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Abstract. Motivated by Ko et al. (2010), who propose a new equity-linked product
called “maturity guarantee with dynamic withdrawal benefit” (MGDWB), we consider
the pricing of this product under a Vasicek stochastic interest rates framework. The
explicit pricing formulas for the dynamic withdrawal benefit (DWB) payment stream
and the maturity guarantee can be obtained when the DWB payment level is set to be
a function of zero-coupon bond.
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1. Introduction

Both individual and institutional investors have a basic need for protection against
downside risk. The dynamic guaranteed fund has been one of the most popular
investment funds in the insurance industry, recently. The fund, introduced by
Gerber and his co-workers, provides a dynamic guarantee for an equity index
linked portfolio to its investors with a necessary payment so that the upgraded
fund unit value does not fall below a guaranteed level during the protection period.
See Gerber and Pafumi (2000), Gerber and Shiu (1998, 2003), Tiong (2000) and
Imai and Boyle (2001).

Researches on the dynamic guaranteed fund mainly focus on the modelling of
the price of underlying assets and the design of the guarantees. See, for example,
Gerber et al. (2013) investigate the valuation of variable annuities with guaranteed
minimum death benefits under a jump-diffusion model. Gerber et al. (2015) con-
sider the problem of valuing guaranteed minimum death benefits under a discrete
model. Inspired by dynamic guaranteed fund and motivated by the importance
of “withdrawal benefits” in enhancing sales of variable annuities, Ko et al. (2010)
propose a new equity-linked product, which is called “maturity guarantee with
dynamic withdrawal benefit” (MGDWB).
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This new equity-linked product has two payoff features. Consider a customer
paying a single premium for investing in a mutual fund or stock index. As the
customer’s account value attains a barrier, amounts over the barrier are auto-
matically withdrawn from the account and paid to the customer. This payoff
feature is called dynamic withdrawal benefit (DWB), which is a function of mar-
ket conditions, so that it can well protect the insurers issuing variable annuities
with DWB. Furthermore, the customer is provided with a guarantee that at the
contract maturity date 7', he will have at least a predetermined amount K. When
the DWB payment level is set to be a constant or an exponential function of time
and the interest-free rate is assumed to be constant, Ko et al. (2010) price such
MGDWB contracts.

However, since equity-indexed annuities are usually of long maturity, the
assumption of constant interest rate may not be quite adequate. In this paper,
we will price a MGDWB contract in the presence of a stochastic term structure
of interest rates. Assume the customer holds the contract to maturity 7. Denote
the time-t account value without and with DWB payments by F(t) and E(t),
respectively. In Ko et al. (2010), the relation between the two processes is given by

(1.1) F(t) = F(t) min {1,(@;%} ,

where B > K is a constant. Obviously, the barrier B is not necessarily chosen to
be a constant. See, for example, Gerber and Pafumi (2000) consider a stronger
protection, where the guaranteed value of a fund unit at time ¢ is Ke?, for some
v > 0. In fact, v can be explained as a guaranteed rate of return. In this paper,
we extend the protection level to a stochastic level and consider the price of a
MGDWRB contract under a stochastic interest rate environment. However, in
general, it is not easy to obtain the explicit formula for the price of the MGDWB
contract under a stochastic interest rate environment. In this paper, we aim at
providing a model in which the closed form formula for the price of the MGDWB
contract can be obtained under a stochastic interest rate environment.

Bernard et al. (2006) propose a stochastic level with the guaranteed rate
matching the return of a government bond and derive the fair value of a par-
ticipating life insur- ance contract under a Vasicek interest rate environment.
Therefore, following Bernard et al. (2006), we consider the relation between the
two processes as follows:

(12) F(t) = F(t) min {1, iy BP(s, Q 53(0, T) } |

where P(s,T') is the zero-coupon bond price with expiry date T at s. Assume
P(0,T) < 1 so that B/P(0,7) > K. In fact, in (1.2), the barrier is chosen as a
BPIE(()‘?’TT)). As explained in Bernard et al. (2006), the pro-
tection is equivalent to buying B/P(0,T) government zero-coupon bonds having
an initial value equal to P(0,T') at time 0, since the guaranteed value of a fund unit

at time ¢ is equal to the value at time ¢ of K/P(0,T’) zero-coupon bonds maturing

stochastic process given by
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at time 7. Therefore, comparing with the protection Bet, which can be regarded
as having a fixed guaranteed rate of return, the protection BP(s,T")/P(0,T") can
be regarded as having a guaranteed rate matching the return of a zero-coupon
bond.

