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Abstract. Path algebras are additively idempotent semirings and generalize Boolean
algebras, fuzzy algebras, distributive lattices and inclines. Thus the Boolean matri-
ces, the fuzzy matrices, the lattice matrices and the incline matrices are prototypical
examples of matrices over path algebras. In this paper, generalized fuzzy matrices are
considered as matrices over path algebras. Compositions of generalized fuzzy matrices
are discussed, and a new transitive matrix is constructed from given matrices. Further-
more, the transitivity and the convergent index for powers of generalized fuzzy matrices
are studied, some properties of powers are also established through adjoint matrix, and
finally the invertibility of a matrix is investigated. Some results obtained here generalize
and develop the corresponding ones on fuzzy matrices, lattice matrices and incline ma-
trices shown in the references.
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1. Introduction

Generalized fuzzy matrices [24] over a special type of semiring are considered.
The semiring is called path algebra (see [19]) (or additively idempotent semring
(see [12]). Path algebras are useful tools in diverse domains such as the design of
switching circuits, automata theory, information systems, dynamic programming,
decision theory and so on [2], [13]. Path algebras generalize Boolean algebra,
fuzzy algebra, distributive lattice, incline, max-plus algebra and min-plus algebra.
Then, the Boolean matrices, the fuzzy matrices, the lattice matrices and the
incline matrices are prototypical examples of generalized fuzzy matrices over path
algebras.

1Corresponding author. E-mail: jiangjingstu@163.com
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The techniques of matrices over semirings play a very important role in op-
timization theory, models of discrete event networks, graph theory and so on [1].
The study of matrices over general semirings has a long history. In 1964, Ruther-
ford [30] gave a proof of the Cayley-Hamilton theorem for a commutative semiring
avoiding the use of determinants. Since then, a number of works on the theory
of matrices over semirings were published (see e.g. [10], [27], [29]). At the same
time, these issues about compositions, transitivity, convergence and invertibility
of matrices over some special path algebras were discussed by many authors.

The study of compositions of matrices over some special types of semirings
also has a long history. In 1985, Hashimoto [18] discussed the problem of decom-
position of fuzzy rectangular matrices. In 1995, some properties of compositions
of fuzzy matrices were given by Ragab, Emam and Hashimaton (see [8]). In 2002,
Tan generalized some previous results related to compositions of fuzzy matrices
to the matrices over distributive lattices (see [32]). In 2011, Jiang et al. [22]
obtained some properties of compositions of transitive matrices over inclines. In
this paper, we continue to concentrate on the compositions of generalized fuzzy
matrices over path algebras.

Many results about properties of powers of matrices over some special semi-
rings have been obtained (see e.g. [19], [17]-[33], [35], [16], [14], [34], [9]-[5]). Tran-
sitive matrix is an important type of generalized fuzzy matrices and it represents
transitive relation (see e.g. [7],[11]). Transitive relation is widely used in cluste-
ring and information retrieval preference (see e.g. [28], [31], [20]). The transitivity
of matrices over some special semirings has been studied in [19], [17]-[35], [14], [9],
[22], [36]. In 1982, The concept of transitive binary Boolean matrices was intro-
duced by Kim (see [23]). Hashimoto [17] presented the concept of transitive fuzzy
matrices and considered the convergence of powers of transitive fuzzy matrices.
Tan [37], [35] discussed the convergence of powers of transitive lattice matrices.
In 2011, he [33] also described the transitive closure of a generalized fuzzy ma-
trix with periods and obtained an expression for the transitive closure. Jiang et
al. [22] discussed the transitive closure, the convergence and the composition of
incline transitive matrix. In 2013, Tan [36] gave some elementary characteristics
of transitive matrices and obtained some properties of the transitive closure of
matrix over path algebra.

The convergence of powers of matrices over some special semirings has been
considered by many authors, see e.g. [17], [6], [33], [35], [14], [38]-[22]. In 1977,
Thomason [38] proved that the power sequence of a fuzzy matrix either converges
in finite steps or oscillates with finite period. Since then, many authors have
studied the convergence of powers of fuzzy matrices (see e.g. [26]-[21]). In [35],
[4], some previous results related to the index and period of a fuzzy matrix were
generalized to the matrices over distributive lattices and some results about the
index and period were developed. In [22], Han and Li generalized some previous
results about the index and period to the matrices over inclines. Recently, Tan
[33] studied the generalized fuzzy matrices over commutative path algebras with
periodic elements.
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The property of adjoint matrix seems to have appeared firstly in the work of
Ragab et al. [9], in [9], some properties of a square fuzzy matrix, such as refle-
xivity, transitivity, circularity and construction, have been proposed through the
adjoint matrix. In 2004, Han et al. [15] studied the inverse of incline matrix from
the adjoint matrix. Duan [6] proved that An−1 was equal to the adjoint matrix of
A when A ≥ In. In 2013, Tan [36] discussed the transitivity of generalized fuzzy
matrix with the adjoint matrix over path algebra.

In this paper, we continue to study the matrices over more general path al-
gebras, namely over a class of commutative path algebras. In Section 3, some
properties of compositions of generalized fuzzy matrices are obtained, and a new
transitive matrix such as the idempotent matrix is constructed from given matri-
ces. In Section 4, the power sequence of generalized fuzzy matrices is studied in
detail. Firstly, the transitivity of generalized fuzzy matrices is discussed. As a
result, we get a result t(A) = As, where As is a transitive matrix and the result
simplifies the expression of the transitive closure t(A). Secondly, the convergent
index for powers of generalized fuzzy matrices is considered. Finally, some proper-
ties of powers are established with the adjoint matrix. In section 5, the invertibility
of a matrix is also investigated, and some necessary and sufficient conditions for a
matrix to be invertible are studied. Some results obtained in this paper generalize
the corresponding results in [32], [6], [18], [16], [34], [9], [22].

2. Definitions and preliminaries

At this section, we shall give some definitions and lemmas.

Definition 2.1. [12] An algebraic system (L, +, ·) is called a semiring if (L, +) is
an Abelian monoid with identity element 0 and (L, ·) is another monoid with iden-
tity element 1 and 0 6= 1, connected by ring-like distributivity, and 0r = r0 = 0
for all r ∈ L.

A semiring L is called commutative if ab = ba for all a, b ∈ L; L is called an
antiring if a + b = 0 implies that a = b = 0 for all a, b ∈ L. Antirings have been
studied in [12] under the name of zerosumfree semirings.

Definition 2.2. [19], [2] A semiring L is called a path algebra if a + a = a for all
a ∈ L.

