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Abstract. Path algebras are additively idempotent semirings and generalize Boolean
algebras, fuzzy algebras, distributive lattices and inclines. Thus the Boolean matri-
ces, the fuzzy matrices, the lattice matrices and the incline matrices are prototypical
examples of matrices over path algebras. In this paper, generalized fuzzy matrices are
considered as matrices over path algebras. Compositions of generalized fuzzy matrices
are discussed, and a new transitive matrix is constructed from given matrices. Further-
more, the transitivity and the convergent index for powers of generalized fuzzy matrices
are studied, some properties of powers are also established through adjoint matrix, and
finally the invertibility of a matrix is investigated. Some results obtained here generalize
and develop the corresponding ones on fuzzy matrices, lattice matrices and incline ma-
trices shown in the references.
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gebra.

1. Introduction

Generalized fuzzy matrices [24] over a special type of semiring are considered.
The semiring is called path algebra (see [19]) (or additively idempotent semring
(see [12]). Path algebras are useful tools in diverse domains such as the design of
switching circuits, automata theory, information systems, dynamic programming,
decision theory and so on [2], [13]. Path algebras generalize Boolean algebra,
fuzzy algebra, distributive lattice, incline, max-plus algebra and min-plus algebra.
Then, the Boolean matrices, the fuzzy matrices, the lattice matrices and the
incline matrices are prototypical examples of generalized fuzzy matrices over path
algebras.
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The techniques of matrices over semirings play a very important role in op-
timization theory, models of discrete event networks, graph theory and so on [1].
The study of matrices over general semirings has a long history. In 1964, Ruther-
ford [30] gave a proof of the Cayley-Hamilton theorem for a commutative semiring
avoiding the use of determinants. Since then, a number of works on the theory
of matrices over semirings were published (see e.g. [10], [27], [29]). At the same
time, these issues about compositions, transitivity, convergence and invertibility
of matrices over some special path algebras were discussed by many authors.

The study of compositions of matrices over some special types of semirings
also has a long history. In 1985, Hashimoto [18] discussed the problem of decom-
position of fuzzy rectangular matrices. In 1995, some properties of compositions
of fuzzy matrices were given by Ragab, Emam and Hashimaton (see [8]). In 2002,
Tan generalized some previous results related to compositions of fuzzy matrices
to the matrices over distributive lattices (see [32]). In 2011, Jiang et al. [22]
obtained some properties of compositions of transitive matrices over inclines. In
this paper, we continue to concentrate on the compositions of generalized fuzzy
matrices over path algebras.

Many results about properties of powers of matrices over some special semi-
rings have been obtained (see e.g. [19], [17]-[33], [35], [16], [14], [34], [9]-[5]). Tran-
sitive matrix is an important type of generalized fuzzy matrices and it represents
transitive relation (see e.g. [7],[11]). Transitive relation is widely used in cluste-
ring and information retrieval preference (see e.g. [28], [31], [20]). The transitivity
of matrices over some special semirings has been studied in [19], [17]-[35], [14], [9],
[22], [36]. In 1982, The concept of transitive binary Boolean matrices was intro-
duced by Kim (see [23]). Hashimoto [17] presented the concept of transitive fuzzy
matrices and considered the convergence of powers of transitive fuzzy matrices.
Tan [37], [35] discussed the convergence of powers of transitive lattice matrices.
In 2011, he [33] also described the transitive closure of a generalized fuzzy ma-
trix with periods and obtained an expression for the transitive closure. Jiang et
al. [22] discussed the transitive closure, the convergence and the composition of
incline transitive matrix. In 2013, Tan [36] gave some elementary characteristics
of transitive matrices and obtained some properties of the transitive closure of
matrix over path algebra.

The convergence of powers of matrices over some special semirings has been
considered by many authors, see e.g. [17], [6], [33], [35], [14], [38]-[22]. In 1977,
Thomason [38] proved that the power sequence of a fuzzy matrix either converges
in finite steps or oscillates with finite period. Since then, many authors have
studied the convergence of powers of fuzzy matrices (see e.g. [26]-[21]). In [35],
[4], some previous results related to the index and period of a fuzzy matrix were
generalized to the matrices over distributive lattices and some results about the
index and period were developed. In [22], Han and Li generalized some previous
results about the index and period to the matrices over inclines. Recently, Tan
[33] studied the generalized fuzzy matrices over commutative path algebras with
periodic elements.
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The property of adjoint matrix seems to have appeared firstly in the work of
Ragab et al. [9], in [9], some properties of a square fuzzy matrix, such as refle-
xivity, transitivity, circularity and construction, have been proposed through the
adjoint matrix. In 2004, Han et al. [15] studied the inverse of incline matrix from
the adjoint matrix. Duan [6] proved that A"~! was equal to the adjoint matrix of
A when A > [,,. In 2013, Tan [36] discussed the transitivity of generalized fuzzy
matrix with the adjoint matrix over path algebra.

In this paper, we continue to study the matrices over more general path al-
gebras, namely over a class of commutative path algebras. In Section 3, some
properties of compositions of generalized fuzzy matrices are obtained, and a new
transitive matrix such as the idempotent matrix is constructed from given matri-
ces. In Section 4, the power sequence of generalized fuzzy matrices is studied in
detail. Firstly, the transitivity of generalized fuzzy matrices is discussed. As a
result, we get a result t(A) = A®, where A® is a transitive matrix and the result
simplifies the expression of the transitive closure t(A). Secondly, the convergent
index for powers of generalized fuzzy matrices is considered. Finally, some proper-
ties of powers are established with the adjoint matrix. In section 5, the invertibility
of a matrix is also investigated, and some necessary and sufficient conditions for a
matrix to be invertible are studied. Some results obtained in this paper generalize
the corresponding results in [32], [6], [18], [16], [34], [9], [22].

2. Definitions and preliminaries

At this section, we shall give some definitions and lemmas.