Let {Q, 3, {St}o<t<r, @} be a filtered complete probability space, where @ is
the risk neutral measure and {S;}o<i<r is a filtration satisfying the usual condi-
tions of right continuity and completeness. Throughout the paper, it is assumed
that all random variables and stochastic processes are well defined on this proba-
bility space and Sr—measurable. We assume that the fund process {F'(t)} follows
a geometric Brownian motion under the risk-neutral probability measure Q):

(1.3) dEt) _ redt + adW9(t).

It is assumed the short-term interest rate dynamics obey the relationship under Q:
dry = (af — ary)dt +dZ2(t),a > 0,4 > 0.

Vasicek (1977) has showed the zero-coupon bond price with expiry date T" at a
fixed time t, P(t,T), is a function of 7" and can be expressed as

(1.4) P(t,T) = E9fe~ ftTrsds‘%t] _ AWT) =BT,
where
e = BB () - ZEDE
(1.5) . ea(aTt) a
B(t,T) = -

The zero-coupon bond price with expiry date T, P(t,T), follows the stochastic
diffusions

dP(t,T) Q
W = ’I"tdt O'P(t7T)dZI (t),

where op(t,T) = 2(1—e~2T1). Z2(t) and W?(t) are two Q—standard Brownian
motions with a correlation coefficient equal to p.

Consider a Brownian motion ZQQ independent from ZlQ , therefore, the Brow-
nian motion W can be expressed as

AWO(t) = pdZ2(t) + /1 — p2dZ2(t).

Then the dynamics of the fund in equation (A.8) can be rewritten as:

%&? = rdt + o (delQ(t) + 1 - deZf(t)) :
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Denote by Q)7 the T'—forward-neutral measure. It is defined through its Radon-
Nikodym derivative

dQr =e~ Jo op(s1)dZ2(s)=5 [y o%(s,T)ds

dQ

From Girsanov theorem the process Z2 defined by dZ%7 = dZ% + op(t, T)dt is a
(Qr—Brownian motion.

Therefore, under the T'—forward-neutral measure (7, the short-term interest
rate dynamics obey the relationship

d'r’t = a(@t — Tt)dt + ”}/leQT (t),

where 0, = 0 — v%/a?(1 — e~o(T=1),
We also define ZQQT such that ZlQT and ZQQT are noncorrelated ()r—Brownian

motions. Under the T'—forward-neutral measure Qr, the dynamics of F(t) and
P(t,T) follow the stochastic differential equations

dFF—(Sf)) (re — poop(t,T))dt + o (deQT + \/1_7dZQT )
and
dP(t,T) ) )
B ~ toetD)dt—op(t, T)dZ97 (1).

By some calculations, we have

BP(s,T) B ., .
W = Foexp {—/(Up(u T)+po) dZQ / V1—p dZQ

(1.6) 0 s
—i—%/o ((op(u, T) + po)* + o*(1 — ))du}

Define the martingale H as

H, = / op(u,T) + po)dZ2" (u / o\/1— p2dZ87 (u

Note that the quadratic variation of H is

2

£(s) = /OS<(UP<U,T) 4 po)? 4 02(1 — p?))du = <02 + % + 2’””) s

a

2p0y | 29° —a(T—s) —aT 7 —2a(T—s) —2aT

(1.7)

Due to Dubins-Schwarz theorem, there exists a ()7—Brownian motion B such that

Hg = B).
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Therefore, (1.6) becomes

(1.8) _BP(sT) _ B B +he),
F(S)P(OaT) FO

from (1.8), F/(T) can be expressed as

2. Contract valuation

Denote VW (B, T) by the value of the DWB payment stream between time 0 and
T at time 0, denote V P(K, B,T) by the value of the European put option with
payoff (K — F (T'))" at time 0. For simplicity, we assume the cost of the put option
is to be paid at the beginning of the contract, and 0 < K < Fjy < B. Because the
customer pays Fo+ V P(K, B,T), so by the fundamental theorem of asset pricing,
we have

(2.1) Fy = VW(B,T)+ E®eJo =3 (T)),
(2.2) VP(K,B,T) = EQe Jo (K — F(T))").