Path algebras have been studied in [12] under the name of additively idem-
potent semiring. It is easy to see that every path algebra is an antiring. Path
algebras are abundant, for example, every Boolean algebra, the fuzzy algebra
F = ([0, 1],∨,>), where ∨ = max and > is a t−norm (for t−norm, refer to
[25]), every bounded distributive lattice, any incline [12], the max-plus algebra
(R ∪ {−∞},∨, +) and the min-plus algebra (R ∪ {+∞},∧, +) [39].

In this paper, the path algebra (L, +, ·) is always assumed to be a commu-
tative path algebra with the least element 0. A path algebra L is commutative
if ab = ba for all a, b ∈ L. Boolean algebra, bounded distributive lattice, incline,
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max-plus algebra (R ∪ {−∞},∨, +) and min-plus algebra (R ∪ {+∞},∧, +) are
commutative path algebras.

In a path algebra L, the relation ≤ is defined by x ≤ y if x + y = y. It is
easy to see that ≤ is a partial order relation over L and satisfies the following
properties:

Proposition 2.1. Let L be a path algebra and a, b, c, d ∈ L, then

(1) a ≥ 0;

(2) if a ≤ b, then a + c ≤ b + c, ac ≤ bc and ca ≤ cb;

(3) if a ≤ b and c ≤ d, then a + c ≤ b + d and ac ≤ bd;

(4) a ≤ a + b, and a + b is the least upper bound of a and b, in other words, if
there is an element c satisfying a ≤ c and b ≤ c, then a + b ≤ c;

(5) a + b = 0 if and only if a = b = 0.

Let L be a path algebra. An element a in L is said to be idempotent if a2 = a.
The set of all idempotent elements in L is denoted by I(L), i.e., I(L) = {a ∈ L |
a2 = a}. An element a in L is said to be nilpotent if ak = 0 for some positive
integer k. The least positive integer k satisfying ak = 0 is called the nilpotent
index of a and denoted by h(a). An element a in L is said to be almost periodic if
there exist positive integers k and d such that ak = ak+d. The least such positive
integers k and d are called the index and the period of a, and denoted by k(a)
and d(a), respectively.

A matrix is called a generalized fuzzy matrix if its entries belong to a path
algebra. Let Mm×n(L) be the set of all m × n matrices over L. Especially, put
Mn(L) = Mn×n(L) and Vn(L) = Mn×1(L). The elements in Vn(L) are called the
column vectors of order n over L. For any A in Mm×n(L), we denote by aij or
Aij the element of L which stands in the (i, j)-entry of A, and denote by AT the
transpose of A. We shall use Z+ to denote the set of all positive integers. For
convenience, we define:

n = {1, 2, ..., n};
ni = {1, 2, ..., n}/{i} = {1, 2, ..., i− 1, i + 1, ..., n};
ak = a · a · · · a︸ ︷︷ ︸

k times

.

For any A, B ∈ Mm×n(L) and C ∈ Mn×l(L), we define:
A + B = (aij + bij)m×n;

AC =

(
n∑

k=1

aikckj

)

m×l

;

AT = D if and only if dij = aji for all i ∈ n and j ∈ m;
kA = B (k ∈ L) if and only if bij = kaij for all i ∈ m and j ∈ n;
A ≤ B if and only if aij ≤ bij for all i ∈ m and j ∈ n;

In = (tij), where tij =

{
1, i = j

0, i 6= j
for i, j ∈ n.
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For any A in Mn(L), the powers of A are defined as follows:
A0 = In, Al = Al−1A, l ∈ Z+.

The (i, j)-entry of Al is denoted by a
(l)
ij (l ∈ Z+), and obviously

a
(l)
ij =

∑
1≤i1,i2,...,il−1≤n

aii1ai1i2 · · · ail−1j.

It is easy to see that (Mn(L), +, ·) is a path algebra, and we have that
A + C ≤ B + D and AC ≤ BD for all A,B, C, D ∈ Mn(L) with A ≤ B and
C ≤ D.

Let A ∈ Mn(L), A is said to be almost periodic if there exist positive integers
k and d such that Ak = Ak+d. The least positive integers k and d are called
the index and the period of A, and denoted by k(A) and d(A), respectively. In
particular, if d(A) = 1 then A is said to converge in a finite number of steps. If
A converges to the zero matrix in a finite number of steps, then A is said to be
nilpotent. The least positive integer k satisfying Ak = 0 is called the nilpotent
index of A, and denoted by h(A).

Let A = (aij) ∈ Mn(L). If A2 ≤ A, then A is called transitive; if A2 = A,
then A is called idempotent (any idempotent matrix is transitive ); if AT = A,
then A is called symmetric; if A ≥ In, then A is called reflexive; if aii = 0 for all
i ∈ n, then A is called irreflexive; A is called a permutation matrix if exact one
of the elements of its every row and every column is 1 and the others are 0.

Let B ∈ Mn(L). The matrix B is called the transitive closure of A if B
is transitive and A ≤ B and if for any transitive matrix C in Mn(L) satisfying
A ≤ C we have B ≤ C. The transitive closure of A is denoted by t(A). It is
clear that if A has a transitive closure then it is unique. However, for general path
algebra L, there may be some matrices which have no transitive closure over L.

Definition 2.3. Let A = (aij) ∈ Mm×n(L) and m ≤ n. The determinant det(A)
of A is defined by

det(A) =
∑
σ∈s

∏
i∈m

aiσ(i),

where s is the set of all injective mappings from m to n.
If A ∈ Mn(L), then the determinant det(A) is the sum of n! terms which

are all possible products of n entries of A taken exactly one in each row and each
column.

Definition 2.4. Let A = (aij) ∈ Mn(L). The adjoint matrix adj(A) ∈ Mn(L) of
A is the matrix whose (i, j)-entry is det(A(j|i)) for all i, j ∈ n, where A(j|i) is
the matrix of order n− 1 formed by deleting row j and column i from A.

3. Compositions of generalized fuzzy matrices

In this section, some properties of compositions of generalized fuzzy matrices are
given.
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Definition 3.1. A matrix A = (aij) ∈ Mn(L) is said to be

(1) row diagonally dominant if aij = aiiaij for all i, j ∈ n;

(2) column diagonally dominant if aij = aijajj for all i, j ∈ n;

(3) weakly diagonally dominant if for any i ∈ n, either aiiaij = aij for all j ∈ n
or aiiaji = aji for all j ∈ n;

(4) strongly diagonally dominant if aij = aiiaij = aijajj for all i, j ∈ n;

(5) nearly irreflexive if aiiakj = aii for all i, j, k ∈ n.

Theorem 3.1. Let A = (aij) ∈ Mn(L). If A is transitive and row diagonally
dominant, then C = (cij) is idempotent, where cij = aijaji.