Definition 2.1. [12] An algebraic system (L, +,-) is called a semiring if (L, +) is
an Abelian monoid with identity element 0 and (L, -) is another monoid with iden-
tity element 1 and 0 # 1, connected by ring-like distributivity, and Or =70 =0
for all r € L.

A semiring L is called commutative if ab = ba for all a,b € L; L is called an
antiring if a + b = 0 implies that a = b = 0 for all a,b € L. Antirings have been
studied in [12] under the name of zerosumfree semirings.

Definition 2.2. [19], [2] A semiring L is called a path algebra if a + a = a for all
a€ L.

Path algebras have been studied in [12] under the name of additively idem-
potent semiring. It is easy to see that every path algebra is an antiring. Path
algebras are abundant, for example, every Boolean algebra, the fuzzy algebra
F = ([0,1],Vv,T), where V = max and T is a t—norm (for t—norm, refer to
[25]), every bounded distributive lattice, any incline [12], the max-plus algebra
(RU{—00},V,+) and the min-plus algebra (R U {400}, A, +) [39].

In this paper, the path algebra (L, +,-) is always assumed to be a commu-
tative path algebra with the least element 0. A path algebra L is commutative
if ab = ba for all a,b € L. Boolean algebra, bounded distributive lattice, incline,
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max-plus algebra (R U {—o0}, V,+) and min-plus algebra (R U {+o0}, A, +) are
commutative path algebras.

In a path algebra L, the relation < is defined by z < y if v +y = y. It is
easy to see that < is a partial order relation over L and satisfies the following
properties:

Proposition 2.1. Let L be a path algebra and a,b,c,d € L, then

1) a>0;

2) ifa <b, thena+c<b+c, ac <bc and ca < cb;

(1)
(2)
(3) ifa<bandc<d, thena+c<b+d and ac < bd;
()

a < a+b, and a+ b is the least upper bound of a and b, in other words, if
there is an element c satisfying a < ¢ and b < ¢, then a +b < ¢;

(5) a+b=0if and only if a =b = 0.

Let L be a path algebra. An element a in L is said to be idempotent if a® = a.
The set of all idempotent elements in L is denoted by I(L), i.e., I(L) ={a € L |
a’ = a}. An element a in L is said to be nilpotent if a* = 0 for some positive
integer k. The least positive integer k satisfying a* = 0 is called the nilpotent
index of a and denoted by h(a). An element @ in L is said to be almost periodic if
there exist positive integers k and d such that a* = a**?. The least such positive
integers k and d are called the index and the period of a, and denoted by k(a)
and d(a), respectively.

A matrix is called a generalized fuzzy matrix if its entries belong to a path
algebra. Let M,,«,(L) be the set of all m x n matrices over L. Especially, put
M, (L) = Mypxn(L) and V,,(L) = M, 1(L). The elements in V,,(L) are called the
column vectors of order n over L. For any A in M,,,(L), we denote by a;; or
A;; the element of L which stands in the (i, j)-entry of A, and denote by AT the
transpose of A. We shall use Z, to denote the set of all positive integers. For
convenience, we define:

n=1{1,2,..,n};

n, ={1,2,...,n}/{i} ={1,2,...,i—1,i+ 1,....,n};

=a-a---q.

—

k times

For any A, B € M,,x,(L) and C' € M,,»;(L), we define:
A + B = (aij + bij)mxn;

AC = (Z aikckj> ;

k=1 mxl
AT = D if and only if d;; = aj; for all i € n and j € m;
kA= B (k € L) if and only if b;; = ka;; for all i € m and j € n;
A < B if and only if a;; < b;; for all i € m and j € n;
Li=y .
fori,j en.

In = (tz'j); where tij = . B
0,0 J
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For any A in M, (L), the powers of A are defined as follows:
A=1, Al=A"1A e Z,.
The (i, j)-entry of Al is denoted by ag-) (Il € Z), and obviously

O _
aij = E @iy Qiyig ** * Gig_yj-

1< iz, sii—1<n

It is easy to see that (M,(L),+,-) is a path algebra, and we have that
A+C<B+D and AC < BD for all A,B,C,D € M,(L) with A < B and
C<D.

Let A € M, (L), A is said to be almost periodic if there exist positive integers
k and d such that A¥ = Ak*d  The least positive integers k and d are called
the index and the period of A, and denoted by k(A) and d(A), respectively. In
particular, if d(A) = 1 then A is said to converge in a finite number of steps. If
A converges to the zero matrix in a finite number of steps, then A is said to be
nilpotent. The least positive integer k satisfying A¥ = 0 is called the nilpotent
index of A, and denoted by h(A).

Let A = (a;j) € M,(L). If A? < A, then A is called transitive; if A> = A,
then A is called idempotent (any idempotent matrix is transitive ); if AT = A,
then A is called symmetric; if A > I,,, then A is called reflexive; if a; = 0 for all
1 € n, then A is called irreflexive; A is called a permutation matrix if exact one
of the elements of its every row and every column is 1 and the others are 0.

Let B € M,(L). The matrix B is called the transitive closure of A if B
is transitive and A < B and if for any transitive matrix C' in M, (L) satisfying
A < C we have B < (. The transitive closure of A is denoted by t(A). It is
clear that if A has a transitive closure then it is unique. However, for general path
algebra L, there may be some matrices which have no transitive closure over L.

Definition 2.3. Let A = (a;;) € Myxn(L) and m < n. The determinant det(A)

of A is defined by
det(A) = Z H Qi ()

gES 1EM

where s is the set of all injective mappings from m to n.

If A € M,(L), then the determinant det(A) is the sum of n! terms which
are all possible products of n entries of A taken exactly one in each row and each
column.

Definition 2.4. Let A = (a;;) € M,(L). The adjoint matriz adj(A) € M, (L) of
A is the matriz whose (i, j)-entry is det(A(j|i)) for all i,5 € n, where A(jli) is
the matriz of order n — 1 formed by deleting row j and column v from A.