Moving toward forward-neutral world, we obtain

(2.3) ER[e=li U f(TY] = P(0,T)EQ[E(T)],

(2.4) EQfe~ o (K — F(T))*] = P(0,T)E¥[(K — F(I)"].

From (1.8), one obtains

B !
F(T) = F(T) min{l, min —e_Bf(s)"‘zf(S)}

0<s<T Iy

B 1
(2,5) = F(T) min {17 e maX()<s<§(T)(Bs2S)}
Fo

Fo  pp—1/2e(T) B _ (Bs—%5)
- &(r) 1. =~ maXo<s<g(r)(Bsmgs) L
P(O,T)e min | 1, e
For simplicity, we write X = By — 3&(T), M = maxo<s<¢(r)(Bs — 35). Then,
from (2.1), (2.3) and (2.5), we obtain

VW (B,T) = Fy — P(0,T)E®"[F(T)]

(2:6) = Fy — FyE9T[eX1{M < b}] — BE9r[eXe M1{M > b}],

where b = lnpﬁ > 0, 1{C?} is the indicator of a set C. To simplify the above
0

expression, we define a new probability @ through Radon-Nikodym derivative

ﬂ — X = efoT(UP(mT)-l—pa)leQT(u)+f0TU 1—P2dZQQT—%§(T).

=e
dQr
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From Girsanov theorem, we can construct two ()— standard Brownian motions
ZlQ and ZQQ defined by

dz9 = dz%r - / (op(u, T) + po)du,
0

dZ? = deQT—/ o/ 1 — p’du.
0

Then, under Q, F(T) is expressed as

£y %, 3
(2.7) F(T) = oo (0p(sT)+p0)dZ? ()t [y on/1=p2dZ (u)+3E(T)
P(0,T)°

Similar to deriving Eq. (1.8), under Q Eq. (2.7) can be expressed as

Fo B 1
F(T) = —2_eBem+38(D)
( ) P(O,T)e Y

where B is a Q—standard Brownian motion. Define X = By + 3£(T) and

M = max (B,+ 3s). Note E9T[eX] =1, then
0<s<¢(T)

EQT[eX1{M < b}] = E9[eX]Q(M < b) = Q(M < b)

(2.8) e <b— 1/2§(T)> B, (—b— 1/2§(T)>
§(T) o &(T)

and
(2.9) E9T[eXM1{M > b}] = E9T[eX]EC[e M1{M > b}] = E®[e " M1{]M > b}].

Note the expectation E@[e*™1{M > b}], for a # —1, has been given by Huang
and Shiu (2001) and Lee (2003). To evaluate the expectation EQ[e™™1{M > b}],
first we give the following lemma.

Lemma 2.1 Let X(t) = pt + oW (t), M(t) = max X(s), where W(t) is a

0<s<t
Q—standard Brownian motion. Then, we have

(2.10) QX(t) <k, M(t) > d)) = e+* Q(X(t) <k — 2d),b > 0,k < b.

Proof. The proof of (2.10) can be found in Gerber and Shiu (2000) and Huang
and Shiu (2001). From (2.10), we obtain

(
(

QM <m) =

(2.11)

Ql Ol
=< >
IAIA

m) — Q(
m) — e™

R
>IN
IN 3
|
&)
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Using (2.11), we have

BN >0 = [ %d@(i <m)— [ e QR < —m)

_ (m+1/26(T)?

26(T) dm—/ Q(X < —m)dm

(2.12) / \/F

:2@< b+1/25 ) /@YS

Integrating the integral in (2.12) by parts, we obtain

/boo QX < —m)dm

_‘“<2%£2J | e

—<b+1/2s<T>><I>< bH/% )*\/ o R

Substituting (2.13) into (2.12), we have

_ (m+1/2¢(T)?

(2.13) 20 dm

ERleM1{M > b}] = (2+b+1/26(T))® <_M>
(2.14) D)
@67%
2T :

Substituting (2.8)-(2.14) into (2.6), we give the explicit expression for VW (B, T)

VW(B,T) = F,® (—%>
’ &(T)

(2.15) |
_BQ+1£+§D)@(ﬁiwﬁ@)+B ET) ooy

Fy 2 E(T) 21
Remark 2.1.

