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Abstract. A relaxation oscillator is a kind of oscillator based on a behavior of physical
system’s return to equilibrium after being disturbed. The relaxation-oscillation equa-
tion is the primary equation of relaxation and oscillation processes. The relaxation-
oscillation equation is a fractional differential equation with initial conditions. In this
paper, the approximate solutions of relaxation-oscillation equation are obtained by de-
veloping the wavelet collocation method to fractional differential equations using cubic
B-spline wavelet. Analytical expressions of fractional derivatives in caputo sense for
cubic B-spline functions are presented. The main advantage of the proposed method is
that it transforms such problems into a system of algebraic equations which is suitable
for computer programming. The reliability and efficiency of the proposed method are
demonstrated in the numerical examples.
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1. Introduction

The concept of fractional or non-integer order derivative and integration can be
traced back to the genesis of integer order calculus itself [13]. The fractional
differential equations have received considerable interest in recent years. Frac-
tional differential equations have shown to be adequate models for various physi-
cal phenomena in areas like damping laws, diffusion processes etc. Most fractional
differential equations do not have analytical solutions so we need approximate ap-
proach. Solution techniques for fractional differential equations have been studied
extensively by many researchers such as Collocation method [8], [17], Adomian
decomposition method [7], [18], Operational matrix method [9], [15], Variational
iteration method [4], Tau method [16].

A relaxation-oscillator is a kind of oscillator based on a behavior of physical
system’s return back to equilibrium after being disturbed. There are many rela-
xation-oscillation models such as positive fractional derivative, fractal derivative
and fractional derivative [11], [12], [21]. The relaxation-oscillation equation is the
primary equation of relaxation and oscillation processes. The standard relaxation
equation is

dy

dx
+ By = f(x)

where B denotes the Elc, E is the elastic modulus, f(x) denotes E multiplying
the strain rate. When f(x) = 0, we have the analytic solution y(x) = Ce−Bx,
where C is a constant determined by the initial condition.

The standard oscillation equation is

d2y

dx2
+ By = f(x)

where B equals k
m

= ω2, k is the stiffness coefficient, m is the mass, ω the angular

frequency. When f(x) = 0, we have the analytic solution y(x) = C cos
√

Bx +
D sin

√
Bx, where C and D are constants determined by the initial conditions.

The fractional derivatives are employed in the relaxation and oscillation mo-
dels to represent slow relaxation and damped oscillation [11], [12]. Fractional
relaxation-oscillation model can be depicted as

Dβ
xy(x) + Ay(x) = f(x), x > 0

y(0) = a if 0 < β ≤ 1

or
y(0) = λ, y

′
(0) = µ if 1 < β ≤ 2

where A is a positive constant. For 0 < β ≤ 2, this equation is called the frac-
tional relaxation-oscillation equation. When 0 < β < 1, the model describes the
relaxation with the power law attenuation. When 1 < β < 2, the model depicts
the damped oscillation with viscoelastic intrinsic damping of oscillator [3], [19].

This model has been applied in electrical model of the heart [20], signal
processing [3], modeling cardiac pacemakers [5], Predator–Prey system [1], Spruce-
budworm interactions [14] etc.
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In the present paper, we intend to extend the cubic B-spline wavelet collo-
cation method to solve fractional relaxation-oscillation equation. Expanding the
unknown function as a linear combination of wavelet basis functions with unknown
coefficients, the method transforms the differential equation into a system of al-
gebraic equations. Whether the method can be extended to fractional differential
equation depends on the calculation of fractional derivatives for all wavelet basis
functions. In this paper, analytical expressions of fractional derivatives in caputo
sense for wavelet basis functions are presented, which can save memory space and
reduce computational complexity.

2. Cubic spline basis functions on H2(I)

Let I = [0, L] be an interval with 4 < L and H2(I) be a Sobolev space which
contains functions with square integrable second derivatives and the homogeneous
Sobolev space H2

0 (I) can be defined by

H2
0 (I) =

{
f(t) ∈ H2(I), f(0) = f

′
(0) = f(L) = f

′
(L) = 0

}

which is a Hilbert space equipped with inner product

〈f, g〉 =

∫

I

f
′′
(t)g

′′
(t)dt

Cai and Wang [2] gave a multi-resolution analysis (MRA) and a wavelet decom-
position for H2

