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Abstract. We introduce and study the construction of commutative fundamental re-
lation in fuzzy hypersemigroups and investigate its basic properties. We will determine
some necessary and sufficient conditions so that this relation is transitive in fuzzy hyper-
semigroups. Also we show that this relation is transitive in every fuzzy hypergroup.
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1. Introduction

The study of fuzzy hyperstructures is an interesting research topic for fuzzy sets.
There are many works on the connections between fuzzy sets and hyperstructures.
This can be considered into three groups. A first group of papers studies crisp
hyperoperations defined through fuzzy sets. This study was initiated by Corsini
in [2], [3] and then continuated by other researchers. A second group of papers
concerns the fuzzy hyperalgebras. This is a direct extension of the concept of fuzzy
algebras. This was intiated by Zahedi in [12]. A third group was introduced by
Corsini and Tofan in [5]. The basic idea in this group of papers is the following:
a multioperation assigns to every pair of elements of S a nonempty subset of .5,
while a fuzzy multioperation assigns to every pair of elements of S a nonzero fuzzy
set on S. This idea was continuated by Sen, Ameri and Chowdhury in [11] where
fuzzy semihypergroups are introduced. The fundamental relations are one of the
most important and interesting concepts in fuzzy hyperstructures that ordinary
algebraic structures are derived from fuzzy hyperstructures by them. Fundamental
relation o* on fuzzy hypersemigroups is studied in [1]. In this paper, continuing
our previous work [1], we show that the relation v* is the smallest strongly regular
equivalence relation on a fuzzy hypersemigroup S such that the quotient S/~*is
a commutative semigroup. The structure of this paper is follows:
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After an introduction in section 2, we recall some basic notions and results
on fuzzy hypersemigroups. In section 3, we introduce the relation v* in fuzzy
hypersemigroup S and prove that S/v* is a commutative semigroup. In section
4, the notion of complete part of a fuzzy hypersemigroup is introduced and we
determine some necessary and sufficient conditions so that v is transitive in fuzzy
hypersemigroups, then we will prove that this relation is transitive in every fuzzy
hypergroup.

2. Preliminaries

Recall that for a non-empty set S, a fuzzy subset p of S is a function from §
into the real unite interval [0,1]. We denote the set of all nonzero fuzzy subsets
of S by F*(S). Also for fuzzy subsets p; and ug of S, then py is smaller than po
and write py < o iff for all x € S, we have uy(x) < po(z). Define py V s and
w1 A g as follows: Ve € S) (ug V po)(x) = max{p(x), po(x)} and (11 A pe)(z) =
min{p(x), po ()}

A fuzzy hyperoperation on S is a mapping o : S x S +— F*(S) written as
(a,b) — aob = ab. The couple (S,0) is called a fuzzy hypergropoid.

Definition 2.1 A fuzzy hypergropoid (S, o) is called a fuzzy hypersemigroup if for
all a,b,c € S, (aob)oc=ao (boc), where for any fuzzy subset u of S

aot)(r)Au(t)), w+#0
(@0 u)r) = te\é(( )(r) A ult)), g

(woa)(r) = 4 tes

for all r € S.

Definition 2.2 Let pu, v be two fuzzy subsets of a fuzzy hypergropoid (S, o). Then
we define pov by (pov)(t) = \/ (u(p) AN (poq)(t) Av(q)), for all t € S.

P,gES

Definition 2.3 A fuzzy hypersemigroup (S,0) is called fuzzy hypergroup if
roS=8ox=yg, forall x €S, where yg is characteristic function of S.

Example 2.4 Consider a fuzzy hyperoperation o on a non-empty set S by a o
b = X{ap}, for all a,b € S. Then, (S,0) is a fuzzy hypersemigroup and fuzzy
hypergroup as well.

Theorem 2.5 Let (S, 0) be a fuzzy hypersemigroup. Then, xq 0 x» = aob, for all
a,beS.

Definition 2.6 Let (S, %) and (T, 0) be two fuzzy hypersemigroups. A mapping
¢S +— T is said to be a
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(1) fuzzy homomorphism if ¢(axb) < ¢(a) o ¢(b), (a,b € S).
(i) fuzzy good homomorphism if ¢(axb) = ¢(a) o ¢p(b), (a,b € S).

Definition 2.7 Let p be an equivalence relation on a fuzzy hypersemigroup (.S, o),
we define two relations p and p on F*(S) as follows: for u,v € F*(S); upv if
p(a) > 0 then there exists b € S such that v(b) > 0 and apb, also if v(z) > 0 then
there exists y € S, such that u(y) > 0 and xpy. ppv if for all x € S such that
p(x) > 0 and for all y € S such that v(y) > 0, zpy.