Proof. For any i, j ∈ n,

c
(2)
ij =

n∑

k=1

cikckj =
n∑

k=1

aikakiakjajk =
n∑

k=1

(aikakj)(ajkaki) ≤
n∑

k=1

(aijaji)

(because A is transitive) =
n∑

k=1

cij = cij. Thus, C2 ≤ C. On the other hand,

since c
(2)
ij =

n∑

k=1

cikckj ≥ ciicij = aiiaiiaijaji = aijaji (because A is row diagonally

dominant) = cij, we have C2 ≥ C. Therefore, C2 = C. This completes the
proof.

Definition 3.2. Let A = (aik) ∈ Mm×n(L), D = (dkj) ∈ Mn×l(L). We define

A ◦D = C if and only if cij =
n∏

k=1

(aik + dkj) for any i ∈ m, k ∈ n and j ∈ l.

Proposition 3.1. Let A = (aij) ∈ Mn(L) be a symmetric and nearly irreflexive
matrix. Then A ◦ A is symmetric and nearly irreflexive.

Proof. Let S = A ◦ A. Then

sji =
n∏

l=1

(ajl + ali) =
n∏

l=1

(ail + alj) = sij,

so that S is symmetric. Also,

siiskj =

[
n∏

l=1

(ail + ali)

][
n∏

l=1

(akl + alj)

]
=

n∏

l=1

ail

[
n∏

l=1

(akl + alj)

]

= aii

[
n∏

l=1

(akl + alj)

]
= aii =

n∏

l=1

ail =
n∏

l=1

(ail + ali) = sii,

and so S is nearly irreflexive. This completes the proof.

Proposition 3.1 generalizes Proposition 3.1 of Tan [32].
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Proposition 3.2. Let A,B ∈ Mm×n(L), C ∈ Mn×l(L) and D ∈ Mp×m(L). Then

(1) (B ◦ C)T = CT ◦BT ;

(2) If A ≤ B, then D ◦ A ≤ D ◦B and A ◦ C ≤ B ◦ C.

The proof is trivial.

Proposition 3.3. Let A = (aij) ∈ Mm×n(L) be a symmetric and nearly irreflexive
matrix. Then A ◦ AT is symmetric and nearly irreflexive.

Proof. Let R = A ◦ AT . Then

rji =
n∏

l=1

(ajl + ail) =
n∏

l=1

(ail + ajl) = rij,

so that R is symmetric. Furthermore, since

riirkj =

[
n∏

l=1

(ail + ail)

][
n∏

l=1

(akl + ajl)

]
=

n∏

l=1

ail

[
n∏

l=1

(akl + alj)

]

= aii

[
n∏

l=1

(akl + alj)

]
(because A is nearly irreflexive )

= aii =
n∏

l=1

ail (because A is nearly irreflexive )

=
n∏

l=1

(ail + ail) = rii,

we draw the conclusion that R = A ◦AT is nearly irreflexive. This completes the
proof.

Proposition 3.3 generalizes Theorem 3.3 of Tan [32] and Theorem 3.3 of Ragab
and Emam [8].

Theorem 3.2. Let A = (aij) ∈ Mn(L) be a symmetric and nearly irreflexive
matrix. Then the matrix R = B ◦ A is idempotent and constant, where

B =




a11 0 · · · 0
0 a22 · · · 0
...

...
. . .

...
0 0 · · · ann


 , aii ∈ L, i ∈ n.

Proof. Because the hypothesis aiiakj = aii for all i, j, k ∈ n, we have a11 = a22 =
· · · = ann. Furthermore, based on the definitions of the matrices A,B and R, we
have

rij =

(∏

k 6=i

akj)(aii + aij

)
=

(∏

k 6=i

ajk

)
(aii + aij)

= aii +
∏

k 6=i

ajkaij(because A is nearly irreflexive )

= aii = ajj.
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For any i, j∈ n, r
(2)
ij =

n∑

k=1

rikrkj =
n∑

k=1

aiiajj = aii = ajj. Thus, R2 = R =

(aii)n×n. Therefore, R is idempotent and constant. This completes the proof of
the theorem.

Theorem 3.2 generalizes Theorem 3.5 of Tan [32] and Corollary 3.6 of Ragab
and Emam [8].

Theorem 3.3. Let A = (aij) ∈ Mm×n(L) be a symmetric and nearly irreflexive
matrix. Then Im◦(A◦AT ) is idempotent, where A = (aij) with (ait+akj)(ait+akj)
= (ait + akj)(i, k ∈ m; t, j ∈ n).

Proof. Let B = A ◦ AT and S = Im ◦ (A ◦ AT ). Then

sij =
∏

l 6=i

blj(1 + bij) =
∏

l 6=i

blj + bij

∏

l 6=i

blj

=
∏

l 6=i

blj +
n∏

l=1

blj =
∏

l 6=i

blj + bjj =





bjj +
∏

l 6=i

blj = bii +
∏

l 6=i

bli, i = j,

bjj, i 6= j.

.

The (i, j)th entry of S2 is s
(2)
ij =

∑n
k=1 sikskj.

Case 1: i 6= j. In this case, we have

s
(2)
ij =

∑

k 6=i,j

sikskj + siisij + sijsjj

=
∑

k 6=i,j

bkkbjj +

(∏

l 6=i

bli + bii

)
bjj + bjj

(∏

l 6=j

blj + bjj

)

= bjj + bjj + bjj (by Proposition 3.3, B is nearly irreflexive)

= bjj = sij,

Case 2: i = j. In this case, we have

s
(2)
ii =

∑

l 6=i

silsli + siisii =
∑

l 6=i

bllbii +

(∏

l 6=i

bli + bii

)(∏

l 6=i

bli + bii

)

= bii +
∏

l 6=i

bli

∏

l 6=i

bli = bii +
∏

l 6=i

bli (since A = (aij)

with (ait + akj)(ait + akj) = (ait + akj)(i, k ∈ m; t, j ∈ n))

= sii.

Thus, S2 = S. Therefore, S = Im ◦ (A ◦ AT ) is idempotent. This completes the
proof of the theorem.

Theorem 3.3 generalizes Corollary 3.7(1) of Tan [32].
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Corollary 3.1. Let A = (aij) ∈ Mm×n(L) be a symmetric and nearly irreflexive
matrix. Then (A◦AT )◦Im is idempotent, where A = (aij) with (ait+akj)(ait+akj)
= (ait + akj)(i, k ∈ m; t, j ∈ n).

Proof. The proof of Corollary 3.1 is similar to that of Theorem 3.3. This com-
pletes the proof.