0 (I) by constructing scaling spline functions

ϕ(t) =
1

6

4∑

l=0

(
4

l

)
(−1)l(t− l)3

+

ϕb(t) =
3

2
t2+ −

11

12
t3+ +

3

2
(t− 1)3

+ −
3

4
(t− 2)3

+ +
1

6
(t− 3)3

+

and wavelet functions

ψ(t) = −3

7
ϕ(2t) +

12

7
ϕ(2t− 1)− 3

7
ϕ(2t− 2)

ψb(t) =
24

13
ϕb(2t)− 6

13
ϕ(2t)

which have compact supports, where

tn+ =

{
tn, t > 0

0, t ≤ 0

Then the scaling spaces V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ V∞ = H2
0 (I) of MRA and a wavelet

decomposition H2
0 (I) = V0 ⊕W0 ⊕W1 ⊕ · · · ⊕Wj−1 ⊕ · · · corresponding to MRA

and obtained by defining

Vj = span
{
ϕj,k(t), ϕbj(t), ϕbj(L− t), 0 ≤ k ≤ nj − 4

}

Wj = span
{
ψj,k(t), k = −1, 0, ..., nj − 2

}
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in which nj = 2jL

ϕj,k(t) = ϕ(2jt− k), ϕbj(t) = ϕb(2
jt), 0 ≤ k ≤ nj − 4

ψj,k(t) = ψ(2jt− k), 0 ≤ j, k = 0, 1, ..., nj − 3

ψj,−1(t) = ψb(2
jt), ψj,nj−2(t) = ψb(2

j(L− t))

For convenience, we set ψ−1,k(t) = ϕ0,k(t), 0 ≤ k ≤ L− 4, ψ−1,−1(t) = ϕb(t),
ψ−1,L−3(t) = ϕb(L− t), n−1 = L− 1.

Let

Bj =
{

2−3j/2ψj,k(t)

}nj−2

k=−1
, −1 ≤ j ≤ ∞.

Wang [22] proved B =
∞⋃

j=−1

Bj is an unconditional basis of H2
0 (I), which turns

out to be a basis of continuous space C0(I). For non-homogeneity Sobolev space
H2(I), Cai and Wang [2] introduced boundary spline functions,

η1(t) = (1− t)3
+

η2(t) = 2t+ − 3t2+ +
7

6
t3+ −

4

3
(t− 3)3

+ +
1

6
(t− 2)3

+

to deal with the values of functions at boundary points.

2.1 The function approximation and convergence

Any function f(t) ∈ H2
0 (I) can be uniquely expanded into cubic spline wavelet

series by

(1) f(t) =
∞∑

j=−1

nj∑

k=1

dj,kψj,k−2(t)

with

dj,k =

∫

I

f
′′
(t)

(
ψ∗j,k−2

)′′
(t)dt

where ψ∗j,k(t) are dual functions of ψj,k. Truncating the infinite series (1) at J −1,
we get

(2) fJ(t) =
J−1∑
j=−1

nj∑

k=1

dj,kψj,k−2(t)

From Wang [22], we have

‖f(t)− fJ(t)‖2
H2

0
→ 0 as J →∞

Hence any function f(t) ∈ H2
0 (I) can be approximated by fJ(t) defined in (2) and

any function f(t) ∈ H2(I) can be approximated by,

(3) fJ(t) = Ib,Jf(t) +
J−1∑
j=−1

nj∑

k=1

dj,kψj,k−2(t)
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and the approximation order is O(2−4J) if f(t) is sufficiently smooth [6], [10], [23],
where

Ib,Jf(t) = a1η1(2
Jt) + a2η2(2

Jt) + a3η2(2
J(L− t)) + a4η1(2

J(L− t))

Suppose N = 2JL + 3 and ΩJ(t) is a 1×N vector as

ΩJ(t) =
[
η1(2

Jt), η2(2
Jt), η2(2

J(L−t)), η1(2
J(Lt)), ψ−1,−1(t), ψ−1,0(t), ..., ψ−1,n−1−2(t),

ψ0,−1(t), ψ0,0(t), ψ0,1(t), ..., ψ0,L−3(t), ψ0,n0−2(t)

ψ1,−1(t), ψ1,0(t), ψ1,1(t), ..., ψ1,2L−3(t), ψ1,n1−2(t)

...