Definition 2.8 An equivalence relation p on a fuzzy hypersemigroup (.5, o) is said
to be (strongly) fuzzy regular if apb, a’pb’ implies aoa’ pbob(aoca’ pbol').

3. Commutative fundamental relation

Let (S,0) be a fuzzy hypersemigroup. For every map f : S — S’ where S’ is a
semigroup, we define f(aob) = {f(t): (aob)(t) > 0}.
If p is a equivalence relation on a fuzzy hypersemigroup (S, o), then we consider
the following hyperoperation on the quotient set S/p as follows:

for every ap,bp € S/p,

ap®bp={cp:(a ob)(c)>0,apa’, bpb'}
Theorem 3.1 Let (S,0) be a fuzzy hypersemigroup and p be an equivalence rela-
tion on S. Then
i) the relation p s fuzzy regular on (S, o) iff (S/p, D) is a hypersemigroup.
(1) p y reg p y 9
ii) the relation p is strongly fuzzy reqular on (S, o) iff (S/p, D) is a semigroup.
(ii) p gly fuzzy reg : 2 group

(iii) if the map f : S — S, where S’ is a semigroup, satisfies in the following
condition:

flaob) = f(a)o f(b) Va,beS.
Then the equivalence relation associated with f is strongly fuzzy reqular.
Proof. Straightforward. .

Definition 3.2 Let (5, o) be a fuzzy hypersemigroup. A commutative fundamental
relation on (.S, o) is the smallest equivalence relation p on S such that the quotient
structure (S/p, ®) is a commutative semigroup.

Let (S,0) be a fuzzy hypersemigroup. We define the relation v on S in the
following way, v = U Yn where v1 = {(s,s) : s € S} and for every n > 2, ay,b if

n>1

Azy, .., € HneN),Jo € S, : (x10...0x,)(a) >0 and (z,,0...0x,, )(b) > 0.
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It is clear that v is symetric and reflexive. We take v* to be the transitive closure
of 4. Then v* is an equivalence relation on S.

Theorem 3.3 The relation v* s a strongly fuzzy regular relation.
Proof. First we have to show that for each z,y,a € S

VY = ravyya, aryay. (%)

If 7y, then there exist n € N, (z1,...,2,) € S" and o € S,, such thatHzi(q:) > 0,
i=1

Hza(i)(y) > 0. For every a € S, set a = z,,1 and suppose that 7 be the

i=1
permutation of S,, such that

) :{ o(i), Vie{l,2,...,n}

n+1, i=n+1.

For every v,w € S such that (za)(v) > 0, (ya)(w) > 0, we can write

() o= (L) =

For t = x, ( z,») (z) > 0 and (za)(v) > 0, so <"+ zi> (v) >0, and

i=1 =1

(U Zf(i)) (w) = [(H Zo(i)) Zn+1] (w) = [(U Zo(i)) a] (w)

=\/ [(H Zo(i)) (t) A (ta) (w)

tes L \i=1
For t =y, Hza(i)(y) > 0 and (ya)(w) > 0, hence
i=1

(H ZT(i)> (w) > 0.

Therefore, vyw. Thus, zaJya. In the same way, we see xyy implies that az¥ay.
Now, if xy*y, there exist m € N and wy = z,wy,...,w, =y € S such that
Wy = TYWIYWaY . . . YWy, = Y, by (x) we have woa = raywaywLa?y . . . yw,a = ya.
For each v, w € S such that (za)(v) = (wpa)(v) > 0 and (ya)(w) = (wpa)(w) > 0,
by taking (21, 22, .., 2m_1) € S™ ! such that (wya)(z1) > 0, (wea)(ze) > 0,...,
(Wm-1a)(Zm-1) > 0, we have vyz1y2z9y ... Y2Zm_17w, and so vy*w. Therefore,

vy = xa?ya.
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Similarly, we can prove xy*y implies that ax?ay, hence v* is strongly fuzzy
regular. n

Corollary 3.4 Let S be a fuzzy hypersemigroup. Then the quotient S/v* is a
commutative semigroup.

Proof. Since v* is a strongly fuzzy regular relation, S/~v* is a semigroup under
the following operation

Y (x1) By (x2) =4"(2),Vz € § st (x129)(2) > 0.