Corollary 3.1 generalizes Corollary 3.8 of Tan [32].

Theorem 3.4. Let A = (aij) ∈ Mn(L) be a symmetric and nearly irreflexive
matrix. Then In◦(A◦A) is idempotent, where A = (aij) with (aim+akj)(aim+akj)
= (aim + akj)(i,m, k, j ∈ n).

Proof. The proof of Theorem 3.4 is similar to that of Theorem 3.3. This com-
pletes the proof.

Corollary 3.2. Let A = (aij) ∈ Mn(L) be a symmetric and nearly irreflexive
matrix. Then (A◦A)◦In is idempotent, where A = (aij) with (aim+akj)(aim+akj)
= (aim + akj)(i,m, k, j ∈ n).

Proof. The proof of Corollary 3.2 is similar to that of Theorem 3.3. This com-
pletes the proof.

Theorem 3.5. Let A = (aij) ∈ Mm×n(L) be a symmetric and nearly irreflexive
matrix. Then Im ◦ A is transitive, where A ≥ A2.

Proof. Let T = Im ◦ A. Then

tij =
∏

l 6=i

alj(1 + aij) =
∏

l 6=i

alj + aij

∏

l 6=i

alj =
∏

l 6=i

alj + ajj

=





ajj +
∏

l 6=i

alj = aii +
∏

l 6=i

ali, i = j,

ajj, i 6= j.

.

The (i, j)th entry of T 2 is t
(2)
ij =

n∑

k=1

tiktkj.

Case 1: i 6= j. In this case, we have

t
(2)
ij =

∑

k 6=i,j

tiktkj + tiitij + tijtjj

=
∑

k 6=i,j

akkajj +

(∏

l 6=i

ali + aii

)
ajj + ajj

(∏

l 6=j

alj + ajj

)

= ajj = tij,
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Case 2: i = j. In this case, we have

t
(2)
ii =

∑

l 6=i

tiltli + tiitii =
∑

l 6=i

allaii +

(∏

l 6=i

ali + aii

)(∏

l 6=i

ali + aii

)

= aii +
∏

l 6=i

ali

∏

l 6=i

ali (because A is nearly irreflexive )

= aii +
∏

l 6=i

ail

∏

l 6=i

ali (since A is symmetric)

≤ aii + aii (since A is transitive )

= aii ≤ aii +
∏

l 6=i

ali = tij,

Thus, T 2 ≤ T . Therefore, T = In ◦ A is transitive. This completes the proof of
the theorem.

Theorem 3.6. Let A = (aij) ∈ Mn(L) be an irreflexive and transitive. Then

(1) A ◦ AT = 0 ;

(2) AT ◦ A = 0.

Proof. (1) Let R = A ◦ AT . Then

rij =
n∏

k=1

(aik + ajk) = (ai1 + aj1)(ai2 + aj2) · · · (ain + ajn)

≤
∑

k∈N

aijajiaik +
∑

k,l∈N

aijajiaikajl +
∑

l∈N

aijajiajl

≤
∑

k∈N

aiiaik +
∑

k,l∈N

aiiaikajl +
∑

l∈N

aiiajl (since A is transitive )

= 0.

Thus, R = 0.

(2) The proof of (2) is similar to that of (1). This completes the proof of the
theorem.

Theorem 3.6 generalizes Proposition 3.9 of Tan [32].

Definition 3.3. A path algebra L̃ is said to be a Brouwerian path algebra if for
any a, b ∈ L, there exists an element b −→ a ∈ L̃ such that bx ≤ a ⇔ x ≤ b −→ a.

Definition 3.4. A ← D = C if and only if cij =
n∏

k=1

(dkj → aik) for any i, j ∈ n.

Lemma 3.1. Let L̃ be a Brouwerian path algebra. Then, for any a ∈ L̃,
1 → a = a.

Proof. By 1x = x for any x ∈ L̃, the proof is trivial.



the composition, convergence and transitivity of powers ... 387

Theorem 3.7. Let A ∈ Mm×n(L̃). Then A ← AT is transitive.

Proof. Let R = A ← AT . Then rij =
n∏

k=1

(ajk → aik) for any i, j ∈ n. Since

ajk(alk → aik)(ajk → alk) = (alk → aik)(ajk(ajk → alk) ≤ (alk → aik)alk ≤ aik, we

have (alk → aik)(ajk → alk) ≤ ajk → aik. Thus, rilrlj =
n∏

k=1

(alk → aik)(ajk → alk)

≤
n∏

k=1

(ajk → aik) = rij, and so r
(2)
ij =

n∑

l=1

rilrlj ≤
n∑

l=1

rij = rij. Therefore, R2 ≤ R.

This proves the theorem.

Theorem 3.7 generalizes Lemma 4.1 of Tan [32].

Theorem 3.8. Let A ∈ Mn(I(L̃))is transitive. Then A ≤ A ← AT .

Proof. Let T = A ← AT . Then tij =
n∏

k=1

(ajk → aik) for all i, j ∈ n. Since A is

transitive, we have aik ≥ aijajk for all i, j, k ∈ n. Thus, aij ≤ (ajk → aik), and

so aij ≤
n∏

k=1

(ajk → aik) = tij (because A ∈ Mn(I(L̃))). Therefore, A ≤ A ← AT .

This proves the theorem.

4. Basic properties of powers of generalized fuzzy matrices

This section studies the power sequence of generalized fuzzy matrices in detail.
First, the reduction of the transitive closure of a matrix with a period over L is
posed. Second, the convergent index for powers of generalized fuzzy matrices is
discussed. Finally, some properties of powers are established by adjoint matrix.

Lemma 4.1. [33] Let A ∈ Mn(L) be almost periodic, then A has transitive

closure and t(A) =
m∑

k=1

Ak for all m ≥ k(A) + d(A)− 1.

Lemma 4.2. [33] Let A ∈ Mn(L) be almost periodic, then there exist a positive
integers s such that As is idempotent.

Proof. Since A is almost periodic, we have Ak = Ak+d for some positive integers
k and d. Then A(k+t)d = A(k+t−1)d for all t = 1, 2, · · · , k. Therefore, (Akd)2 =
A(k+k)d = A(2k−1)d = A(2k−2)d = · · · = Akd. Taking s = kd, we can get that As is
idempotent.

Proposition 4.1. Let A = (aij) ∈ Mn(L) be almost periodic. If A is row (or
column) diagonally dominant, then t(A) = As, where As is idempotent.