3. Compositions of generalized fuzzy matrices

In this section, some properties of compositions of generalized fuzzy matrices are
given.
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Definition 3.1. A matrix A = (a;;) € M, (L) is said to be
(1) row diagonally dominant if a;; = a;;a,; for all i, j € n;
(2) column diagonally dominant if a;; = a;;a,; for all i, j € n;

(3) weakly diagonally dominant if for any ¢ € n, either a;a,; = a;; for all j € n
or a;aj; = aj for all j € n;
(4) strongly diagonally dominant if a;; = a;a;; = a;ja;; for all i, j € n;
(5) nearly irreflexive if a;;ax; = a;; for all i, j, k € n.
Theorem 3.1. Let A = (a;;) € M,(L). If A is transitive and row diagonally
dominant, then C = (c;j) is idempotent, where ¢;; = a;;aj;.

Proof. For any 7,5 € n,

n

n
= cincrj = Za@kam%%k Z(aikakj)(ajkaki) < ) _laia;)
k=1

k=1 k=1

(because A is transitive) ch] = ¢;;. Thus, C? < C. On the other hand,

n

since c( Zczkckj > c“c,] = ama“awaﬂ = a;jaj; (because A is row diagonally
k=1

dominant) = ¢;;, we have C? > C. Therefore, C* = C. This completes the

proof. u

Definition 3.2. Let A = (a;;) € Myxn(L), D = (di;) € Myx(L). We define

Ao D = (C if and only ifCij:H(aik"i_dkj) for any i € m,k € nand j € L.
k=1

Proposition 3.1. Let A = (a;j) € M,,(L) be a symmetric and nearly irreflexive
matriz. Then Ao A is symmetric and nearly irreflexive.

Proof. Let S = Ao A. Then

n n
Sji = H Qi + alz H a;; + al] = Sij,
=1 =1

so that S is symmetric. Also,

SiiSkj = [H(au + ;) [H(akl + a;) H a;l [H ap + aij)
=1 =1 =1

n
= Qy [H ag + ay) | = ay; = H a; = H ai + ai;) = sy,
=1 =1

and so S is nearly irreflexive. This completes the proof. .

Proposition 3.1 generalizes Proposition 3.1 of Tan [32].



THE COMPOSITION, CONVERGENCE AND TRANSITIVITY OF POWERS ... 383

Proposition 3.2. Let A, B € Myxn(L),C € M,xi(L) and D € Myy,,(L). Then
(1) (BoC)T' =C* o BT;
(2) If A< B,then Do A< DoB and AocC < BoC(C.
The proof is trivial.

Proposition 3.3. Let A = (a;;) € Myxn(L) be a symmetric and nearly irreflexive
matriz. Then Ao Alis symmetric and nearly irreflexive.

Proof. Let R = Ao AT. Then

n
Tji:H aj +ay) = H ai + aji) = 14,

=1 =1

so that R is symmetric. Furthermore, since

TiiTkj = [H(Cbiz +ay) [H ag + aj)

=1 =1

= Ay [H agr + al])

=

H (05}] [H Qg1 + alj)

=1

(because A is nearly irreflexive )

1

n

=aq; = H a; (because A is nearly irreflexive )
=1

n
H Qi + ai) = T,

1=1
we draw the conclusion that R = A o AT is nearly irreflexive. This completes the
proof. u
Proposition 3.3 generalizes Theorem 3.3 of Tan [32] and Theorem 3.3 of Ragab
and Emam [8].

Theorem 3.2. Let A = (a;;) € M,(L) be a symmetric and nearly irreflexive
matrix. Then the matric R = B o A is idempotent and constant, where

ary 0 0

0 Qoo - 0 .
B: . . . . ,CL“‘EL,ZGE.

0 0 R

Proof. Because the hypothesis a;;ar; = a;; for all 7, j, k € n, we have a; = ay =
- = Qypy,. Furthermore, based on the definitions of the matrices A, B and R, we

have
Tij = <H agj)(a; + az‘j) = (H ajk) (ai; + aij)

ki ki
= a; + H a;ra;;(because A is nearly irreflexive )
leti
= Q;; = ajj.
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n n

For any i, j€ n, Tg) = anrkj = Zaiiajj = a; = ajj. Thus, R?2 = R =
k=1 k=1

(@i;)nxn- Therefore, R is idempotent and constant. This completes the proof of

the theorem. -

Theorem 3.2 generalizes Theorem 3.5 of Tan [32] and Corollary 3.6 of Ragab
and Emam [§].

Theorem 3.3. Let A = (a;j) € Myxn(L) be a symmetric and nearly irreflexive
matriz. Then I,,0(AoAT) is idempotent, where A = (a;;) with (a;+ax;)(ai+a;)
= (@it +ar;) (i, k € mit, j € n).

Proof. Let B= Ao AT and S = I,,0 (Ao A"). Then

Sij = Hbl](l + blj) = Hblj + bij Hblj

I#i i I#i
n bjj—l-Hblj:biH-Hbli,i:j,
= H blj + H blj = H blj + bjj = l#1 l#i .
I#i 1=1 I#i bij.i # J.
The (i, 7)th entry of S? is SEJQ-) =Y h_ SikSkj-

Case 1: 7 # j. In this case, we have

(2) _
Sij = Sikskj + Siisij + Siijj

k#i,j
= Z bkkbjj + (H by + bzz) bjj + bjj <H blj + bjj)
ki, I#i I#j

= b;; + b;; + b;; (by Proposition 3.3, B is nearly irreflexive)

= bjj = sij

Case 2: ¢ = j. In this case, we have

35?) = Z SuSu + SiiSii = Z bubii + (H by + bn’) <H by + bn’)

I#i I£i I I#i
= b;; + H bii H b = bi; + H bi; (since A = (a; )
140 i I£i
with (ai + akj)(an + agj) = (au + agj) (i, k € m;t,j € n))
= Sij.