(1) From (1.7), we can easily obtain (7)) — 400, when 7' — 400, hence
VIW(B,00) = F.

(2) When B is infinity, then no withdrawal benefit payments will ever be made.
Thus, VW (0o, T) = 0 and it is easy to check it from (2.6) and (2.8)-(2.14).

Now, we present the evaluation of the put option price VP(B, K,T). We can
rewrite Eq. (2.2) by using the T'—forward-neutral equivalent martingale measure
Q7 according to:

(2.16) VP(B,K,T) = P(0,T)E%T[(K — F(T)),].
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With ¢ = In £200 0, we divide the expectation EQT[(K — F(T)),] into two

Fo
parts:

E9T|(K — F(T))-]

Ur[(K — F(T)+ {M < b}] + E97[(K — F(T))+ {M > b}]

(
Qr KK_ P<F0T>6X) 1{M < b, X < c}]

—

0,
B

ECT | K — X=MAYUIM >b. M —X >b— .
" K PO.1)° ){ - g C}}

The first term on the right hand side of (2.17) can be calculated as follows:

EQT KK - P(QOT) eX> {M <b,X < c}

= KQr(M <b,X <c)— Fo ECT[eX]Q(M < b, X < ¢)

P(0,7)
= K[QT(X < C) — QT(M > b,X < C)]
(2.18) > (5 "X <o) -G 20X <)
_wle <c+ 1/2§(T)) _ Fog (c— 2b + 1/2§(T)>
(1) B &(T)
R [y (e=12am) B (e=2—1/2¢(T)
P(0,T) &(T) Fy &(T) ’

where the last equality follows from (2.10). The second term on the right hand
side of (2.17) is

E@T KK— %eX_M) UM >bM—X > b—c}}

0,7
= KQr(M >b,M—X >b—c)
— P((fT)EQT [e* MM >b,M—-X >b—c}]
B c—20—1/26(T)\ KK _[(c—2b+1/2¢(T)
(2.19) = .7 <I>< T )+ iE q>< 0 )
B . c—2b—1/2¢(T)
PI0.T) (2+2b +1/2§(T))<I>< T )

(2b—c+1/2¢(T))?
&(T) o 2b c-2-51(T2)§T
27

Y

where the proof of the expressions for the probability Qr(M > b, M — X >b—c¢)
and the expectation E9T[eX"M1{M > b, M — X > b— c}] are given by (A.6) and
(A.8) in the Appendix.
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Substituting (2.17)-(2.19) into (2.16) yields that

VP(B,K,T) =K P(0,T)® (M) R (ﬂ)

(2.20) CEPO,T)E,  ((T) ¢ 9 1/26(T)
+ B (1 B2 5 ) P £(T)
v B %e—wggﬂw»

Remark 2.2.

(1) It follows from (1.4), (1.5) that, if a*0 > 72—2, then P(0,7) — 0 when T' — oo,
so we have VP(B, K, 00) = 0.

(2) When K = 0, it can be directly obtained from (2.16) V P(B,0,T) = 0.

(3) When B is infinity, then no withdrawal benefit payments will ever be made.
Thus, VW (oo, K,T) must be the Black-Scholes price of the European
K —strike put option on F'(t) exercisable at 7" and it can be expressed as

VP(co,K,T) = P(0,T)K® (M> — Fd (%> .
s ’ &(T) &(T)

In fact, VP(oco, K,T) is exactly given by the first two terms on the right
hand side of (2.20). Hence, (2.20) can also be written as

VP(B,K,T) - VP(co,K,T)

5 (m KP(0,T)Fy f(T)) o (c — 2 —5(1T/)25(T)>

B? 2

(2b—c+1/26(T))?
_|_B @6_ ;g(T) .
27

Since the left hand side of (2.20) is positive, its right hand side is also
positive, which is not immediately obvious.

(4) Differentiating (2.15) with respect to Fy and simplifying, we obtain the
hedge-ratio formula,

) o b=12em)\ B[ b+1/26(T)
or, VB =2 <_ &) ) "R (‘ &) ) |

Differentiating (2.20) with respect to Fy and simplifying, we have

) (e 1j2(m)\ | B [c—20—1/24(T)
op VB KT =0 <—§<T) ) + 50 ( —+ ) .
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It is interesting to note that both derivatives can be quickly obtained if we
pretend that b, ¢ are not functions of Fjy when performing the differentiation.
(Similarly, differentiating the Black-Scholes formula with respect to the stock
price, while pretending that d; and dy are constant, immediately yields the
formula for the option’s delta.)