Consider ¢ € Sy, such that o(1) = 2. Then for every z,w € S such that
(2122)(2) > 0 and (25(1)To(2))(w) > 0, we have zyw, thus zy*w and we obtain

V(1) @ (22) = 77(2) = 77 (w) = 7" (x2) © " (21).
So S/v* is a commutative semigroup. u

Theorem 3.5 The relation v* is the commutative fundamental relation on fuzzy
hypersemigroup (.S, o).

Proof. Let p be a strongly fuzzy regular equivalence relation on (S, o) such that
S/p is a commutative semigroup. The canonical map ¢ : S — S/p satisfies in
following condition

o(ry) = ¢(x) © d(y) Vr,y €S

Now if z7yy, then there exist n € N, (21,...,2,) € S" and 0 € S,, such that

(H zz) () >0 and <H za(i)> (y) > 0.

i=1 i=1
S/p is a semigroup, thus

n n

o(x) = [[¢(z) and  o(y) = [ [ ¢(z00)-

i=1 =1

By commutativity of S/p, we have ¢(z) = ¢(y) and zpy. Thus v C p. Now,
if xv*y, there exist m € N and (ug = x,u1,...,u, = y) € S™ such that,
TYULYURY - . . YUp—17YY. Therefore, zpuipusp. .. pu,_1py. Since p is transitive, we
conclude zpy. So v* C p. n

4. Complete parts and transitivity of

In the following, we will determine some necessary and sufficient conditions so
that the relation v is transitive.
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Definition 4.1 Let S be a fuzzy hypersemigroup and M be a non-empty subset of
S. We say that M is a complete part of S, if it satisfies in this condition: for every

n

n € N, (21,...,2,) € S", when there exists z € M such that (H zi> (z) > 0,

i=1

then for every w € S — M and o € 5,,, we have (H zg(i)> (w) = 0.
i=1

Lemma 4.2 Let S be a fuzzy hypersemigroup and M be a non-empty subset of S.
The following conditions are equivalent:

(i) M is complete part of S;
(ii) of z € M and xvyy, theny € M;
(iii) if x € M and zv*y, theny € M.

Proof. (i) — (ii) Let z,y € S, v € M and z7yy. Then, there exist n € N,
(21, .., 2n) € S, and o € S, such that

(H zz> () >0 and (H Zo(i))(y) > 0.

=1 i=1

Since M is complete part, (H zg(i)) (y) > 0 implies that y € M.
i=1

(i) — (iii) Let z,y € S, € M and zv*y. Then there exist m € N and
(up = T, Uy, .oy Uy = y) € S™ such that zyuiyusy. .. Yum_17yy. Since x € M,
by applying (ii) m times, we see y € M.
(iii) — (i) Let x € M and (2, ..., 2,) € S™ such that <H zi> (z) > 0. Then,

=1
n

if there exist ¢ € S, and y € S such that (H za(i)> (y) > 0, we have z~yy,
i=1

therefore, zy*y and x € M. By (iii) we obtain y € M, whence M is a complete

part of S. n

Now, we are going to introduce new notations:

Let S be a fuzzy hypersemigroup and z € S, we set;

T.(z) = {(xl,azg,...,xn) e s"| (H:m) (x) > 0}

P,(z) = U {H To) | 0 € S, (@1, 22, ..., %) € Tn(x)}

1=

P(z) = |JPu).

n>1
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By the above notations, we have the following results:
Lemma 4.3 For every x,y € S,

zyy < P(z)(y) > 0.

Proof.

vy < I(n €N, (z1,...,x,) € S",0 € S,): (H:m) (x) >0, (H xg(i)> (y) >0

o IneN,Py(z)(y) > 0 - -
< P(z)(y) > 0.

Theorem 4.4 If S is a fuzzy hypersemigroup, then the following conditions are
equivalent:

(1) v is transitive,
(ii) for every x € S,v*(z) ={y € S: P(z)(y) > 0}
(iii) for every x € S, v(x) is a complete part.
Proof. (i) — (ii) For every (z,y) € S?, by Lemma 4.3 we have
y €7 () & 27"y & xyy & P(z)(y) > 0.

(ii) — (iii) By Lemma 4.2, if @ # M C S, then M is a complete part of S if
and only if M is the union of equivalence classes modulo v*. In particular, v*(x)
is a y— part.

