ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 36—2016 (543—556) 543

DIFFERENTIAL SANDWICH THEOREMS FOR p-VALENT
FUNCTIONS ASSOCIATED WITH A CERTAIN GENERALIZED
DIFFERENTIAL OPERATOR AND INTEGRAL OPERATOR

Feras Yousef

Department of Mathematical Sciences
New Mexico State University
Las Cruces, NM 88003-8001

USA
e-mail: faamy@nmsu.edu

A.A. Amourah
M. Darus

School of Mathematical Sciences

Faculty of Science and Technology

Universiti Kebangsaan Malaysia

Bangi 43600, Selangor D. Ehsan

Malaysia

e-mail: alaammour@yahoo.com, maslina@ukm.edu.my

Abstract. The purpose of this paper is to derive some subordination and super-

o0
ordination results for functions of the form f(z) = 2P + Y. ay2* which are p—valent
k=p+1
in the open unit disk U = {z € C : |z| < 1} by using certain differential operator

A’/{,p(a,ﬁ,,u)f(z) and integral operator F;"(p,?)f(z). Some special cases are also con-
sidered.
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1. Introduction

Let ‘H denote the class of functions which are analytic in the open unit disk
U={z€C:|z| <1},

and let H[a, p] denote the subclass of the functions f € H of the form:

(1.1) f(z)=a+a? +a, 12"+ (a€C; peN:={1,2,..}).
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For simplicity, H[a] = H|a, 1]. Also, let A(p) denote the subclass of H consisting
of functions of the form:

(1.2) =P+ Z agz”,  (ar > 0;p € N:={1,2,..}),

_p—‘,-l

which are p—valent in U.

Given two functions f, g € H. The function f(z) is said to be subordination
to g(z) in U, written f(z) < g(z), if there exists a function h(z), analytic in
U, with h(0) = 0 and |h(z)| < 1 for all z € U, such that f(z) = g(h(z)) for all
z € U. Furthermore, if the function ¢ is univalent in U, then we have the following
equivalence (see [7] and [9]):

f(z) < g(2) & f(0) = g(0) and f(U) C ¢(U).

Let ¢ : C* x U —C and (z) be univalent in U. If p(z) is analytic in U and
satisfies the second-order differential subordination:

(1.3) ¢ (p(2), 20/ (2), 2°p"(2); 2) < ¥(2),

then p(z) is a solution of the differential subordination (1.3). The univalent func-
tion ¢(z) is called a dominant of the solutions of the differential subordination
(1.3) if p(2) < ¢(z) for all p(z) satistying (1.3). A univalent dominant ¢ that
satisfies § < ¢ for all dominants of (1.3) is called the best dominant. If p(z) is
univalent in U and satisfies the second-order differential superordination:

(1.4) U(2) = 6 (p(2), 20 (2), 2°p"(2): 2)

then p(z) is a solution of the differential supordination (1.4). A univalent function
q(z) is called a subordinant of the solutions of the differential superordination
(1.4) if q(2) < p(z) for all p(z) satisfying (1.4). A univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinants of (1.4) is called the best subordinant. Using the
results of Miller and Mocanu [10], Al-Hawary, Amourah and Darus [1], Aljarah
and Darus [3], Bulboaca [6] considered certain classes of first-order differential
superordinations as well as superordination-preserving integral operators [7]. Ali
et al. [2] have used the results of Bulboaca [6] to obtain sufficient conditions for
normalized analytic functions f € A(1) to satisfy:

2f'(2)
f(2)

where ¢; and ¢o are given univalent normalized functions in U with ¢;(0)=g2(0)=1

Also, Tuneski [14] obtained a sufficient condition for starlikeness of f e Al )
'@

(f(2))*

Recently, Shanmugam et al. [12, 11] and [13] obtained sufficient conditions

for the normalized analytic function f € A(1) to satisfy:

/()
2f'(2)

0(z) < < @2(2),

in terms of the quantity

¢(z) < < ¢2(2),
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and 2002
RN
Shanmugam et al. [11] also obtained the so-called sandwich results for certain
classes of analytic functions.
For the function f € A(p), Faisal and Darus ([8]) defined the following diffe-
rential operator:

AR e B, ) f(2) = [ (2),

A0 f(0) = (LN 4 (L2 s

< QQ<Z).

and forn = 2,3, ...,
AR (e, B, ) f(2) = A(AY (o, B, 1) f(2)),

(1.5) — Py Z {Ck-i- M—Fa)\i(k‘ﬁ—p)‘Fﬁ}nakzk?

for f € A(p), a, B, 1, A > 0,0+ 3 # 0and u+A # 0, p € Nand n € Ny := NU{0}.
It is easily verified from (1.5) that

[+ A
a+f3

2(AY (o, B, 1) f(2)) = At (e, B, 1) f(2)
(1.6)

- (1 a —]i 6(” T )‘>> AN (o, By ) f(2).

Also, for the function f € A(p), Aouf et al. ([5]) defined the integral operator:

p+19 T
. F = 2P E

for p> 0,9 >0,pe Nand m € Ny := NU{0}. It is easily verified from (1.7)
that

p2(F (p.0)f(2) = (9 +p) (5" (p,0)f(2))
= [D+p(1=p)l(F;" (. V) [ (2))-

In this paper, we derive several subordination results, superordination results
and sandwich results involving the differential operator A% (a, 8, 1) f(2) given by
(1.5) and the integral operator F"(p, ) f(z) given by (1.7).