Proof. We first consider the case A is row diagonally dominant. By Lemma
4.2, As is idempotent, then Aks = As for any integer k > 0, and so a

(ks)
ij = a

(s)
ij ,
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∀i, j ∈ n. If A is row diagonally dominant, then a
(k)
ij = aii · · · aiia

(k)
ij = aks−k

ii a
(k)
ij ≤

a
(ks)
ij (since aks−k

ij a
(k)
ij is the sum of some term in a

(ks)
ij ). Thus, a

(k)
ij ≤ a

(s)
ij . Hence,

m∑

k=1

a
(k)
ij ≤ a

(s)
ij (∀m ≥ k(A) + d(A) − 1), then t(A) ≤ As. On the other hand,

since t(A) =
m∑

k=1

Akfor all m ≥ k(A) + d(A) − 1, we have t(A) ≥ As. Therefore,

t(A) = As.
The proof of the case that A is column diagonally dominant is similar. This

completes the proof.

Corollary 4.1. Let A = (aij) ∈ Mn(L) be almost periodic. If A is strongly
diagonally dominant, then t(A) = As, where As is transitive.

Proof. Since A is strongly diagonally dominant, we have A is column (or row)
diagonally dominant. Therefore, the conclusion is from Proposition 4.1.

Proposition 4.2. Let A = (aij) ∈ Mn(L) be almost periodic. If A is weakly
diagonally dominant, then t(A) = As, where As is idempotent.

Proof. By Lemma 4.2, As is idempotent, then Aks = As for any integer k > 0,
and so a

(ks)
ij = a

(s)
ij for any i, j ∈ n. If A is weakly diagonally dominant, then for

any i ∈ n, either aiiaij = aij for all j ∈ n or aiiaji = aji for all j ∈ n.

Let a
(k)
ij =

∑
1≤i1,··· ,ik−1≤n

aii1ai1i2 · · · aik−1j, (∀i, j ∈ n). If ai1i1ai1j = ai1j for all

j ∈ n, we have ai1i1ai1i2 = ai1i2 . Then

a
(k)
ij =

∑
1≤i1,··· ,ik−1≤n

aii1ai1i2 · · · aik−1j =
∑

1≤i1,··· ,ik−1≤n

aii1ai1i1 · · · ai1i1ai1i2 · · · aik−1j

=
∑

1≤i1,··· ,ik−1≤n

aii1a
ks−k
i1i1

ai1i2 · · · aik−1j

≤ a
(ks)
ij (because

∑
1≤i1,··· ,ik−1≤n

aii1a
ks−k
i1i1

ai1i2 · · · aik−1j

is the sum of some term in a
(ks)
ij )

= a
(s)
ij .

If ai1i1aji1 = aji1 , for all j ∈ n, we have ai1i1aii1 = aii1 . Then

a
(k)
ij =

∑
1≤i1,··· ,ik−1≤n

aii1ai1i2 · · · aik−1j =
∑

1≤i1,··· ,ik−1≤n

ai1i1 · · · ai1i1aii1ai1i2 · · · aik−1j

=
∑

1≤i1,··· ,ik−1≤n

aks−k
i1i1

aii1ai1i2 · · · aik−1j =
∑

1≤i1,··· ,ik−1≤n

aii1a
ks−k
i1i1

ai1i2 · · · aik−1j

≤ a
(ks)
ij (because

∑
1≤i1,··· ,ik−1≤n

aii1a
ks−k
i1i1

ai1i2 · · · aik−1j

is the sum of some term in a
(ks)
ij )

= a
(s)
ij .
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From above, we have a
(k)
ij ≤ a

(s)
ij for any i, j ∈ n. Hence,

m∑

k=1

a
(k)
ij ≤ a

(s)
ij for all

m ≥ k(A)+d(A)−1 , and then t(A) ≤ As. On the other hand, since t(A) =
m∑

k=1

Ak

for all m ≥ k(A) + d(A)− 1, we have t(A) ≥ As. Therefore, t(A) = As.

Proposition 4.3. If t(A) is reflexive, then t(t(A)) = t(A).

Proof. By the definition of t(A), t(A) ≥ (t(A))2. Since t(A) is reflexive, we
have t(A) ≥ In, and so (t(A))2 ≥ t(A). Hence, (t(A))2 = t(A). Therefore,
t(t(A)) = t(A). This completes the proof.

In [37], Tan studied the convergence for powers of a lattice matrix. In the
following, the convergent index for powers of transitive generalized fuzzy matrices
over a path algebra is discussed.

Proposition 4.4. Let A = (aij) ∈ Mn(L) be almost periodic, then

(1) Am ≤
k(A)+d(A)−1∑

k=1

Ak for any integer m ≥ 1;

(2)
+∞∑

l=1

Al =

k(A)+d(A)−1∑

l=1

Al.

Proof. Since A is almost periodic, the proof is obvious.

Theorem 4.1. Let A = (aij) ∈ Mn(L). If A ≥ A2 and aii ∈ I(L)(∀i ∈ n), then

(1) aii = a
(s)
ii for any integer s ≥ 1;

(2) A converges to Ak(A) with k(A) ≤ n.

Proof. (1) By the hypothesis A ≥ A2, we have Ak ≥ Ak+1(∀k ∈ Z+). Hence An ≥
An+1 and aii ≥ a

(s)
ii (∀s ∈ Z+). Since aii ∈ I(L), we can get aii = aii · · · aii = as

ii ≤
a

(s)
ii (∀s ∈ Z+) (since as

ii is a term of a
(s)
ii ). Therefore, aii = a

(s)
ii and a

(s)
ii ∈ I(L).

(2) Next, we shall verify An ≤ An+1.

Let a
(n)
ij =

∑
1≤i1,i2,··· ,in−1≤n

aii1ai1i2 · · · ain−1j(∀i, j ∈ n). Since the number of

indices in any term aii1ai1i2 · · · ain−1j is greater than n, there must be two indices
iu and iv such that iu = iv for some u, v (0 ≤ u < v ≤ n, i0 = i, in = j). Then

aii1ai1i2 · · · ain−1j = aii1ai1i2 · · · aiu−1iuaiuiu+1 · · · aiv−1ivaiviv+1 · · · ain−1j

≤ aii1ai1i2 · · · aiu−1iua
(v−u)
iuiu

aiviv+1 · · · ain−1j

(since aiuiu+1 · · · aiv−1iv is a term of a
(v−u)
iuiu

)

= aii1ai1i2 · · · aiu−1iua
(v−u)
iuiu

a
(v−u)
iuiu

aiviv+1 · · · ain−1j

(since aii = a
(s)
ii (∀i, s ∈ n) and aii ∈ I(L))
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≤ a
(n+(v−u))
ij (v − u ≥ 1)

(since aii1ai1i2 · · · aiu−1iua
(v−u)
iuiu

a
(v−u)
iuiu

aiviv+1 · · · ain−1j

is the sum of some term in a
(n+(v−u))
ij )

≤ a
(n+1)
ij (since Ak ≥ Ak+1 for any k ∈ Z+).