Thus, S? = S. Therefore, S = I, o (Ao AT) is idempotent. This completes the
proof of the theorem. .

Theorem 3.3 generalizes Corollary 3.7(1) of Tan [32].
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Corollary 3.1. Let A = (a;;) € Mpyxn(L) be a symmetric and nearly irreflezive
matriz. Then (Ao AT)oI,, is idempotent, where A = (a;;) with (ay+akj)(ai+ak;)
= (@it + ar;) (i, k € mit,j € n).

Proof. The proof of Corollary 3.1 is similar to that of Theorem 3.3. This com-
pletes the proof. .

Corollary 3.1 generalizes Corollary 3.8 of Tan [32].

Theorem 3.4. Let A = (a;j) € M,(L) be a symmetric and nearly irreflezive
matriz. Then I,0(AocA) is idempotent, where A = (a;;) with (Gim+ak;)(@im+ak;)
== (a'im + a’k’j)(iyma ka] € Q)

Proof. The proof of Theorem 3.4 is similar to that of Theorem 3.3. This com-
pletes the proof. .

Corollary 3.2. Let A = (a;;) € M,(L) be a symmetric and nearly irreflexive
matriz. Then (AoA)ol, is idempotent, where A = (a;;) with (@im~+ ak;)(Qim+ar;)
- (a'im + a'kj)(ivma ka] € ﬂ)

Proof. The proof of Corollary 3.2 is similar to that of Theorem 3.3. This com-
pletes the proof. .

Theorem 3.5. Let A = (a;j) € Myxn(L) be a symmetric and nearly irreflexive
matriz. Then I,, o A is transitive, where A > A2.

Proof. Let T = 1,0 A. Then

tij = Halj(l + CLU) = Halj + Qij Halj = HCLlj + Qjj

I#i I#i I#i I#i
ajj + Halj = Qi + Hali,i =J;
= I#i I#i .
(Ijj,?: 7é j

The (i, j)th entry of T? is tg) = Z titth;-
k=1
Case 1: i # j. In this case, we have

2
tz('j) = Z Liktr; + tiiti; + Lijtj;

ki
=Y amag; + (H a; + am’) ajj + ag; <H a; + ajj)
k#i,j I#i I#j

= ajj = lij,
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Case 2: 7 = j. In this case, we have

tﬁf) = Z taty + tity = Z ayi; + <H ai + aii> (H ay; + &n')

I£i I£i 1£i I£i
= a;; + H ay; H a;; (because A is nearly irreflexive )
£ £
= q; + H a; H ay; (since A is symmetric)
£ £

< aj; + a;; (since A is transitive )

= a; < a; + Haz@' = tyj,
14

Thus, T? < T. Therefore, T = I, o A is transitive. This completes the proof of
the theorem. n

Theorem 3.6. Let A = (a;;) € M,(L) be an irreflexive and transitive. Then
(1) Ao AT =0 ;
(2) AToA=0.

Proof. (1) Let R = Ao AT. Then

n

rig = | [(ai + azn) = (@i + aj)(aiz + az) - (in + an)

k=1
< E Qi Qi + E Gz’jajz'aik:ajl—FE @ Qji0j1

keN kleN leN
< Z ;@i + Z @ik + Z a;;aj (since A is transitive )
keN klEN IEN
= 0.
Thus, R = 0.
(2) The proof of (2) is similar to that of (1). This completes the proof of the
theorem. n

Theorem 3.6 generalizes Proposition 3.9 of Tan [32].

Definition 3.3. A path algebra L is said to be a Brouwerian path algebra if for

any a,b € L, there exists an element b — a € L such that bx < a & 2 < b — a.

Definition 3.4. A — D = (' if and only if ¢;; = H(dkj — a;,) for any i,j € n.
k=1

Lemma 3.1. Let L be a Brouwerian path algebra. Then, for any a € L,
1—a=a.

Proof. By 1z =z for any x € Z, the proof is trivial. u
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Theorem 3.7. Let A € men(Z) Then A — AT is transitive.

Proof. Let R = A «— AT. Then r;; = H(ajk — ay) for any 4,7 € n. Since
k=1

ajp(an — air)(ap — ag) = (@ — air)(@i(a — ag) < (ag — ap)ag < a, we
n

have (aw, — air)(ar — aw) < ajp — ag,. Thus, ryr; = H(alk — ) (ajr — a)
k=1

n
H ajx — Qi) = 745, and so r E Tary < E ri; = Tij. Therefore, R? < R.

= =1 =1
ThlS proves the theorem. n

Theorem 3.7 generalizes Lemma 4.1 of Tan [32].

Theorem 3.8. Let A € M, (I(L))is transitive. Then A < A «— AT.

n

Proof. Let T'= A « A”. Then t;; = H(ajk — ay,) for all 4,5 € n. Since A is
k=1
transitive, we have a;; > a;;a;; for all 4,5,k € n. Thus, a;; < (ajz — a;), and
n

50 a;; < H(ajk — a;,) = t;; (because A € M, (I(L))). Therefore, A < A — AT,

k=1
This proves the theorem. u

4. Basic properties of powers of generalized fuzzy matrices

This section studies the power sequence of generalized fuzzy matrices in detail.
First, the reduction of the transitive closure of a matrix with a period over L is
posed. Second, the convergent index for powers of generalized fuzzy matrices is
discussed. Finally, some properties of powers are established by adjoint matrix.

Lemma 4.1. [33] Let A € M, (L) be almost periodic, then A has transitive
closure and t(A) = ZA’“ for allm > k(A) + d(A) —

k=1

Lemma 4.2. [33] Let A € M,,(L) be almost periodic, then there exist a positive
integers s such that A® is idempotent.

