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1. Introduction and preliminaries

Throughout, X denotes a complex Banach space, let A be a closed linear operator
on X with domain D(A), we denote by A*, R(A), N(A), R*(A) =), >, R(A"),
o(A), respectively the adjoint, the range, the null space, the hyper-range, the
spectrum of A.

Recall that a closed operator A is said to be Kato operator or semi-regular if
R(A) is closed and N(A) C R*(A). Denote by pg(A):

pr(A) ={\ € C: A-A\I is Kato } the Kato resolvent and o (A) = C\px(A)
the Kato spectrum of A. It is well known that px(A) is an open subset of C.

For subspaces M, N of X we write M C¢ N (M is essentially contained in
N) if there exists a finite-dimensional subspace F' C X such that M C N + F.

A closed operator S is called a generalized inverse of A if R(A) C D(S),
R(S) € D(A), ASA= Aon D(A) and SAS = S on D(S), wich equivalent to the
fact that R(A) C D(S), R(S) C D(A), ASA = A on D(A).

A closed operator A is called a Saphar operator if A has a generalized inverse
and N(A) C R*(A), which equivalent to the fact that A is Kato operator and
has a generalized inverse, see [6].
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If we assume in the definition above that N(A) C¢ R™®(A), A is said to be
a essentially Saphar operator. The Saphar and essentially Saphar spectra are
defined by

osap(A) = {A € C:A— Xisnot Saphar}.
05ap(A) = {A€C: A~ \isnot essentially Saphar}.

0sap(A) is a compact non empty set of C and we have
Jo(A) C ok (A) C ogap(A) C a(A).

A one-parameter family {7'(¢) };>¢ of operators on X is called a Cy-semigroup
of operators if:

1. T(0) = 1.
2. T(t+s)=T(t)T(s), Vt,s > 0.

3. lim T'(t)x =z, Vo € X.

t—0

{T'(t)}+>0 has a unique infinitesimal generator A defined in the domain D(A) by:

D(A) = {x €X: Pﬂ%w exists} and
T(Hx —
Az = Pr%%,vxepm).

Recall that for all ¢ > 0, T'(¢) is a bounded linear operator in X and A is a
closed operator. Details for all this may be found in [7], [4].

Next, we introduce the following operator acting on X and depending on the
parameters A € C and ¢t > 0:

t
By(t)x = / AT (5)zds, z € X.
0

It is well known that B, (¢) is a bounded linear operator on X [7, 4] and we have:

(eM—Tt)"z = (A\—A)"BY¥t)r, Vre X, neN
(M —T@t)"zr = BYt)(\— A"z, Vxe D(A"), neN;
R®(eM—T()) C R*(\—A);
N((A=A)") € N(eM-T(t)"

2. Spectral inclusions and stability for Saphar spectrum

Lemma 2.1 [8] Let {T(t)}+>0 a Co-semigroup on X with infinitesimal generator
¢

A. For e Candt >0, let F)\(t)x = / e By(s)xds, then:
0
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1. There exist a M > 1 and w > Re(\) such that

M
()< — —  plw=Re()t
) < G RepR

2. Vo € X, Fy(t)r € D(A) and (A — A)F5(t) + G(t)Bx(t) = tI with

Gx(t) = e M.

3. The operators F\(t), GA(t) and Bx(t) are pairwise commute and for all
x € D(A):

=
|
s
)
>
=
=
D
>
—~
=
=
|
=
=

Lemma 2.2 Let {T'(t)}i>0 a Co-semigroup on X with infinitesimal generator A.
Then for all t > 0 we have:

eM — T(t) has a generalized inverse => X\ — A has a generalized inverse.