ψJ−1,−1(t), ψJ−1,0(t), ψJ−1,1(t), ..., ψJ−1,nJ−3(t), ψJ−1,nJ−2(t)
]

,
[
ω1(t), ω2(t), ..., ωN(t)

]

fJ (t) defined in (3) can be rewritten as

(4) fJ(t) =
N∑

k=1

f̂kωk(t) = ΩJ(t)f̂

where f̂ =
[
f̂1, f̂2, ..., f̂N ]T are the wavelet expansion coefficients, which can be

determined by interpolating at collocation points,

(5) t
(−1)
−1 =

1

2J+1
, t

(−1)
L+1 = L− 1

2J+1 , t
(−1)
k = k, k = 0, 1, ..., L

(6) t
(j)
k =

k + 1.5

2j
, −1 ≤ k ≤ 2jL− 2, 0 ≤ j ≤ J − 1.

The point value vanishing property of the wavelet function ψj,k(t) and the compact
supports of scaling spline functions ϕ(t), ϕb(t) can be used to reduce computa-
tional complexity [2].

Since all the wavelet basis functions are composed by one-sided power func-
tions (at−b)k

+ and (b−at)k
+, a > 0, b ≥ 0, k = 1, 2, 3, if the analytical expressions

of Dα(at− b)k
+ and Dα(b− at)k

+, a > 0, b ≥ 0, k = 1, 2, 3 are obtained, those of
DαΩJ(t) can be naturally achieved.

For one-sided power function (at − b)k
+ and (b − at)k

+, a > 0, b ≥ 0,
k = 1, 2, 3, analytical expressions of their fractional derivative can be obtained
by the properties of Laplace transform and fractional derivatives.

For (at− b)k
+, a > 0, b > 0 the results are as follows:

Theorem 2.1. For m < α ≤ m + 1, m ∈ N, k > 0, t > 0, a > 0, b ≥ 0, if α ≤ k
or α /∈ N, we have

Dα(at− b)k
+ = aα Γ(1 + k)

Γ(1 + k − α)
(at− b)k−α

+ .(7)
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Proof. Let

f(t) = tk+, g(t) = f(at− b) = (at− b)k
+.

Then

F (s) =

∫ ∞

0

e−stf(t)dt = Γ(1 + k)s−1−k.(8)

According to the property of the Laplace transform, we have

G(s) = L[
f(at− b)

]
(s) =

1

a
e−

(
b
a

)
sF

(s

a

)
.(9)

Now, from the property of fractional derivative, we can obtain

L[
Dα(at− b)k

+

]
(s) = L[

Dαg(t)
]
(s)

= sαG(s)−
m∑

n=0

sα−n−1g(n)(0)

= ak Γ(1 + k)

Γ(1 + k − a)
L

[(
t− b

a

)k−α

+

]

= aα Γ(1 + k)

Γ(1 + k − α)
L[

(at− b)k−α
+

]
.

From the uniqueness of Laplace transform, we get

Dα(at− b)k
+ = aα Γ(1 + k)

Γ(1 + k − α)
(at− b)k−α

+ .

Similarly we can derive the analytical expressions of Dα(b− at)k
+, 0 < a, 0 < b.

Theorem 2.2. For m < α ≤ m + 1, m ∈ N, k ∈ N, 0 < t, 0 < a, 0 ≤ b, if
0 < α ≤ k, we have

Dα(b− at)k
+ =

(−1)k−1aαk!

γk+1−α

(at− b)k−α
+ +

k∑

l=m+1

(
k

l

)
(−1)lakbk−l l!

γl+1−α

tl−α
+ .

If k < α and α /∈ N, we have

Dα(b− at)k
+ =

(−1)k−1aαk!

γk+1−α

(at− b)k−α
+ ,

where γn = Γ(n− α), n ∈ N.

Using the expressions of fractional derivative for one-sided power functions,
we can get analytical expressions of fractional derivative for the wavelet basis
functions as follows, if α /∈ N
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Dαϕ(t) =
1

γ4

4∑

l=0

(
4

l

)
(−1)l(t− l)3−α

+ , Φ(t)

Dαϕ(L− t) =
1

γ4

4∑

l=0

(
4

l

)
(−1)l(t− L + l)3−α

+ , Φr(t, L)

Dαϕb(t) =
3

γ3

t2−α
+ − 11

2γ4

t3−α
+ +

9

γ4

(t− 1)3−α
+ − 9

2γ4

(t− 2)3−α
+

+
1

γ4

(t− 3)3−α
+ , Φbl(t)

Dαϕb(L− t) = − 3

γ3

(t− L)2−α
+ − 11

2γ4

(t− L)3−α
+ +

9

γ4

(t− L + 1)3−α
+

− 9

2γ4

(t− L + 2)3−α
+ +

1

γ4

(t− L + 3)3−α
+ , Φbr(t, L)