3. Numerical analysis

In this section, we make some numerical analysis on the value of the DWB payment
stream VW (B,T) and the value of the European put option VP(K, B,T). The
price of the zero-coupon bond P(0,T) is considered as a function of T" and hence
it is can be calculated from equation (1.6). Let Fy = 100, 7o = 0.05, a = 0.4,
oc=0.1, y=0.008, p=0.2, 6§ =0.04.

K=80
— — K=60 ||
~ — —K=50
-~ K=100

0 500 1000 1500 ] 10 20 30 40 50 60

Figure 1: VW(B,T) as a function Figure 2: VP(K,B,T) as a function
of T for different B of T for different K, B = 120.

Figure 1 plots VW (B, T) as a function of T for different B. From Figure 1
we see, VW (B, T) is a decreasing function of B. That is to say, the withdrawal
benefit payments will decrease with B increasing. Figure 2 plots VP(B, K, T) as
a function of T for different K given B = 120. It is easy to see from Figure 2,
VP(B,K,T) is an increasing function of K. That is because V P(B, K,T) is the
price of put option with strike K.

4. Reflected Brownian motion

In this section, we derive the pricing formulas (2.15) and (2.20) by using the theory
of Reflected Brownian motion.

1) g = (B - 360 ) v s { e - 30 |

BP(t,T) . . . . B _
—P(()’T)F(t)} is a reflected Brownian motion starting at In Fo) = b,

with reflecting barrier at 0. Let Y = In W

The process {In

, then from Formula (91), Section
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5.7 in Cox and Miller (1965) it follows that the probability density function of the
random variable Y under Q7 is

pait.T) = n(asbt G€DED) )+ et (-4 GD).6D))

(4.2) - &@(—x+b+1pafv,x>a
(1)

where n(z; i, 0%) is the probability density function of the normal random variable
with mean p and variance o2, and ®(x) is the standard normal distribution. This
result corresponds to formula (2.5) in Ko et al. (2010). To obtain the pricing
formulas (2.15) and (2.20), we also need the following formulas given in Gerber
and Pafumi (2000) and Ko et al. (2010),

- _ 2
(4.3) / e“n(x; p, 0)dx = et 127§ (M) ’

g

where a and ¢ are arbitrary real numbers and

e’} 2
/ o <_x—,u> dleeucH/Qazczq)(—a—i-,u-i—ca )
u o c o
L g (Tat R
c o ’

where ¢ is an arbitrary number other than zero. By using (4.2)-(4.4), we obtain

(4.4)

VW (B,T) = Fy — P(0,T)E®T[F(T)] = Fy — BE9T[e™"]
b (b - 1/25<T>> . (_b+ 1/25<T>>
&(T) ¢(T)
[T e[ Ty —1/2(T)
(4.5) A ®( &) >@]
_po (w) 5o (_b+ 1/25(T>)
&(T) (T)

<o (—y-b-12am)
+B/0 <I>< ) ) Y.

Integrating the integral in (4.5) by parts, we obtain

—F,—- B

_ (ytb+1/26(T))2

> _y_b_1/2§<T) _ oo Y e 26(T
[ o ms o e

46) = —@% + 1/25(T))@(—%(2;§T)) e

(b+1/26(T))2
§(T) - Cryzean®
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Substituting (4.6) into (4.5), we have

b—1/2¢(T) §(T) -~ yaen?

VW(B,T) = Fy®(— ) )+ B o
B (T) b+ 1/2¢(T)
(4.7) — B<1HHF0+ 5 )P(— 0 ),

which is the same as equation (2.15).

Similarly, we can obtain the explicit formula for pricing the put option.