Thus, a
(n)
ij ≤ a

(n+1)
ij . Therefore, An ≤ An+1. From above, we can get An = An+1.

This completes the proof.

Proposition 4.5. If A ∈ Mn(L) is almost periodic and A ≥ In, then

(1) A converges to Am(A) with m(A) ≤ k(A);

(2) t(A) =

k(A)∑

l=1

Al;

(3) t(A) converges to Ak(A).

The proof is trivial.

Theorem 4.2. Let A = (aij) ∈ Mn(L). If the entries of A satisfy aii ≥ ajk and
aiiajk = ajk (∀i, j, k ∈ n), then

(1) aii = as
ii = a

(s)
ii for any integer s ≥ 1;

(2) A converges to Ak(A) with k(A) ≤ n− 1.

Proof. (1) By the hypothesis aiiajk = ajk for all i, j, k ∈ n, we have a11 =
a22 = · · · = ann and aii = as

ii (∀i ∈ n and ∀s ∈ Z+). Since as
ii is a term

of a
(s)
ii , we can get aii = as

ii ≤ a
(s)
ii . Let a

(s)
ii =

∑
1≤i1,··· ,is−1≤n

aii1ai1i2 · · · ais−1i ≤
∑

1≤i1,··· ,is−1≤n

aiiai1i1 · · · ais−1is−1 (by the hypothesis aii ≥ ajk for any i, j, k ∈ n)

=
∑

1≤i1,··· ,is−1≤n

as
ii (since a11 = a22 = · · · = ann) =

∑
1≤i1,··· ,is−1≤n

aii (since aii = as
ii)

= aii. Therefore, aii = as
ii = a

(s)
ii for any integer s ∈ Z+.

(2) Since a
(2)
ij =

∑n
k=1 aikakj for any i, j ∈ n and the hypothesis aiiajk = ajk

for any i, j, k ∈ n, we can get a
(2)
ij =

n∑

k=1

aikakj =
n∑

k=1

aikakkakj ≤ a
(3)
ij (because

n∑

k=1

aikakkakj is the sum of some term in a
(3)
ij ). Thus, A2 ≤ A3, and so An−1 ≤ An.

In the following, we will show that An−1 ≥ An. Since (1)aii = a
(s)
ii for any

i ∈ n and s ∈ Z+, we only need to prove that a
(n−1)
ij ≥ a

(n)
ij for i 6= j. Let

a
(n)
ij =

∑
1≤i1,··· ,in−1≤n

aii1ai1i2 · · · ain−1j(∀i, j ∈ n and i 6= j). Since the number of
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indices in aii1ai1i2 · · · ain−1j(i 6= j) is n + 1, there must be two indices iu and iv
such that iu = iv for some u, v(u < v).

If v − u = 1, then we can get

aii1ai1i2 · · · ain−1j

= aii1ai1i2 · · · aiu−1iuaiuiu+1aiu+1iu+2 · · · ain−1j

= aii1ai1i2 · · · aiu−1iuaiuivaiviv+1 · · · ain−1j (since v = u + 1)
= aii1ai1i2 · · · aiu−1iuaiuiuaiviv+1 · · · ain−1j (since iu = iv)
= aii1ai1i2 · · · aiu−1iuaiviv+1 · · · ain−1j (since aiiajk = ajk(∀i, j, k ∈ n))

≤ a
(n−1)
ij (since aii1ai1i2 · · · aiu−1iuaiviv+1 · · · ain−1j is a term of a

(n−1)
ij ),

and so a
(n)
ij ≤ a

(n−1)
ij . Thus, An ≤ An−1.

If v − u > 1, then we can get

aii1ai1i2 · · · ain−1j

= aii1ai1i2 · · · aiu−1iuaiuiu+1 · · · aiv−1ivaiviv+1 · · · ain−1j

≤ aii1ai1i2 · · · aiu−1iua
(v−u)
iuiv

aiviv+1 · · · ain−1j (since aiuiu+1 · · · aiv−1iv

is a term of a
(v−u)
iuiu

)

= aii1ai1i2 · · · aiu−1iuaiuiuaiviv+1 · · · ain−1j (since aii = a
(s)
ii (∀i ∈ n,∀s ∈ Z+))

≤ a
(n+1−(v−u))
ij (since aii1ai1i2 · · · aiu−1iuaiuiuaiviv+1 · · · ain−1j is a term of

a
(n+1−(v−u))
ij )

≤ a
(n−1)
ij (because Ak−1 ≤ Ak for any integer k ≥ 3),

and so a
(n)
ij ≤ a

(n−1)
ij . Thus, An ≤ An−1.

From above, we have An−1 = An. This proves the conclusion.

Proposition 4.6. If A = (aij) ∈ Mn(L) is irreflexive and transitive, then A
converges to Ak(A) = 0 with k(A) ≤ n.

Proof. We only need to show An = 0. Let a
(n)
ij =

∑
1≤i1,...,in−1≤n aii1ai1i2 · · · ain−1j

for any i, j ∈ n. We consider any term aii1ai1i2 · · · ain−1j of a
(n)
ij . Since i, i1, ..., in−1,

j ∈ n, there are u, v such that iu = iv (0 ≤ u < v ≤ n, i0 = i, in = j), and so any
term aii1ai1i2 · · · ain−1j has the factor aiuiu+1 · · · aiv−1iv . Since aiuiu+1 · · · aiv−1iv =

aiuiu+1 · · · aiv−1iu (since iu = iv)≤ a
(v−u)
iuiu

(since aiuiu+1 · · · aiv−1iu is a term of

a
(v−u)
iuiu

) ≤ aiuiu (because A is transitive)= 0 (since A is irreflexive), we have
aiuiu+1 · · · aiv−1iv = 0, and so aii1ai1i2 · · · ain−1j = 0 (by Lemma 4.2). Hence,

a
(n)
ij = 0. Therefore, An = 0. This proves the conclusion.

Proposition 4.6 generalizes Proposition 3.3 of Tan [34] and Corollary 3.1 of
Han [16].

At the end of this section, some properties and characterizations for powers
of generalized fuzzy matrices are showed from adjoint matrix.

Lemma 4.3. Let A = (aij) ∈ Mn(L). If the entries of A satisfy aii ≥ ajk

(∀i, j, k ∈ n), then An−1 ≥ adj(A).
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Proof. In order to get An−1 ≥ adj(A), we need to prove a
(n−1)
ij ≥ det(Aji).