Dαϕj,k(t) = 2jαΦ(2jt− k), 0 ≤ j, k = 0, 1, ..., 2jL− 4,

Dαψ(t) = 2α

(
− 3

7
Φ(2t) +

12

7
Φ(2t− 1)− 3

7
Φ(2t− 2)

)
, Ψ(t)

Dαψb(t) = 2α

(
24

13
Φbl(2t)− 6

13
Φ(2t)

)
, Ψbl(t)

Dαψb(L− t) = 2α

(
24

13
Φbr(2t, 2L)− 6

13
Φr(2t, 2L)

)
, Ψbr(t, L)

Dαψj,k(t) = 2jαΨ(2jt− k), 0 ≤ j, k = 0, 1, ..., 2jL− 3

Dαψb(2
jt) = 2jαΨbl(2

jt), DαΨb(2
j(L− t)) = 2jαΨbr(2

jt, 2jL),

Dαη1(x) =
6

γ4





(x− 1)3−α
+ − x3−α

+ + γ4

γ3
x2−α

+ − γ4

2γ2
x1−α

+ , 0 < α ≤ 1

(x− 1)3−α
+ − x3−α

+ + γ4

γ3
x2−α

+ , 1 < α ≤ 2

(x− 1)3−α
+ − x3−α

+ , 2 < α ≤ 3

(x− 1)3−α
+ , 3 < α and α /∈ N

Dαη2(t) =
2

γ2

t1−α
+ − 6

γ3

t2−α
+ +

7

γ4

t3−α
+ − 8

γ4

(t− 1)3−α
+ +

1

γ4

(t− 2)3−α
+

Dαη2(L− t) =
2

γ2

(t− L)1−α
+ +

6

γ3

(t− L)2−α
+ +

7

γ4

(t− L)3−α
+ − 8

γ4

(t− L + 1)3−α
+

+
1

γ4

(t− L + 2)3−α
+

Dαη1(L− t) =
6

γ4

(t− L + 1)3−α
+

where γn = Γ(n− α), n ∈ N.
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3. Solving fractional relaxation-oscillation equation by cubic B-spline
wavelet collocation method

We consider the linear fractional differential equation

(10)

{
Dαy(t) + y(t) = f(t), 0 < t ≤ L

y(n)(0) = y
(n)
0 , n = 0, 1, 2, ..., m

where m < α ≤ m + 1, m ∈ N and Dα denotes the Caputo fractional derivative
of order α. To solve problem (10), we approximate y(t) by

(11) y(t) ≈
N∑

k=1

ŷkωk(t) = ΩJ(t)ŷ , yJ(t)

where vector ŷ = [ŷ1, ..., ŷN ]T is unknown. The α order derivative of y(t) is
approximated by

(12) Dαy(t) ≈
N∑

k=1

ŷkD
αωk(t) = DαΩJ(t)ŷ , DαyJ(t)

Denote all collocation points defined in (5) and (6) in an order set
{
ti
}N

i=1
, where

t1 = 0. The expansion coefficients ŷ can be determined by interpolating conditions
at all collocation points, namely

yJ(tk) = y(tk), k = 1, 2, ..., N

DαyJ(tk) = Dαy(tk), k = 2, 3, ..., N

Consequently, interpolating the fractional differential equation (10) by yJ(t) at all
collocation points, we obtain

(13)
DαyJ(tk) = −yJ(tk) + f(tk), 2 ≤ k ≤ N

y
(n)
J (0) = y(n)(0), n = 0, 1, 2, ..., m

}

where m < α ≤ m + 1, m ∈ N.

Denote

B1 =




ω1(t2) ω2(t2) · · · ωN(t2)

· · · · · · . . . · · ·
ω1(tN) ω2(tN) · · · ωN(tN)




B2 =




Dαω1(t2) Dαω2(t2) · · · DαωN(t2)

· · · · · · . . . · · ·
Dαω1(tN) Dαω2(tN) · · · DαωN(tN)






numerical solution of fractional relaxation–oscillation ... 407

where B1 and B2 are obtained by analytical method. Then, according to equations
(11), (12), equation (13) can be represented as,

(14)

{
Aŷ = b

cnŷ = y
(n)
0 , n = 0, ...,m,

where A = B1 + B2 and

b =
(
f(t2), ..., f(tN)

)T

,

cn =
(
ω

(n)
1 (0), ω

(n)
2 (0), ..., ω

(n)
N (0)

)
, n = 0, 1, ..., m.