VP(B,K,T) = P(0,T)E?T[(K — F(T))"]

= P(0,T)ECT <K — P(fﬂ e—Y> 1
—POTEQTK B )1{Y>b—c}}
_POTKQT(Y>b—c BEQT[-Y1{y>b—c}]

q)(c—i—l/?f ) (— b—1/2£(T ))
&(T)
gy (€= 1/26(T) c—2b—1/2¢(T)
e P | —— =22 )
( VD) )+ ( Ve )
y+b+1/24(T)
_/ C@( f(_T) )dy]
_ KPO,T)® <c+1/2§ ) ( —1/2¢( ))
* y+b+1/24(T
+B/b_c<1>< T )dy
Integrating the integral in (4.8) by parts, we obtain

/°°¢ (_y+b+ 1/2§(T)> dy = —(b— ) (c— 2b — 1/2§(T)>
b—c §<T) f(T)

/°° Y _ (yb1/2¢(T))?
+ e 2¢(T) dy
2m¢(T)

-B

(4.9)

c—2b— 1/2§(T))

= —(2b+ 1/2¢(T) — )@ < =

(2b—c+1/2¢6(T))2
2T
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Substituting (4.9) into (4.8) gives

VP(B,K,T) = KP(0,T)® (CH/?E(T)) _Eo (c_l/zw))

£(T) VET)
KP(0,T)F, &(T) c—2b—1/2¢(T)
(4.10) +B (ln VEE -5 ) ) ( 0 )

e 2
5(T)6 @octl/zem)”
27
Obviously, equation (4.10) is the same with (2.20).

+B

5. Conclusions

This article considers the pricing of the maturity guarantee with dynamic with-
drawal benefit contract under a Vasicek stochastic interest rates framework. Be-
cause the DWB payment barrier is chosen to be a function of zero-coupon bond,
so the closed-form formulas for the value of the DWB payment stream and the
value of the European put option can be obtained by a probabilistic method or
by using the theory of reflected Brownian motion.

Appendix
From (2.10), we have
-2 1/2
(A.1) Or(M >y, X <) = eV (L\/f/s) ,
s

where x < y, and s = &(7T). Differentiating (A.1), we obtain the joint density
function of (M, X)

1 (;c+1/23)2+4y274xy 4y — 2
(& 2s

\V2Ts S

(A.2) Qr(M € dy, X € dx) = xdmdy,x <uy.

From equation (A.2), we have

EQT[1{M >b;M — X >b— c}]

:/OO/y—b+c 1 6_%@—2%0&@
b Joe  V2Ts s

_ /oo /y—b+c 1 6_(z+1/§§—2y>2 " (4y —2x — 8 1 1) dxdy
\V2TSs S
A3 b+
(A.3) :/ /y 4y —2x — Se_ye (o1/20= Qy)zdxdy

S 27rs

/b ( y+b—\/c§—1/2s>dy

< ~ y+b—c—1/23)
= e VI dy—i—/ e ’d (— dy.
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Integrating I, by parts yields

2 (y+b—c—1/25)?
A4 I = e~ %s .
( ) ! \V21rs

Substituting (A.4) into (A.3), we have
E9T[1{M >b,M — X >b—c}]

27V (yrb—e— 1/25)2 - Y+ b—c— 1/28
A5 :/ e~ d +/ e VP (— )d ,
(A.5) Y vt | 7 y

Integrating the second integral in (A.5) by parts gives
E9TH{M >b,M — X >b—c}]
bfcei(’y+b—c+l/2s)2 ay+ . <_2b —c— 1/28)

2s

e
\V2Ts Vs
(A.6) _ g (c—2b—1/25 et c—2b+1/2s
: = —\/g —\/5 )
Similarly,

EQT[eX—M1{M >bM— X >b-—c}]

y—bte _ (m+1/25)2+4y274zy 4y — 2x
e 2 dxdy
V2rs s

(A7) y= b+c4 2 x—1/2s— 2y2
/ / Yy — 93+36< /25 )dxdy

_/ <1>( y+b \/c_—i—l/?s)dy

We integrate the above two integrals in (A.7) by parts
EQT[ X MUM > b, M — X > b—c}]

(ytb—ct1/25)2 c—2b—1/2s
- 2 dy +bd | —————
’ v ( Vs )

\V2Ts

<y _ (y+b—ct1/25)
— e 2s d
/b \V2Ts Y

= (2+2b—c+1/25)® (#)

/°° (y+b—c+1/2s) _ wbes12e)? y
b

(A.8)

e
V2ms Y
_2b_]_ 2 —cC 52
= (2+2b—c+ 1/28)(1) (%) — % 67(% -2:1/2) ,

where the last equality is obtained by integrating by parts.
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