By the hypothesis aii ≥ ajk(∀i, j, k ∈ n), then a11 = a22 = · · · = ann.
First, we consider the case i = j. We see that det(Aii) can be obtained from

det(A) by replacing aii by 1 and all other row-i entries aik(k 6= i) by 0. Thus,

det(Aii) =
∑

σ∈sn,σ(i)=i

a1σ(1)a2σ(2) · · · ai−1,σ(i−1)ai+1,σ(i+1) · · · anσ(n),

where sn denotes the symmetric group of all permutations of the indices {1, 2, ..., n}.
We consider any term a1σ(1)a2σ(2) · · · ai−1,σ(i−1)ai+1,σ(i+1) · · · anσ(n) of det(Aii), since

a1σ(1)a2σ(2) · · · ai−1,σ(i−1)ai+1,σ(i+1) · · · anσ(n)

≤ a11a22 · · · ai−1,i−1ai+1,i+1 · · · ann(by the hypothesisaii ≥ ajk (∀i, j, k ∈ n))

= an−1
ii (since a11 = a22 = · · · = ann)

≤ a
(n−1)
ii (since an−1

ii is a term of a
(n−1)
ii ),

we have det(Aii) ≤ a
(n−1)
ii . On the other hand, since a11a22 · · · ai−1,i−1ai+1,i+1 · · · ann

is a term of the expansion of det(Aii), we have a11a22 · · · ai−1,i−1ai+1,i+1 · · · ann =

an−1
ii ≤ det(Aii). Thus, an−1

ii ≤ det(Aii) ≤ a
(n−1)
ii . Since

a
(n−1)
ii =

∑
1≤i1,··· ,in−2≤n

aii1ai1i2 · · · ain−2i

≤
∑

1≤i1,··· ,in−2≤n

aiiai1i1 · · · ain−2in−2(by the hypothesis aii ≥ ajk(∀i, j, k ∈ n))

= an−1
ii (since a11 = a22 = · · · = ann),

we can get a
(n−1)
ii ≤ an−1

ii .

From above, we can get an−1
ii ≤ det(Aii) ≤ a

(n−1)
ii ≤ an−1

ii , and so det(Aii) =

a
(n−1)
ii = an−1

ii .
In the following, we consider the case i 6= j. Similarly, we note that det(Aji)

can be obtained from det(A) by replacing aji by 1 and all other row-j entries
ajk(k 6= i) by 0. Thus, we have

det(Aji) =
∑

σ∈sn,σ(j)=i

a1σ(1)a2σ(2) · · · aj−1,σ(j−1)aj+1,σ(j+1) · · · anσ(n),

where sn denotes the symmetric group of all permutations of the indices {1, 2, ..., n}.
Since σ ∈ sn and σ(j) = i, there must be an integer t ≥ 0 such that σt+1(i) = j
and i, σ(i), · · · , σt(i), j are different each other.

We consider any term a1σ(1)a2σ(2) · · · aj−1,σ(j−1)aj+1,σ(j+1) · · · anσ(n) of det(Aji),
since

a1σ(1)a2σ(2) · · · aj−1,σ(j−1)aj+1,σ(j+1) · · · anσ(n)

≤ aiσ(i)aσ(i)σ2(i) · · · aσt(i)ja
n−t−2
jj (by the hypothesis aii ≥ ajk(∀i, j, k ∈ n))

≤ a
(n−1)
ij (since aiσ(i)aσ(i)σ2(i) · · · aσt(i)ja

n−t−2
jj is a term of a

(n−1)
ij ),
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we have det(Aji) ≤ a
(n−1)
ij .

From above, we can get det(Aji) ≤ a
(n−1)
ij (∀i, j ∈ n), i.e., adj(A) ≤ An−1.

This proves the conclusion.

Lemma 4.3 generalizes Theorem 4 of Duan [6].

Theorem 4.3. Let A = (aij) ∈ Mn(L). If the entries of A satisfy aii ≥ ajk

(∀i, j, k ∈ n), then An−1 = adj(A).

Proof. By Lemma 4.3, we have det(Aji) ≤ a
(n−1)
ij (∀i, j ∈ n). Thus, we need only

to show that a
(n−1)
ij ≤ det(Aji).

If i = j. By the proof of Lemma 4.3, we have det(Aii) = a
(n−1)
ii . Then

a
(n−1)
ii ≤ det(Aii).

If i 6= j. Let a
(n−1)
ij =

∑
1≤i1,··· ,in−2≤n

aii1ai1i2 · · · ain−2j. We consider any term

aii1ai1i2 · · · ain−2j of a
(n−1)
ij . If the subscripts i, i1, ..., in−2, j are pairwise different,

we can see that aii1ai1i2 · · · ain−2j serves as a term of det(Aji), and so

aii1ai1i2 · · · ain−2j ≤ det(Aji).

If ∃iu = iv (u < v and iu, iv ∈ {i, i1, ..., in−2, j}), deleting aiuiu+1 · · · aiv−1iv from
aii1ai1i2 · · · ain−2j, we obtain a new term aii1 · · · aiu−1iuaiviv+1 · · · ain−2j. If there
are still two identical numbers in the subscripts i, i1, ..., iu−1, iu, iv+1, ..., in−2, j,
we apply the deleting method used in the above. This method can be applied
repeatedly until the subscripts left are pairwise different. Finally, we can get
a term aij1aj1j2 · · · ajmj such that i, j1, j2, ..., jm, j are pairwise different. Thus,
aii1ai1i2 · · · ain−2j ≤ aij1aj1j2 · · · ajmja

n−m−2
jj (by aii ≥ ajk (∀i, j, k ∈ n)).

Let {k1, k2, ..., kn−m−2} = n /{i, j1, j2, ..., jm, j}, then

aii1ai1i2 · · · ain−2j ≤ aij1aj1j2 · · · ajmja
n−m−2
jj

= aij1aj1j2 · · · ajmjak1k1ak2k2 · · · akn−m−2kn−m−2

(since a11 = a22 = · · · = ann)

≤ det(Aji) (since aij1aj1j2 · · · ajmjak1k1ak2k2 · · · akn−m−2kn−m−2

is a term of det(Aji)).

Hence, aii1ai1i2 · · · ain−2j ≤ det(Aji). Therefore, a
(n)
ij ≤ det(Aji).

From above, we have det(Aji) = a
(n−1)
ij , i.e., adj(A) = An−1. This completes

the proof.

Theorem 4.3 generalizes Theorem 6 of Duan [6].