Proof. Since A is almost periodic, we have A*¥ = A**9 for some positive integers
k and d. Then A*+0d = Ak+t=1d for a]] ¢ = 1,2,--- , k. Therefore, (A*d)?2

AR — ACGk=1)d — A@k=2)d — ... — Ak Taking s = kd, we can get that A° is
idempotent. n

Proposition 4.1. Let A = (a;;) € M,(L) be almost periodic. If A is row (or
column) diagonally dominant, then t(A) = A®, where A® is idempotent.

Proof. We first consider the case A is row diagonally dominant. By Lemma

4.2, A® is idempotent, then A* = A° for any integer k > 0, and so a(ks) = al(-;),
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Vi,j € n. If A is row diagonally dominant, then ag:) = a; - -aiiagf) = aff‘kag?) <

a,gfs) (since aff’kagf) is the sum of some term in az(fs)). Thus, az(f) < az(;’). Hence,

>l < al)(Ym > k(A) + d(A) — 1), then ¢(A) < A°. On the other hand,
k=1 m

since t(A) = ZAkfor all m > k(A) + d(A) — 1, we have t(A) > A®. Therefore,

k=1
t(A) = As.
The proof of the case that A is column diagonally dominant is similar. This
completes the proof. .

Corollary 4.1. Let A = (a;;) € M,(L) be almost periodic. If A is strongly
diagonally dominant, then t(A) = A®, where A® is transitive.

Proof. Since A is strongly diagonally dominant, we have A is column (or row)
diagonally dominant. Therefore, the conclusion is from Proposition 4.1. u

Proposition 4.2. Let A = (a;;) € M,(L) be almost periodic. If A is weakly
diagonally dominant, then t(A) = A®, where A® is idempotent.

Proof. By Lemma 4.2, A® is idempotent, then A* = A* for any integer k > 0,
and so agj ) = agj) for any i,7 € n. If A is weakly diagonally dominant, then for
any ¢ € n, either a;a;; = a;; for all j € n or a;aj; = a;; for all j € n.
(k) _ . B
Let aij = Qi Qg * Qi1 55 (VZ,] c ﬂ) If Qi3 A5 = Gy for all
1<iy, - ik—1<n
j € n, we have Qi1 Qjrig = Aigpig- Then
a(k)— a a . .-.a]» R a a . .--a- . a . .'-a/» .
iy 21171112 tk—1J 201 1121 1101 71112 tk—1J
1<in, - yig—1<n 1<iy, - yig—1<n
_ ks—k
= E Qijiy Qg Qigig * " Qg5
1<iy, - ig—1<n
(ks) ks—k
< a;;”’ (because g Qi O iy =+ Wiy
1<iq, - ig—1<n

is the sum of some term in CLE;CS))
— 1( )
7‘.]5 :

If ai,i a5, = aji,, for all j € n, we have a;,;, a;;, = a;;,. Then

(k) _ _
a5 = Wiy Wiy~ Qg _y5 = iyiy * Wiy Ay Aigig *** Qi _y 5

1<iq, - ig—1<n 1<iq, - ig—1<n

_ ks—k _ ks—k

= E Qjyiy iy Qiyig *** Qigy_yj = E @iy gy gy Qigig *** Aig_y 5
1<iy, - ig—1<n 1<iq, - ig—1<n

< gtk (b aksTha. ooiqn

< a,; ecause Uiy O 5, Qigig " Wiy

1<iq, - ig—1<n

is the sum of some term in a\**)

ij
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(k

From above, we have aij) < agj) for any ¢, 7 € n. Hence, Z ag-ﬂ) < ag) for all

m > k(A)+d(A)—1, and then t(A) < A®. On the other hand,ks:ilnce t(A) = i AF
for all m > k(A) + d(A) — 1, we have £(A) > A°. Therefore, t(A) — A°.  u
Proposition 4.3. If t(A) is reflexive, then t(t(A)) = t(A).

Proof. By the definition of #(A), t(A) > (t(A))?. Since t(A) is reflexive, we

have t(A) > I,, and so (t(A))*> > t(A). Hence, (t(A))*> = t(A). Therefore,
t(t(A)) = t(A). This completes the proof. .

In [37], Tan studied the convergence for powers of a lattice matrix. In the
following, the convergent index for powers of transitive generalized fuzzy matrices
over a path algebra is discussed.

Proposition 4.4. Let A = (a;;) € M,(L) be almost periodic, then

k(A)+d(A)—1
(1) A™ < Z A* for any integer m > 1;
k=1

+o0 k(A)+d(A)—1
Ya- Y A
=1 =1

Proof. Since A is almost periodic, the proof is obvious.

Theorem 4.1. Let A = (a;;) € M,(L). If A > A* and a;; € I(L)(Vi € n), then
(1) a; = agf) for any integer s > 1;
(2) A converges to AFA) with k(A) < n.

Proof. (1) By the hypothesis A > A2, we have A* > Ak1(Vk € Z,). Hence A"
A" and a;; > az(»f) (Vs € Z,). Since a;; € I(L), we can get a; = ay; -+ - a; = af
alf (Vs € Z,) (since af, is a term of ). Therefore, a; = a and o € I(L).
(2) Next, we shall verify A" < A™F1
Let ag;l) = Z Qiiy Qiyiy -+ - i, 1(Vi,j € n). Since the number of
1<iy g, in—1<n
indices in any term a;;, @i, - - - @i, _,; is greater than n, there must be two indices
iy, and i, such that i, = i, for some u,v (0 < u < v < n,ig =1,i, = 7). Then

IN 1V

Qiiy Qiyig * * * Qiyy 1§ = Qg Qiyig " Qi qdy Figi g1 " Qi1 Figin g~ iy 1j

(v—u)

< iy Qg *** Q30 Uiy, i1 """ Vi1

(since a; ;.. -~ ai, .4 is a term of a'*;")
MCE iy, gy du—1v i

(v—u) (v—u) o . .
twin iy Yiviegr " Qip_1j

(since a;; = al(f) (Vi,s € n) and a; € I(L))

= Qgiy Qiyip * " Ay, @
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< ag;-w(”*“))(v —u>1)

0 ag, an,
(n+(v—u))
ij )
< agﬁl) (since A¥ > AR for any k € Z,,).
Thus, ag) < ag-”rl). Therefore, A < A", From above, we can get A" = A",

This completes the proof. .