Let
AT

m =
(
AT , cT

0 , cT
1 , ..., cT

m

)
, bT

m =
(
bT , y

(0)
0 , y

(1)
0 , ..., y

(m)
0

)
.

Then (14) can be written as,

(15) Amŷ = bm.

Consequently, the wavelet expansion coefficient ŷ can be obtained by solving li-
near equations (15), the approximated solution yJ(t) in (10) can be effectively
constructed by discrete wavelet transform technique.

If 0 < α < 1, the coefficient matrix A0 is nonsingular, so equation (15) have
and only have one solution. If 1 < α, equations (15) are over-determined, coeffi-
cient matrix Am is column full rank and least squares solution can be regarded as
the approximate solution.

4. Numerical Examples

In order to illustrate the effectiveness of the proposed method, some numerical
examples are given in this section. The examples presented have exact solutions
and also have been solved by other numerical methods. This allows us to compare
the numerical results obtained by proposed method with the analytical solutions
or those obtained by the other methods. Absolute errors between approximate
solutions yN and the corresponding exact solutions y, i.e., Ne = |yN − y| are
considered.

Example 1. Let us consider the fractional relaxation-oscillation equation [8], [13]

D3/2
a y(x) = −y(x)

with initial conditions y(0) = 1, y
′
(0) = 0.
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For 0 < α ≤ 2, the exact solution of this problem is y(x) = Eα(−xα). Here
Eα(x) is called the Mittag-Leffler function,

Eα(x) =
∞∑

k=0

xk

Γ(αk + 1)
.

The numerical results are obtained by proposed cubic B-spline wavelet col-
location method for L = 10 and J = 3, 4, 5. Comparisons of numerical and exact
solutions are shown in Table 1. Additionally, we tabulated the comparison results
between proposed method for J = 5 and Taylor collocation method [8] in Table 2.

Table 1. Numerical results for Example 1.

Table 2. Comparisons of errors between present method
and Taylor Collocation method [8]

Figure 1 shows the comparison of approximate solutions and exact solutions.
Figure 2 shows the comparison of error functions.
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Figure 1. Comparison of approximate solutions and exact solutions.

Figure 2. Comparison of errors at different levels.



410 r.s. chandel, a. singh, devendra chouhan

Example 2. Consider the following fractional relaxation-oscillation equation,

D1/2
a y(x) = −y(x)

with initial condition y(0) = 1.
For 0 ≤ x ≤ 1, the approximate solutions for Example 2 are obtained by

using the proposed cubic B-spline wavelet collocation method for L = 10 and
J = 3, 4, 5. Comparison of numerical results with the exact solution is shown in
table 3 and plotted the numerical results in Figure 3 for various J .

Table 3. Numerical results for Example 2.

Figure 3. Comparison of approximate solutions and exact solutions.
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Example 3. Consider the following fractional relaxation-oscillation model,

Dα
xy(x) + Ay(x) = f(x), x > 0,

with initial condition
y(0) = a, if 0 < α ≤ 1

or
y(0) = λ and y

′
(0) = µ, if 1 < α ≤ 2

where A is a positive constant.
First, consider A = 1 and f(x) = 0.
For L = 10, J = 5 on applying the proposed method for α = 0.25, 0.5, 0.75

and 1 with initial condition y(0) = 1, Figure 4 shows that the numerical results
are consistent with the exact ones and as α approaches to 1, the corresponding
solutions of Example 3, approach that of integer-order differential equation.

Figure 4. Comparison of approximate results with exact solutions
for different values of α.
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For λ = 1 and µ = 0, Figure 5 illustrates the numerical solutions by proposed
method and exact solution for α = 1.25, 1.5, 2. Obviously, the numerical results
are in good agreement with the exact ones. For α = 2, the above fractional
relaxation-oscillation equation given in Example 3, is the oscillation equation and
the exact solution is y(x) = cosx.

Figure 5. Comparison of approximate solutions with exact solutions
for different values of α.

5. Conclusion

In this study, the cubic B-spline wavelet collocation method has been applied
to obtain approximate solutions of fractional relaxation-oscillation equation. We
have demonstrated the accuracy and efficiency of the proposed technique. The
convergence of the method can be seen from the given figures. The better ap-
proximations may be obtained by increasing the Value of J . Table 2 shows that
the present method is more accurate than Taylor collocation method. Numeri-
cal results obtained by the proposed method fairly match with exact solutions.
The error of wavelet collocation method does not accumulate over time, so the
proposed cubic B-spline wavelet collocation method is very simple, accurate and
valid to solve fractional relaxation-oscillation equation.
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