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1. Introduction

One of the most important topics in applied mathematics is the integro-differential
equations. This topic has many applications in engineering, economics, physics,
chemistry, astronomy, biology, potential theory and electronics [24].

Solving integro-differential equations becomes one of the most interesting
problems to many mathematicians. Numerous methods have been used to solve
such problems. For instance, Adomian decomposition method [14], [15], varia-
tional iteration method [16], [17], generalized differential transform method [18],
[19], nonstandard difference method [8], Adams-Bashforth-Moulton method [7],
[22] and homotopy analysis method [9], [20], [23] have been used for this purpose.

The Fredholm integro-differential equations pop up when the differential
equations are converted into integro-differential equations. The Reproducing Ker-
nel Hilbert Space Method (RKHSM), which has been first introduced by Aron-
szajn [1], has played a major role in solving differential and integro-differential
equations [2], [3], [4], [5], [6], [11], [12], [25].

This paper is organized as follows. In Section 2, we introduce some basic de-
finitions about fractional calculus [13], [21] and reproducing kernel Hilbert spaces.
The Reproducing Kernel Hilbert Space Method (RKHSM) is presented in Section
3. In Section 4, we examine the method by four numerical examples along with
a comparison to the exact solutions. Finally, in Section 5, we give conclusions
about the examples.

2. Mathematical preliminaries

Definition 2.1 The fractional derivative D* of f(¢) in the Caputo’s sense is
defined as:

@ . 1 ¢ m—a—1 m
Df(t)—r(m_a)/o(t—ﬂ( 'f0(7) dr,

m—1l<a<m, me, t>0, f(t)eCm.

Definition 2.2 Let H be a Hilbert space of function f : X — F on a set X. A
function K : X x X — C is a reproducing kernel of H if the following conditions
are satisfied:

1. K(.,t)e Hforallte X.

2. (f,K(,t))=f(t) for all f € H forallt e X.
Note that the reproducing kernel is unique, symmetrical and positively definite.

Definition 2.3 The space Wj"[a,b] is defined by:

Wila,b] = { u : u'9) are absolutely continuous functions,
j=1,2,...,m—1andu™ € L?[a,b]}
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with the inner product:

m—1 ) b
(u, V)wp = u®(a)yvD(a) + [ u™ ()™ (t) dt
1=0 a
and the norm:
[ullwy = /(u, wywye

3. Reproducing Kernel Hilbert Space Method (RKHSM)

In this article, we try to utilize the Reproducing Kernel Hilbert Space Method
(RKHSM) to find a numerical solution of the following Fredholm integro-differential
equation of fractional order:

(3.1) D%u(x) = F(z,u(x), Tu(z)),a <z <b m—1<a<m,
with the initial condition

(3.2) u(a) =, i=0,1,...,m—1,

b
where D* denotes the Caputo fractional derivative of order av, Tu(z)= / h(zx, t)u(t)dt,

Bi,i=0,1,2,...,m—1, are real finite constants, h(z,t) is a known continuous func-
tion, u(z) is an unknown function and F(x,u(x),Tu(x)) is a linear or nonlinear
function. In particular, we present a numerical solution for Fredholm integro-
differential equation of first and second fractional order.

The Reproducing Kernel Hilbert Space Method has the following steps:

Step(1): Homogenize the initial conditions by some kind of transformation.
Step(2): Construct a reproducing kernel space Wa"[a, b], in which every func-
tion satisfies the initial condition (3.2).

e [5] The inner product space Wi[a,b] = {u|u is an absolutely continuous
real valued function, u' € L?[a,b]} with the inner product (u,v)wy =
b ’ ’
/ (u(t)v(t) +u (t)v (t)) dt is a complete reproducing kernel and its repro-
d({lcing kernel is given by:

R(z,y) = sinh(ll)—a)[COSh(x +y—b—a)+cosh(|lz —y| —b—a)

e [6] The inner product space WZ[a, b] = {u|u, u" are absolutely continuous real
valued functions, v € L?[a,b],u(a) = 0} with the inner product (u, V)wz =
/ / b 1" "
u(a)v(a)+u (a)v (a) —l—/ w (t)v (t) dt is a complete reproducing kernel and
its reproducing kernel is given by:

—1{ (a—y)(2a* —y* +32(2+y) —a(6+3z+vy)) if y<z

K(m,y):? (a—2)(20* —2* +3y(2+2) —a(6+3y +x)) if y>u
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e The inner product space Wila,b] = {ulu,u’,u" are absolutely continuous
real valued functions, u~ € L?[a,b],u(a) = u'(a) = 0} with the inner pro-
!/ ’ " b " "
duct (u, v)yz = u(a)v(a) +u (a)v (a) +u (a)v (a) +/ w (v (t) dtis a
complete reproducing kernel and its reproducing kernel is given by:
_ L[ h(zy) if y<uz
S(z.9) = 120{ h(y,z) if y>ux
where; h(z,y) = (a —y)*(6a® + 5y — y* — 102*(3 + ) — 3a*(10 4+ 5z +y) +
2a(52° — y* + 52(6 + v)))
Step(3): Define the linear operator L : W3"™[a, b] — W[a, b] such that Lu(z) =
Du(x) = F(z,u(x), Tu(z)).
It is clear that L is a bounded linear operator from W3"[a, b] to Wi|a, b].
Step(4): Construct an orthogonal function system of W3"[a, b).
To do this, let {x;}2, be a countable dense set in [a, b]. Let ¢;(x) = R(x;, x)
and ¢;(z) = L*p;(x); where L* is the self-adjoint operator of L.
The orthonormal system {1;(z)}32, of the space W3"**[a,b] can be deter-
mined by the Gram-Schmidt orthogonalization process of {1;(x)}2,, ¥,(z) =

"

> Bube(z), i = 1,2, ..., where By are the orthogonalization coefficients.
-1

Theorem 3.1 Assume that the inverse operator L' exists. Then if {x;}32, is
dense on [a,b], then {1;(2)}22, is a complete system of W3"+'[a, b].

Proof. Let u(x) € W3"[a,b] such that (u(@), ¥i(@))ymer = 0, Vi = 1,2, ...
Then
0 = {u(@), ¥u(x))wyper = (u(2), L'pi(x)) e
= (Lule), @) e = (L), R, o))y = Lu(),
and {z;}22, is dense on [a, ], then Lu(z) =0 = u = 0 since L™ exists.

Theorem 3.2 If {z;}°, is dense on [a,b] and the solution of equation (3.1) is
unique, then the solution is given by:

) = iﬁmz‘l@%(x), where A; = i BirF (xr, w(xy), Tu(xy)).
i=1

k=1
Proof. {¢,(x)}°, is a complete orthonormal basis of W2"[a, b].

e} o0

umzsz%mmw%mzzwnim%wmm

=1 i=1

=33 Buule), @ () = 323 i), L) g Bi)

=1 k=1 =1 k=1
=Y Bl L), orla s o) = 3o 3 Gl L), Rl )y )
1=1 k=1 =1 k=1

= Z Z Bir Lu(2x) 0. Z Z Bir F (e, u(zy), Tu(xy)) Z A (z

i=1 k=1 1=1k=1
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The approximate solution w,(z) can be obtained by taking finitely many terms

n
in the series representation of u(z) and so w,(z) = > A;¢p;(x). Note that, since
i=1

W3 a,b] is a Hilbert space, then » " BiF(zy, u(zy), Tu(zy));(z) < oo.
=1 k=1

Also, note that, if u(x) € W3"[a, b], then 3¢; > 0 such that [u? (z)| < ¢;|[u(z)]|,

i=0,1,2, ..

Theorem 3.3 The approzimate solution u,(x) and its derivatives ul¥) (x) are uni-
formly convergent to u(z) and uV(z), respectively.

Proof.
un(@) —u(z)| = [un(z) —u(z), K(z,y))ym]
< K@ )l un(z) = ul@)|yye ]
< colfun(a) = u(@)llypo
and

[u (@) —uP @) = [ (@) —uD (@), KO (@, y)) ]|
1K (2, )l ) (2) = u® (@) ypoes]|

< CZHUS)(:U) — U(i)(l')HW2m+l, i=1,2,..

IA

Thus u,(x) and u{’ (x) converge uniformly to u(x) and u'®(x) respectively.

4. Numerical examples

In this section, we propose four numerical examples to illustrate the accuracy and
efficiency of the Reproducing Kernel Hilbert Space Method. The computations
are performed by Mathematica 9.0.We compare the results by this method with
the exact solution of each example.

Example 4.1 [10] Consider the following Fredholm integro-differential equation:

D%u(x) 159 x2+/0'5(2+t)( )2 dt, 0<z2<05 0<a<l

u\zr) = —/= - x U X . o
160 64 0 T =T = ’ -
u(0) = 0.