(since ag, @iy - iy _in,Q

is the sum of some term in a

Proposition 4.5. If A € M, (L) is almost periodic and A > I, then

(1) A converges to A™Y with m(A) < k(A);

k(A)
(2) t(A) =) A%

(3) t(A) converges to A¥A),
The proof is trivial.

Theorem 4.2. Let A = (a;;) € M,(L). If the entries of A satisfy a; > ajx and
a;iaj, = aji (Vi,75,k € n), then

(1) ayy =aj;, = agf) for any integer s > 1;

(22

(2) A converges to A¥A) with k(A) <n — 1.

Proof. (1) By the hypothesis a;a;; = a;, for all 7,5,k € n, we have a; =
Agg = -+ = Qpy and a; = af, (Vi € n and Vs € Z,). Since a; is a term
of agf), we can get a; = aj; < az(-f). Let agf) = Z iiy Qi ** " Qi i <
1<iq, - is—1<n
Z @iy - Giy_yiy, (Dy the hypothesis a; > ajj, for any i,7,k € n)
1<y, is—1<n
= Z aj; (since aj; = agy = -+ = Qpy) = Z a;; (since a; = as;)
1<ty is—1<n 1<iy,+ is—1<n
= a;;. Therefore, a; = aj, = agf ) for any integer s € Zy.
(2) Since ag-) = > i_, aigay; for any i, j € n and the hypothesis a;;a;, = ajp
n n
for any i,j,k € n, we can get %(32') = Zaikakj = Zaikakkakj < agj-’) (because
k=1

k=1
n

Z QikQgray; is the sum of some term in al(»?)). Thus, A% < A3, and so A1 < A",
k=1
In the following, we will show that A"! > A" Since (1)a; = agf ) for any
(=1 o ) g
i > a,; for i # j. Let
al” = Z Qiiy Qiyiy -~ @, 1(Vi,7 € m and 4 # 7). Since the number of

1<iq, - in—1<n

1 € nand s € Z,, we only need to prove that a
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indices in a;;, aiyi, -+ @i, (i # j) is n + 1, there must be two indices ¢, and i,
such that i, = i, for some w,v(u < v).
If v —u =1, then we can get

Gy Aiyig * ** Diyy_qj
= Qiiy Aiyin * " Qi i Vigiugs Viggriuge * " Aig_1j
= iy Qi+ Wiy iy Gy By~ Gy (SIDCE 0 =1 +1)
= @iy Qiyig *** Qi iy By iy Qi (SINCE Ty = y)
= aiilailiZ R aiufliuaivivﬂ s ainflj (since aiiajk = ajk(Vi,j, kf € ﬂ))
< al(»?*l) (since a;;, aiyi, - - iy iy Qigigyer *° * Qiy_yj 1S @ term of az(;.%l)),

and so agb) < aZ(;L_l). Thus, A® < A™ L
If v —wu > 1, then we can get

@iy Aiyig *** Diyy_yj
= Qiiy Qigiy " Qi qi Bigigr " Gig—rio Qivipyr * " Din_yj

(v—u)

< iy Qg * Qi3 Qi Ciigr * " Gy (SINCE iy - Qi i,

. v—u
is a term of agm ))
. (s) (s
= Qi Ajqig " " aiufliuaiuiuaivivﬂ s ainflj (smce Qi = Qg (VZ € n, VS < Z_|_))

(n+1—(v—u)) / - .
S aij (SlnCe Ajiq Qg * ° aiu_liua,-uiuaivivﬂ sy, 515 a term of

(n+1—(v—U)))

a:-
i
< al(»;“l) (because A*~1 < A* for any integer k > 3),

and so aﬁ?) < agl_l). Thus, A" < A™ L
From above, we have A"~! = A". This proves the conclusion. .

Proposition 4.6. If A = (a;;) € M,(L) is irreflexive and transitive, then A
converges to AFA) = 0 with k(A) < n.

Proof. We only need to show A" = 0. Let a;;" = Zl§i1,...,in_1§n Qiiy Qiyip * ** Wiy
for any 7, j € n. We consider any term a;;, a;,4, - - - @;,_,; of al(j). Since 7,41, ..., Ip_1,
J € n, there are u,v such that i, =14, (0 <u<v <n,iyg=1, i, = j), and so any
term Qiiq Ajyg * ° ainflj has the factor aiuiqul gy gy SlIlCG aiuiu+1 gy g4, —

. . - . (U—u) . .
Qiinsy " Qiy_yi, (SiDCE 1y = 4,)< @ ' (since @i, -, i, i a term of
az(:;l“)) < a;,, (because A is transitive)= 0 (since A is irreflexive), we have
Qinigsr " Wiy 1i, = 0, and SO g, a5, - a;,_,; = 0 (by Lemma 4.2). Hence,
™ = 0. Therefore, A™ = 0. This proves the conclusion. .

ij
Proposition 4.6 generalizes Proposition 3.3 of Tan [34] and Corollary 3.1 of
Han [16].
At the end of this section, some properties and characterizations for powers
of generalized fuzzy matrices are showed from adjoint matrix.