(iii) — (i) If xyy and y7yz, then there exist n,m € N | (z1,...,2,) € T,(x),

(Y1, Ym) € T(y), o € S, and 7 € S, such that H:L‘U(Z') (y) > 0 and
i=1

<H yT(i)> (z) > 0. Since 7(z) is a complete part, <H xg(l-)> (y) > 0 implies
i=1 i=1

that y € y(x). We have Hyi (y) > 0 and «(z) is a complete part, therefore
i=1

<H yT(@-)> (z) > 0 implies that z € v(x). This means zvyzx. .
i=1

Remark 1. If S is a commutative fuzzy hypersemigroup, then the relation v is
equal to a in [1]. We proved in Ref [1], the relation « is transitive in every fuzzy
hypergroup, hence v is transitive in every commutative fuzzy hypergroup.

Remark 2. If S is a fuzzy hypergroup, then S/~* is a group. We define
wg = ¢ (1g/4+), in which ¢ : S — S/4* is the canonical projection.
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Lemma 4.5 If S is a fuzzy hypergroup and M is a non-empty subset of S, then
(i) ¢ Hd(M))={z e S: (wsM)(x) >0} ={zeS: (Mws)(x)>0}
(i) If M is a complete part of S, then ¢~ (p(M)) = M.

Proof. (i) Let z € S and (t,y) € wg x M such that (ty)(z) > 0, so ¢(z) =
o(t) @ ¢(y) = sy ® d(y) = (y), therefore x € ¢~ (d(y)) C ¢~ (¢(M)). Con-
versely, for every z € ¢~ 1(¢p(M)), there exists b € M such that ¢(x) = ¢(b). By
reproducibility, a € S exists such that (ab)(x) > 0, so ¢(b) = ¢(x) = ¢(a) ® ¢(b).
This implies ¢(a) = 1g/,« and a € ¢~*(1g/4+) = wg. Therefore (wgM)(z) > 0. In
the same way, we can prove that ¢~ 1(¢(M)) = {z € S : (Mwg)(z) > 0}.

(i) We know M C ¢ H(p(M)). If x € ¢ (¢p(M)), then there exists b € M
such that ¢(z) = ¢(b). Therefore x € v*(x) = v*(b). Since M is a complete part
of S and b € M, by Lemma 4.2 we conclude v*(b) C M and z € M. .

The next theorem shows that the relation 7 is transitive in every fuzzy hypergroup.
Theorem 4.6 If S is a fuzzy hypergroup, then the relation v is transitive.

Proof. We know if S is a fuzzy hypergroup, then S/~v* is a group, let z € wg.
Now, if zvy*y, then x € ¢~ (¢(y)) = {u € S| (yws)(u) > 0}, thus there exists
t € wg such that (yt)(z) > 0. Since t € wg, there exist n € N, (zy,...,2,) € S”

and o € S, such that (H xz> (z) > 0 and (H xg(i)> (t) > 0.

i=1 i=1

Now, by the reproducibility of S, there is v € S such that (vz)(y) > 0, and
since lg/y» @ lg/y» = lg/y+, there is w € wg such that (wz)(z) > 0. Moreover,
since {z,w} C wg and the relation « is transitive in every fuzzy hypergroup (see
[1]), there is an m- tuple (yi, ..., ym) € S™ such that

(ﬁ yl> (2) >0 and (ﬁ yl> (w) > 0.

=1

Now,

(ﬁyﬂ) )=V [(ﬁy) () A (H) <q>A<pq><z>].

p,qES i=1

m n

Considering p = w and ¢ = z, we obtain (H i Hxl) (z) > 0. From this,

i=1 =1
and by setting k = z in the following, we have

kesS
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Again, by last statement, and setting g = z, we obtain
(1) (UUJ Hyi H%) (y) = \/ [(UQ)(?/) A (w Hyz H%) (9)] > 0.
i=1 =1 ges =1 i=1
On the other hand, if we set p =y and ¢ =t in
(UwHyz Hma(z)) (.Z') - \/ [(’anyl> (p) A <H xo’(z)) (q) A (pa Q)(m)] 3

i=1 =1 PgES i=1 i=1

then we obtain
(vayi> () =\ [(vk‘)(y) A (wHyz) (k)]
i=1 keS i=1

by setting k = z in the above, and f = z in the following, we have

(wH%> () =\ [(wf)(z) A (H yz> (f)] > 0.

fes
Therefore,
(2) (vw H i H mg(i)) (x) > 0.
=1 i=1
From (1) and (2), we conclude that zyy, thus ~ is transitive. .
Conclusions.

We introduced the concepts of commutative fundamental relation and complete
parts of a fuzzy hypersemigroup. We determined some conditions so that this
relation is transitive in fuzzy hypersemigroups and we proved that this relation is
transitive in every fuzzy hypergroup. We will study about fundamental relation
in fuzzy hyperrings.
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