Theorem 4.4. Let A = (aij) ∈ Mn(L). If the entries of A satisfy aii ≥ ajk and
aiiajk = ajk (∀i, j, k ∈ n), then

(1) adj(A) is idempotent;
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(2) A is idempotent ⇔ adj(A) = A;

(3) adj(adj(A)) = adj(A);

(4) if A ≤ A2, then Aadj(A) = adj(A)A = adj(A).

Proof. (1) By Theorems 4.2 and 4.3, we can get (adj(A))2 = (An−1)2 = A2n−2 =
An−1 = adj(A).

(2) By (1), the proof is trivial.
(3) By (2), the proof is obvious.
(4) Let C = Aadj(A). Then cij =

∑n
k=1 aikdet(Ajk) ≥ aiidet(Aji) = det(Aji)

(by aiiajk = ajk(∀i, j, k ∈ n)), i.e., Aadj(A) ≥ adj(A). On the other hand, by
(1), Theorem 4.3 and the hypothesis A ≤ A2, we have Aadj(A) ≤ An−1adj(A) =
(adj(A))2 = adj(A). Therefore, Aadj(A) = adj(A). The proof of the equality
adj(A)A = adj(A) is similar. The proof is completed.

Theorem 4.4 generalizes Corollary 2 of Duan [6].

Theorem 4.5. Let A = (aij) ∈ Mn(L). If the entries of A satisfy aik = ajk for
any i, j, k ∈ n, then

(1) the entries of (adjA)T = B = (bij) satisfy bik = bjk for any i, j, k ∈ n;

(2) the entries of A(adjA) = C = (cij) satisfy cik = cjk for any i, j, k ∈ n and
A(adjA) = (cij) = (det(A)).

Proof. (1) By B = (bij) = (adjA)T , we have

bij = det(Aij) =
∑

σ∈sn,σ(i)=j

a1σ(1)a2σ(2) · · · ai−1,σ(i−1)ai+1,σ(i+1) · · · anσ(n) and

bkj = det(Akj) =
∑

σ∈sn,σ(k)=j

a1σ(1)a2σ(2) · · · ak−1,σ(k−1)ak+1,σ(k+1) · · · anσ(n), (k 6= i).

Since aik = ajk for any i, j, k ∈ n and the numbers σ(t) of columns cannot be
changed in the two expansions of bij and bkj, we can get bij = bkj.

(2) By aik = ajk, we have Ajk = Aik, and so det(Ajk) = det(Aik) for any

i, j, k ∈ n. Thus cij =
n∑

k=1

aikdet(Ajk) =
n∑

k=1

aikdet(Aik) = det(A). Therefore,

A(adjA) = (det(A)). This completes the proof.

Theorem 4.5 generalizes Proposition 4.6 [9].
Finally, we characterize the nilpotency with determinant zero from their cut

matrices.
Let A = (aij) ∈ Mn(L) and k ∈ L. The k−cut of A means the {0, 1}−matrix

and A(k) = (aij(k)) ∈ Mn(L) defined as

aij(k) =

{
1, aij ≥ k

0, otherwise
for i, j ∈ n.



the composition, convergence and transitivity of powers ... 395

Proposition 4.7. If A ∈ Mn(L) and det(A(k)) = 0 for all k ∈ L/{0}, then
det(A) = 0.

Proof. Assume det(A) > 0. There exists a τ ∈ sn such that k =
∏
i∈n

aiτ(i) > 0.

Hence det(A(k)) ≥
∏
i∈n

aiτ(i)(k) = 1, i.e., det(A(k)) > 0. This is a contradiction.

Therefore, det(A) = 0. This proves the conclusion.

Proposition 4.7 generalizes Theorem 2.1 of Han [16].

Proposition 4.8. If L has no nilpotent elements and A ∈ Mn(L) , then the
following statements are equivalent:

(1) det(A) = 0.

(2) det(A(k)) = 0 for all k ∈ L/{0}.
Proof. (1) ⇒ (2) Assume that det(A(k)) > 0 for some k ∈ L/{0}. Thus,

1 = det(A(k)) =
∑
σ∈sn

∏
i∈n

aiσ(i)(k) (since A(k) is a {0, 1}-matrix). Hence, there

exists a τ ∈ sn such that
∏
i∈n

aiτ(i)(k) = 1, and so det(A) ≥
∏
i∈n

aiτ(i) ≥ kn. Since

L has no nilpotent elements, we have kn > 0. Therefore, det(A) ≥ kn > 0, which
is a contradiction.

(2) ⇒ (1) By Proposition 4.7, the proof is obvious.

5. The invertibility of generalized fuzzy matrices

In this section, the invertibility of a generalized fuzzy matrix is investigated.

Definition 5.1. A matrix A = (aij) ∈ Mn(L) is said to be

(1) right invertible if there exists a matrix B ∈ Mn(L) such that AB = In;

(2) left invertible if there exists a matrix B ∈ Mn(L) such that BA = In;

(3) invertible if A is both right and left invertible.

Definition 5.2. Let A ∈ Mn(L). A mapping fA : Ln −→ Ln is defined by
fA(x) = Ax for x ∈ Ln.

Theorem 5.1. Let A = (aij) ∈ Mn(L) be almost periodic and right invertible.
Then Ad(A) = In.

Proof. Since A is right invertible, we have AX = In for some X ∈ Mn(L).
Since A is almost periodic, Ak(A) = Ak(A)+d(A). Then Ad(A) = Ad(A) · In =
Ad(A) (A · · · (A(A︸ ︷︷ ︸

k times

X)X) · · ·X) = Ad(A) · Ak(A) · Xk(A) = Ak(A)+d(A) · Xk(A) =

Ak(A) ·Xk(A) = In, and so Ad(A) = In.
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Theorem 5.2. Let A = (aij) ∈ Mn(L) be almost periodic and left invertible, then
Ad(A) = In.

Proof. Similar to that of Theorem 5.1.

6. Conclusions

A path algebra is a special type of semiring but it generalizes Boolean algebra,
fuzzy algebra, distributive lattice and incline. In this paper, we study matrices
over path algebras. Firstly, we discuss compositions of matrices over path algebras
and obtain a new matrix from given matrices. Secondly, we give some properties
and characteristics of transitivity and convergence of powers of a matrix, and the
adjoint matrix is also studied. Finally, the invertibility of a matrix is considered.
The main results in the present paper are the generalizations of the correspon-
ding results in the literatures which have studied the Boolean matrices, the fuzzy
matrices, the lattice matrices and the incline matrices.

In this paper, L is always assumed to be a commutative path algebra. But,
as for the non-commutative algebra, are this paper’s conclusions still justified? It
still deserves further study.
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