Lemma 4.3. Let A = (a;;) € M,(L). If the entries of A satisfy a; > ajx
(Vi,j,k € n), then A"~! > adj(A).
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Proof. In order to get A"™! > adj(A), we need to prove agl_l) > det(Aj;).
By the hypothesis a;; > a;i(Vi, j,k € n), then a;1 = ag = -+ = aup.
First, we consider the case ¢ = j. We see that det(A;;) can be obtained from

det(A) by replacing a; by 1 and all other row-i entries a;;(k # i) by 0. Thus,

det(Ay;) = Z A10(1)020(2) * * * Bi—1,0(i—1) i+ 1,0(i+1) * * * Ano(n),

0ESn,o(i)=t

where s,, denotes the symmetric group of all permutations of the indices {1, 2, ..., n}.
We consider any term A15(1)A20(2) * * * Ci—1,0(i—1)Fi+1,0(i4+1) * * " Ano(n) of det(A“), since

A10(1)A20(2) * * " Gi—1,0(i—1)Fi+1,0(i+1) * * * Ano(n)

S A11A22 ** * Qj—15—1Qi414+1 " * a,,m(by the hypothesisan» > ajk (V’L,j, k € ﬂ))

n—1
i

< a(n—l

— i

=aq (since a;; = agy =+ = apyp)

n—l))

)

) (since al!is a term of ag

1 .
we have det(A;;) < az(in ). On the other hand, since aj1as - - - @i—1,-1Gi+1,i+1 " Onn
is a term of the expansion of det(A;;), we have aj1a92 - Qi—1;-1Gi41i41 " Qpn =

a! < det(Ay). Thus, a7t < det(Ay) < ag?_l)' Since
-1
z(? ) = Z Qiiq Qiyig *° * Qi _gi

a:
1<iq, in—2<n

S Z Qi Qi Qg oig_o (by the hypothesis Qg Z ajk(‘v’i,j, k < ﬂ))

1<iy, -+ yin—2<n

= agil (Since ajp = Qg = -+ = ann)a
we can get al(-?_l) <ai .
From above, we can get ay~' < det(A;) < all " < @}, and so det(A;) =
(n—1) _ n-1
Qi = Ay

In the following, we consider the case i # j. Similarly, we note that det(A;;)
can be obtained from det(A) by replacing a;; by 1 and all other row-j entries
ajx(k # 1) by 0. Thus, we have

det(Aj;) = Z A15(1)020(2) " * " Aj—1,0(j—1)Cj+1,0(j+1) " Cno(n);

0ESn,0(j)=t

where s,, denotes the symmetric group of all permutations of the indices {1, 2, ..., n}.
Since o € s,, and ¢(j) = 4, there must be an integer ¢ > 0 such that o'**(i) = j
and i,0(i), -+ ,0'(i), j are different each other.

We consider any term aio(1)020(2) * * * @j—1,0(j—1)@j+1,0(j+1) * * * Ano(n) Of det(Aj;),
since

15(1)@20(2) " * " Aj-1,0(j—1)Lj+1,0(j+1) ** " Ano(n)
< io(i) o (i)o2() - * - Gat(i); 0 (by the hypothesis a; > a;(Vi, j, k € n))

< ag.l_l) (since ip(s) Ao (iyo2(i) - - -agz(i)ja?j_t_z is a term of az(;l_l)),
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we have det(Aj;) < al(?_l).

From above, we can get det(A;;) < ag-L_l)(W,j € n), ie., adj(A) < A" L
This proves the conclusion. u

Lemma 4.3 generalizes Theorem 4 of Duan [6].

Theorem 4.3. Let A = (a;;) € M,(L). If the entries of A satisfy a; > ajj
(Vi, 7,k € n), then A"t = adj(A).

Proof. By Lemma 4.3, we have det(Aj;) < ag-L_l)(‘v’z',j € n). Thus, we need only
to show that agl_l) < det(Ay).

If i = j. By the proof of Lemma 4.3, we have det(A;) = al(-f_l). Then
aghl) < det(A“)

If i # 5. Let ag-L_l) = > @iy Qiyig * ** Gi,_,j- We consider any term

1<i1, - jin—2<n

@iy Qi "+ iy Of ag-l_l). If the subscripts 4,11, ...,1,_ 2,7 are pairwise different,
we can see that a;;, a;,, - - - a;, ,; serves as a term of det(A;;), and so

iy Wiy~ ** Gy _oj < det(Aji)'

If Ji, =4, (v < v and iy, iy € {i,01,...,00—2,7}), deleting a;;, , - -~ a;,_,;, from
Qi) Qiin * * Qi _pj, WE Obtain a new term @, - - @i, 4, Giyiy,q ** Gin_oj- 1f there
are still two identical numbers in the subscripts 7,71, ..., ty—1, %y, tot1y -y tn_2, 7,
we apply the deleting method used in the above. This method can be applied
repeatedly until the subscripts left are pairwise different. Finally, we can get
a term a;;,a;,j, -+ aj,; such that i, ji, j2, ..., jm,j are pairwise different. Thus,

Qiiy Airig ** * Qi _oj < Qijy Ajyjo = * ajmja?j_m_Q (by aj; > sk (Vivjv k€ ﬂ))
Let {kl, kQ, ey kn—m—Z} =n /{i,jl,jg, ...,jm,j}, then
n—m-—2

iy Qigiy " Vi35 S iy Gy * Qi
= Qg1 Ay o~ Qg § Ay kg Akeoky * Qe py o0k —im—2
(since a1; = agy =+ = app)

< det(Aj;) (since aij aj,j, - Qg jQhiky Aoy * Ak

is a term of det(A;;)).

n7m72k'n7m72

Hence, ai;, @iy - - - i, _,; < det(Aj;). Therefore, aZ(;L) < det(Aj;).

From above, we have det(A;;) = agl_l), i.e., adj(A) = A"!. This completes

the proof. .

Theorem 4.3 generalizes Theorem 6 of Duan [6].

Theorem 4.4. Let A = (a;;) € M,(L). If the entries of A satisfy a; > ajx and
aza;, = ajp (Vi,7,k € n), then

(1) adj(A) is idempotent;



394 J. JIANG, X.A. TIAN

(2) A is idempotent < adj(A) = A;
(3) adj(adj(A)) = adj(A);
(4) if A < A% then Aadj(A) = adj(A)A = adj(A).