Proof. Suppose that eM — T'(t) has a generalized inverse then there exists a
S € B(X) such that:

(€ — T()S(M — T(t)) = M — T(1)

According to Lemma 2.1, we have (A — A)F)\(t) + GA(t)Bx(t) = tI. Then:

tA=A) = (A=ARHA - A)+ BAH)GAH) (A — A)
(A= A)FA(E)(A = A) + (A = A)BA()GA(t)
(A= A)E) (A = A) + (X = T(1))GAt)
(A= AEA) (A = A) + (X = T(1))S(e = T(2))GA(t)
(A= AN = A) + (A= A)BA()S(A — A)BA(t)Ga(t)
A= AFE)A = A) + (A= A)BA()SBA)GAE) (A — A)

= (A=A)[F\(t) + Br(t)SBA(t)GA(t)|(A — A).
Hence A — A has a generalized inverse. u

Theorem 2.1 Let {T'(t)}+>0 be a Cy-semigroup on X with infinitesimal generator
A. Then for allt > 0:

eto'sap(A) g JSap(T(t))a emgap(A) g Ugap(T(t))'



362 A. TAJMOUATI, H. BOUA, M. KARMOUNI

Proof. Assume that e’ — T'(t) is a Saphar operator, then e’ — T'(t) has a
generalized inverse and N (e* — T'(t)) C R(eM — T'(t)).
By Lemma 2.2, A\ — A has a generalized inverse, and we have:

N\ —A) C N(eM—T(t)) C R(eM —T(t))® C R(A — A)™.

Therefore, A — A is a Saphar operator.
Let M a finite dimensional subspace of X. We have

N\ —A) C N —=T(t) C R —T(t)® +M C R(AN— A)>™ + M.
Hence eM — T'(t) is an essentially Saphar operator implying that A — A. n

Let {T'(t) }+>0 a Cp-semigroup on X with infinitesimal generator A. {T'(¢) };>0
is said to be strongly stable if tlimHT(t)xH = 0 for all z € X. We say that

{T'(t)}+>0 is uniformly stable if tlim | T(t)|| = 0.
In [2], A. Elkoutri and M.A. Taoudi showed that {7(t)};>0 is strongly stable
In the following, we give a stability result for strongly continuous semigroups
using the Saphar spectrum:

Proposition 2.1 Let {T'(t)}1>0 a Co-semigroup on X with infinitesimal generator
A. The following assertions are equivalent:

1. o(A)NiR =0,
2. ox(A)NiR = (),
3. USap<A> NiR = @

If the infinitesimal generator A verified one of this properties, {T'(t) }+>0 is strongly
stable.

Proof. Since 0x(A) C 0s4p(A) C o(A), the result is immediately comes from
[2, Corollary 2.1]. .

Recall that a Cy-semigroup {T'(¢)};>¢ is said uniformly exponentially stable
if there exists € > 0 such that

lim e||T'(t)|| = 0.

t—o0

Proposition 2.2 Let {T'(t) }+>0 a Cy-semigroup on X with infinitesimal generator
A, T is the unit circle in C. The following assertions are equivalent:

L. {T(t)}+>0 is uniformly exponentially stable,
2. there exists to > 0 such that ox (T (ty)) NT =0,

3. there exists to > 0 such that cg.,(T(to)) NI = 0.
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Proof. 1) <= 2): see 2, Corollary 2.2].
1) = 3) is obvious, see [4].

3) = 1) Suppose that there exists to > 0 such that 0g,,(T(to)) N T = 0.
Since ok (T(to)) € 0sap(T(to)), hence ok (T(ty)) NT = 0. By [2, Corollary 2.2]
{T'(t)}+>0 is uniformly exponentially stable. .

3. Spectral inclusion for quasi-Fredholm spectrum

Recall from [5] some definitions:

Definition 3.1 Let T a closed linear operator on X and let
A(T)={neN,Ym>n,R(T")NN(T)=R(T™)NN(T)}

The degree of stable iteration dis(T') of T is defined as dis(T) = inf A(T'), where
dis(T) = oo if A(T) = 0.

Definition 3.2 Let T a closed linear operator on X. T is called a quasi-Fredholm
operator of degree d if there exists an integer d € N such that:

1. dis(T) = d;
2. R(T") is closed in X for all n > d;
3. R(T)+ N(T™) is closed in X for all n > d.

The quasi-Fredholm spectrum is defined by:
o,7(T) ={X\ € C: T — A is not a quasi-Fredholm}.

Proposition 3.3 Let {T(t)}i>0 a Co-semigroup on X with infinitesimal genera-
tor A. Then:
dis(A — A) < dis(eM — T(2)).

