We take p € {1,2,2.5} and the barrier update parameter § € {0.1,0.3,0.7}, the
step size a € {0.1,0.3,0.5}, the threshold parameter 7 = 3, and the accuracy
parameter € = 1078 in all experiments. Table 1 shows that the iteration numbers
of the algorithm based on the above kernel functions. From Table 1, it is found
that all cases our new kernel function ¢y(t) can produce better iteration numbers
than those by the kernel functions ¥ (t), 19(t) and ¥5(t). Obviously, 13(t) gives
iteration numbers that are definitely worst compared to the other kernel functions,
especially compared to our kernel function. The results in table 1 also show that
the algorithm based on our new kernel function v (t) is effective and the iteration
numbers of the algorithm depend on the values of the parameter 6 and step size
a. In fact, for each 6 that considered, larger values of a gives better iteration
numbers. However, the step size a should have an upper bound in practical
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Table 1: The number of iterations for kernel function 1;(t), i=0,1,2,3.

e 0 | o(t) | o) | wo(t) | ¥i(t) | valt) | ¥s()
p=1| p=2| p=2.5

0.1 258 218 209 308 334 617
a=01| 03] 243 210 204 292 279 718
0.7 217 199 196 259 263 987

0.1 80 66 63 96 105 294
a=03] 0.3 74 63 60 91 84 332
0.5 66 59 59 80 82 432
0.1 44 35 34 53 62 201
a=05] 0.3 40 34 32 56 47 223
0.5 33 32 31 43 44 289

computation. In most cases, for each «, larger 6 gives better iteration numbers
for 1o(t), ¥1(t) and ¥y(t), while for 15(t), smaller 6 gives better results.

7. Concluding remarks

In this paper, we have presented a primal-dual large-update IPM for LO based on
a new kernel function and derived favorable complexity bound for the algorithm,
namely, O(y/nlognlog?). This bound is the currently best known bound for
primal-dual IPMs. Some preliminary numerical results are presented, which show
that by using new kernel function, the best iteration numbers were achieved in
most cases.

Some interesting topics remain for the further research. Firstly, finding a
suitable kernel function for which the complexity of large-update methods is equal
to (or even better than) O(y/nlog2) or showing that such a kernel function does
not exist. Secondly, the extensions to cone optimization seems an interesting
topic. Furthermore, the numerical test is an interesting topic for investigating the
behavior of the algorithm so as to be compared with other approaches.
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