Proof. (1) By Theorems 4.2 and 4.3, we can get (adj(A))* = (A"1)2 = A2 =
A"l = adj(A).

(2) By (1), the proof is trivial.

(3) By (2), the proof is obvious.

(4) Let C' = Aadj(A). Then ¢;; = > ), apdet(Ajr) > aydet(Aj;) = det(Aj;)
(by aiajr = a;(Vi,j,k € n)), ie., Aadj(A) > adj(A). On the other hand, by
(1), Theorem 4.3 and the hypothesis A < A% we have Aadj(A) < A" ladj(A) =
(adj(A))? = adj(A). Therefore, Aadj(A) = adj(A). The proof of the equality
adj(A)A = adj(A) is similar. The proof is completed. .

Theorem 4.4 generalizes Corollary 2 of Duan [6].

Theorem 4.5. Let A = (a;;) € M, (L). If the entries of A satisfy a;, = ajy for
any i,j,k € n, then

(1) the entries of (adjA)T = B = (b;;) satisfy bix = bjy. for any 4,7,k € n;

(2) the entries of A(adjA) = C = (¢;5) satisfy ciy = cji for any i, j,k € n and
AadjA) = (c;5) = (det(A)).

Proof. (1) By B = (b;;) = (adjA)”, we have

bij = det(Aij) = Z A15(1)A20(2) * " Ci—1,0(i—1)Fi+1,0(i4+1) * * " Ano(n) and
0ESn,o(1)=j

bkj = det(Akj) = Z A10(1)A20(2) * * " Ak—1,0(k—1)Ak+1,0(k+1) * * * Ano(n), (k’ 4 @)
o€sn,o(k)=j

Since a;, = aji for any 4,j,k € n and the numbers o(t) of columns cannot be
changed in the two expansions of b;; and by, we can get b;; = by;.

(2) By aix, = aji, we have A;, = Ay, and so det(Aj;) = det(A;) for any

i,j,k € n. Thus ¢;; = Zaikdet(Ajk) = Zaikdet(Aik) = det(A). Therefore,
k=1 k=1
A(adjA) = (det(A)). This completes the proof. .

Theorem 4.5 generalizes Proposition 4.6 [9)].
Finally, we characterize the nilpotency with determinant zero from their cut
matrices.
Let A = (a;;) € M,(L) and k € L. The k—cut of A means the {0, 1}—matrix
and A(k) = (a;j(k)) € M,,(L) defined as
1, a;; >k

a;;i(k) = 7 for i,j € n.
() 0, otherwise SR
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Proposition 4.7. If A € M,(L) and det(A(k)) = 0 for all k € L/{0}, then
det(A) = 0.

Proof. Assume det(A) > 0. There exists a 7 € s, such that k = HaiT(i) > 0.

ien

Hence det(A(k)) > Ha”(i)(/ﬂ) =1, i.e., det(A(k)) > 0. This is a contradiction.
i€n

Therefore, det(A) = 0. This proves the conclusion. .

Proposition 4.7 generalizes Theorem 2.1 of Han [16].

Proposition 4.8. If L has no nilpotent elements and A € M,(L) , then the
following statements are equivalent:

(1) det(A) =

(2) det(A(k)) =0 for all k € L/{0}.

Proof. (1) = (2) Assume that det(A(k)) > 0 for some k € L/{0}. Thus,
) =

1 = det(A(k) Z Haw @) (k) (since A(k) is a {0,1}-matrix). Hence, there
OESy 1EN
exists a 7 € s, such that Ha”(i)(k) =1, and so det(A) > HaiT(i) > k™. Since
1EN en

L has no nilpotent elements, we have k" > 0. Therefore, det(A) > k™ > 0, which
is a contradiction.
(2) = (1) By Proposition 4.7, the proof is obvious. .

5. The invertibility of generalized fuzzy matrices

In this section, the invertibility of a generalized fuzzy matrix is investigated.
Definition 5.1. A matrix A = (a;;) € M, (L) is said to be
(1) right invertible if there exists a matrix B € M, (L) such that AB = I,;;
(2) left invertible if there exists a matrix B € M,,(L) such that BA = I,,;
(3) invertible if A is both right and left invertible.

Definition 5.2. Let A € M,(L). A mapping f4 : L" — L™ is defined by
fa(x) = Ax for x € L™.

Theorem 5.1. Let A = (a;;) € M,(L) be almost periodic and right invertible.
Then A% =

Proof. Since A is right invertible, we have AX = [, for some X € M, (L).

Since A is almost periodic, AFA) = AR+ Thep A4 = A¥A) . [ =

Ad(A) (A (AAX)X)---X) = AdA) | ARA) . XR(A) — AR(A)+d(A) | YER(A) —
~————

k times

AR(A) . xk(A) — I,,, and so AdA) — L,. =
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Theorem 5.2. Let A = (a;;) € M, (L) be almost periodic and left invertible, then
AN =T,

Proof. Similar to that of Theorem 5.1. n

6. Conclusions

A path algebra is a special type of semiring but it generalizes Boolean algebra,
fuzzy algebra, distributive lattice and incline. In this paper, we study matrices
over path algebras. Firstly, we discuss compositions of matrices over path algebras
and obtain a new matrix from given matrices. Secondly, we give some properties
and characteristics of transitivity and convergence of powers of a matrix, and the
adjoint matrix is also studied. Finally, the invertibility of a matrix is considered.
The main results in the present paper are the generalizations of the correspon-
ding results in the literatures which have studied the Boolean matrices, the fuzzy
matrices, the lattice matrices and the incline matrices.

In this paper, L is always assumed to be a commutative path algebra. But,
as for the non-commutative algebra, are this paper’s conclusions still justified? It
still deserves further study.
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