Proof. If dis(e* — T(t)) = +o0o obvious.
If dis(e* — T'(t)) = d € N* then for all n > d, we have:

R((eM = T)")nN((eM = T(t))) = R((eX = T(t))") N N (¥ = T(t)).
Then, for all n > d, we have:
R(A=A"NNA—A) =R(AN—=AYN N - A).
Indeed, let y € R((A — A)Y) N N(XA — A). Then there exists z € X such that

y = (A — A)%z and, by Lemma 2.1, (A — A)?F,(t) + B{(t)Gq(t) = I implies
that (A — A)%x = (A — A)XE(t)z + (e — T(t))2Gy(t)z, since y € N(A — A),



364 A. TAJMOUATI, H. BOUA, M. KARMOUNI

y=N—-Adz = (M -T@)"z = (A= A)"BY(t)z € R(A— A)") NN — A)
therefore, dis(A — A) < d.

If d =0, for all n > d, we have:
R((eM = T(t))") N N((e = T(t)) = N(e* = T(1)).

Then, Vn € N,
N((eM =T(#))) € R((eM = T(t)").

Then
N\ —A) C N((eM =T(t)) € R((e™ —=T(t)") C R((A—A)").

Hence

NA=A)NR(AN-A")=NX—-A)NR(\-A)°.
Therefore, dis(A — A) = 0. n

Proposition 3.4 Let {T'(t)}1>0 a Co-semigroup on X with infinitesimal genera-
tor A. If R((eM — T(t))") is closed for all n > d, then R((A\ — A™)) is closed for
alln > d.

Proof. Let y, = (A — A)"z,, — y, as n — oo, we show that y € R((A — A)").
According to Lemma 2.1 there exists Fy(t) and Gy(t) to bounded linear operators
such that

(1) (A= A)'Fy(t) + Bt Galt) = 1.

BY()yn = BY(t)(A — A)"zy = (X = T(t))"xn € R((eX = T(t))").
Since BY(t)y, — BY(t)y, then there exists z € X such that

By(t)y = (¢ — T(t)"2.
By (1):
(A= A)"z, = (A= A)>"F, (), + (¥ — T(£)"Go(t)a, as n — oo.
We have:

y = (A= A"E 0y + (e = T(1)"Gu(t)
= (A= A)"[F(t)y + BL(t)Ga(t)2] € R((A — A)"). .

Proposition 3.5 Let {T'(t) }1>0 a Co-semigroup on X with infinitesimal generator
Aandd e N. If R(eN—T(t))+ N((e—=T(t))?9) is closed in X, then R(A\— A) +
N((\— A)9) is closed.
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Proof. Suppose that R(e* —T(t)) + N((eM — T'(t))?) is closed in X.
Let y, = (A — A)x, + 2, — y, as n — o0, zneN(( ))
B{(t)yn = BI(t)(A — Az, + Bi(t)z, € R(eM —T(t))+ N((e* —T(t))?), then
Bi(t)y € R(eM —T(t)) + N((eX = T(t)))
Bi(t)yy = ((eM —T(t))x + 2z with z € N((eM — T(t)%))
B3(t)y = BL(t)(eN — T(t))x + Bi(t)z and Bi(t)z € N((A — A)?).

Then

y = (A= APE(t)y + BY(H)Galt)y
= (A= APIE(t)y + Ga(t)[BS(t)(e — T(t))x + BS(t)2]
= (A= A\ — AP Ey by + Ga(t) BE (1))
+ Ga(t)Bi(t)2 € R(A — A) + N((A — A)). "

Corollary 3.1 Let {T(t)}+>0 a Co-semigroup on X with infinitesimal genera-
tor A. If R(e* —T(t)) is closed in X, then R(\ — A) is closed.

Theorem 3.2 Let {T'(t)}+>0 be a Cy-semigroup on X with infinitesimal generator
A. Then, for allt > 0,
o) C g p(T(t)).

Proof. Direct consequence of the three last proposition. .

If dis(T)) = 0, T to be a Kato operator and by using the Corollary 3.1 and
Proposition 3.3 we have the result of A. Elkoutri and M.A. Taoudi [2]:

Corollary 3.2 Let {T(t)}:+>0 be a Co-semigroup on X with infinitesimal generator
A. Then for allt > 0:
k) C o (T(t)).
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