The exact solution for a =1 is u(x) = z.

Solution: Using the RKHSM, taking x; =

sults are given in Table 1 and the graphs of the approximate solutions for different
values of a are given in Figure 1.

, 1 =1,2,...,100, the numerical re-

3| .
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Table 1: Numerical solution for Example 4.1

Exact
solution

Approximate
solution

a=0.95

a=20.9

a=0.85

Absolute

Error

0.1

0.1

0.099939991363

0.113016834790

0.128634865162

0.146699446320

6.008636902x10~°

0.2

0.2

0.199939610015

0.220010263397

0.242736648403

0.267905445031

6.038998433x10~°

0.3

0.3

0.299939275627

0.323254327854

0.349509106541

0.377709699677

6.072437286x10~°

0.4

0.4

0.399938895226

0.425587656134

0.455226839973

0.485948442440

6.11047734x10~°

0.5

0.5

0.499938453679

0.526740419380

0.559172708891

0.591464486819

6.154632005%x 10~°

0.6

0.6

0.599937976527

0.627358967434

0.662044915706

0.695387823420

6.202347289x10~°

0.7

0.7

0.699937499374

0.727977515489

0.764917122520

0.799311178222

6.250062573x10~°

0.8

0.8

0.799937022221

0.828596063543

0.867789329335

0.903234533023

6.297777857x10~°

0.9

0.9

0.899936545068

0.929214611597

0.970661536149

1.007157887824

6.345493142x10~°

1.0

1.0

0.999936067915

1.029833159652

1.073533742964

1.111081242626

6.393208426x 10~°

u(x)

10+

08+

0.6+

0.4+

0.2r

u(x)
10t

08+

061

0.4+

0.2r

0.2

0.4 0.6

0.8 1.0

Exact Solution

Figure 1: The comparison of approximate solution for « =1, 0.95, 0.9, 0.85 and
the exact solution of Example 4.1

From the numerical results in Table 1 and Figure 1, it is clear that the ap-
proximate solutions are in good agreement with the exact solutions when o = 1
and the solution continuously depends on the fractional derivative.
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Example 4.2 Consider the following Fredholm integro-differential equation:

u(0) =

1,
1—e’1+/ efu(t)dt, 0<z<1l,0<a<l1
0

0.

The exact solution for o = 1 is u(x) = x.

Solution: Using the RKHSM, taking z; =

3| =

, 1 =1,2,...,100, the numerical re-

sults are given in Table 2 and the graphs of the approximate solutions for different
values of a are given in Figure 2.

Table 2: Numerical solution for Example 4.2

x Exact Approximate a=0.95 a=0.9 a = 0.85 Absolute
solution solution Error
0.1 0.1 0.108054998483 | 0.156451786148 | 0.173281483420 | 0.191698426480 | 8.054998483x 107>
0.2 0.2 0.207890498221 | 0.257439610084 | 0.278328548533 | 0.302058264862 | 7.890498222x 107>
0.3 0.3 0.307726094251 | 0.358085456916 | 0.380495866370 | 0.405858362179 | 7.726094251x 107>
0.4 0.4 0.407561690281 | 0.457995881326 | 0.480896758596 | 0.506474316490 | 7.561690282x 107>
0.5 0.5 0.507397288668 | 0.557094440490 | 0.579691700902 | 0.604675994093 | 7.397288668x 103
0.6 0.6 0.607232887414 | 0.655462544381 | 0.677052169259 | 0.700787627295 | 7.232887415x10~3
0.7 0.7 0.707068486161 | 0.753185454380 | 0.773140771156 | 0.795040013697 | 7.068486161x10~3
0.8 0.8 0.806904084907 | 0.850329848517 | 0.868089303354 | 0.887619221137 | 6.904084908x 103
0.9 0.9 0.906739683654 | 0.946946541978 | 0.961999911229 | 0.978674307554 | 6.739683654x 107>
1.0 1.0 1.006575282400 | 1.043073761178 | 1.054948132982 | 1.068315777047 | 6.575282401x 103

ux)

10

081

0.6

04r

02f

u(x)
10t

081

0.6

041

02

. . .
0.2 0.4 0.6

0.2 04 0.6 0.8 10

Figure 2: The comparison of approximate solution for « =1, 0.95, 0.9, 0.85 and
the exact solution of Example 4.2
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Example 4.3 Consider the following Fredholm integro-differential equation:

D%u(z) =

u(0) =

0, v (0) = 1.

The exact solution for o = 2 is u(r) = sinx.

1
—sinw—l—cosl—sinl—l—/ tu(t) dt, 0<zx <1, 1<a<?2
0

Solution: After homogenizing the initial condition, using the RKHSM, taking

1

r; = —, 1t =1,2,...,100, the numerical results are given in Table 3 and the graphs

n
of the approximate solutions for different values of o are given in Figure 3.

Table 3: Numerical solution for Example 4.3

Exact
solution

Approximate
solution

a=1.9

a=1.8

a=1."7

Absolute
Error

0.1

0.099833

0.099989718827

0.099870015390

0.099833619706

0.099776985988

1.563021804x 102

0.2

0.198669

0.199240887840

0.198769728794

0.198769728794

0.197772917339

5.715570458x 104

0.3

0.29552

0.296675726695

0.295414566297

0.295414566297

0.292143843212

1.155520034x1——3

0.4

0.389418

0.391264329285

0.388662210215

0.388662210215

0.381667812369

1.845986977x 103

0.5

0.479426

0.482028377768

0.477490789153

0.472134288222

0.465372844980

2.602839165x 103

0.6

0.564642

0.568044521139

0.560976049482

0.552662840607

0.542447997876

3.402047744x 1073

0.7

0.644518

0.648448284409

0.638283208666

0.626439778742

0.612213179934

4.230597172x10~3

0.8

0.717356

0.722438475921

0.708664341922

0.692797709199

0.674107303611

5.082385022x 103

0.9

0.783327

0.789282034337

0.771458588879

0.751171033040

0.727681590487

5.95512471x 103

1.0

0.841471

0.848319221670

0.826093568986

0.801094676834

0.772596495739

6.848236863x 103

Figure 3: The comparison of approximate

ux)

08

0.6

041

0.2

0.2 04 0.6

0.8

0.2 0.4 0.6 08

the exact solution of Example 4.3

solution for a = 2, 1.9,

1.8, 1.7 and
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Example 4.4 Consider the following Fredholm integro-differential equation:

The exact solution for a = 2 is u(x)

D%u(x)
u(0)

7
_ §_/ ut)dt, 0<z<1,1<a<?

1
0
= 0, v (0)

= 0.

= lL'2.

Solution: After homogenizing the initial condition, using the RKHSM, taking

r; = —, 1 =1,2,...,100, the numerical results are given in Table 4 and the graphs

n
of the approximate solutions for different values of a are given in Figure 4.

Table 4: Numerical solution for Example 4.4

Exact
solution

Approximate
Solution

a=1.9

a=1.8

a=1.7

Absolute

Error

0.1

0.01

0.010405401644

0.014490416891

0.018809205338

0.024515140267

4.054016446x10~4

0.2

0.04

0.040822066202

0.052658527691

0.064101825247

0.077782662525

8.220662025x 104

0.3

0.09

0.091219921199

0.112365258336

0.132306142532

0.155163543905

1.219921199x 103

0.4

0.16

0.161598966635

0.196030155195

0.224104427911

0.257037814014

1.598966635x 103

0.5

0.25

0.251959202510

0.300380543172

0.335078830520

0.376862841928

1.95920251x10~3

0.6

0.36

0.362300628824

0.423965990357

0.464756071741

0.514218183642

2.300628825x 1073

0.7

0.49

0.492623245669

0.566517177780

0.612556734097

0.668320944474

2.623245669% 103

0.8

0.64

0.642927053202

0.727761383896

0.777968145385

0.838464560659

2.927053202x 103

0.9

0.81

0.813212051427

0.907459460749

0.960544497758

1.024040283810

3.212051427x 1073

1.0

1.0

1.003478240343

1.105400019562

1.159895873357

1.224521962802

3.478240344x 103

Figure 4: The comparison of approximate solution for o = 2, 1.9,

u(x)
12}

10
08
06
04}

02

ux)
10

0.8

0.6

041

0.2

0.2 0.4 0.6

0.8 10

1 . .
0.2 0.4 0.6

the exact solution of Example 4.4

08

1.8, 1.7 and
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5. Conclusion

In this paper, the Reproducing Kernel Hilbert Space Method (RKHSM) has
been successfully applied to find an approximate solution for Fredholm integro-
differential equations of fractional order. The above examples show that the
RKHSM yields a good approximation to the exact solution in an efficient way.
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