(1.8)

2. Definitions and preliminaries

In order to prove our subordinations and superordinations results, we need the
following definition and lemmas.
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Definition 2.1 [10] Denote by @, the set of all functions f that are analytic and
injective on U\ E(f), where

B(f) = {¢ € 9Ulim f(z) = oo .
and are such that f'(¢) # 0 for ¢ € JU\E(f).

Lemma 2.2 [10] Let q(z) be univalent in U and let 6 and ¢ be analytic in a
domain D containing q(U) with p(w) # 0 when w € ¢(U). Set

U(z) = 24/ (2)p(a(z)) and h(z) = 0(q(2)) + 1 (2).
Suppose that

(i) v is starlike univalent in U,

(i) Re { W) } >0 for z € U.

¥(2)
If p(2) is a analytic in U with p(0) = ¢(0), p(U) C D and
(2.1) 0(p(2)) + 2p'(2)p(p(2)) < 0(q(2)) + 24 (2)e(a(2)),

then p(2) < q(z) and q(z) is the best dominant of (2.1).

Lemma 2.3 [6] Let q(z) be convex univalent in U and let ¥ and ¢ be analytic in
a domain D containing q(U). Suppose that

. V' (q(2))
(i) Re{ o(a(2) } >0 forz e U,

(i) W(z) = 2¢'(2)d(q(z)) is starlike univalent in U.

If p(2) € H[q(0),1] N Q, with p(U) C D, and 9(p(2)) + 2p'(2)p(p(2)) is univalent
in U and

(2.2) W(q(2)) + 2¢' (2)p(q(2)) < V(p(2)) + 20 (2)(p(2)),

then q(z) < p(z) and q(z) is the best subordinant of (2.2).

3. Subordinations and superordinations results for A% («, 3, u)f(2)

Unless otherwise mentioned, we assume throughout this paper that e,n € C.
We begin with the following result involving differential subordination between
analytic functions.
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Theorem 3.1 Let q(z) be univalent in U with q(0) = 1. Further, assume that

(3.1) Re{w+l+%iz))}>0.(56@*:6—{0},520)
If f € A(p) satisfies the following subordination condition:

(3.2) C(n, A, p, B,6,0;2) < 624'(2) + (8 + ) (4(2))*,

where

C(n7)\7p7ﬁ757a;2)

b(a+ ) e (A0, 8.0 (2) (A3, (0 5.0 f(2)

(A% (e B ) f(2)) " —e

BVEDY (At (a, B, ) ()

(et A (e B () o (A0 0 ()’
Fole=1) <u+ X ) At mm @) O e )
then

Axpla, B, 1) f(2)
(AR, (., B, 1) f(2)

and q(z) 1is the best dominant.

r<ﬁ@

Proof. Define a function p(z) by

AR (o, B, 1) f(2)
(AN (o, B, 1) f(2)]
Then the function p(z) is analytic in U and p(0) = 1. Differentiating (3.3) loga-

rithmically with respect to z and using the identity (1.6) in the resulting equation,
we get

p(z) AN B ) f(2) = (1= g+ )AL (o, B, 1) f(2)

(3.3) p(z) = (z € ).

p(z) LAY (. B, 1) f(2)
A (B ) f(2) - ﬂ—;mw+kﬂﬂ?(, 1) f(2)
EeAN (o B ) f(2) |
oot B A (@B f(z) (= FElet )
:>p(2)_p( ):U’_'_)‘ ZAKP(QB/J’)JC() +Z
_EAﬁ%m&uﬁ@)+Jl—ﬁ$w+A»
2AN (o, B, 1) f(2) z ’
_ (a+p) (A%, (o, B, 1) f(2)) (AR (e, B, 1) £(2))

(A%, (0, B, ) f(2))' 7 — e

Z(p+ )

(e—-1)
* z (,LH—)\

(ANS (@, B, ) f(2)) e

&+5—m sl
ME%

By 1
By 1
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= 62p/(2) + (3 + ) (p(2))°

_ Mt B) | yniry, e 6(z‘lﬁjf(oa@’,/ub)f(Z)) (A3 (a, B, 1) f(2))

- (M_'_)\) (A)\,p ( 757:“’)]0( )) (A;L:;l( ) ( )>1+e
NGRS BN WO AONC) (A3 (0B ()

Tl <u+A ) A a @) T 1)

Using (3.2), we obtain
520/ () + (0 + 1) (p(2))? < 62(2) + (0 + K) (a(2))*.
Therefore, now Theorem 3.1 follows by applying Lemma 2.2 by setting
O(w) = (0+r)w? and @(w) = 4. -

Corollary 3.2 Let q(z) =

assume that (3.1) holds.
If f € A(p) satisfies the following subordination condition:

_ 5(A—B)z 1+ Az\?
<(na)\>paﬁa5>a,2’) = (1—|-—BZ)2+(6+/€) (1—|—BZ) ’

(=1 < B < A<1)in Theorem 3.1. Further,

then
A% (o, B, 1) f(2) 1+ Az

(A @ 8] 1+ B2

1s the best dominant.

and the function
1 z

1
Also, let q(z) = Rk

. Then for f € A(p) we have

(12_5;2 + (5 +K) sz)Q

Az,p(aaﬁa ,u)f(z) < 1+2
(AN e, B ) ()] 1—2

C(n,\,p,B3,6,a;2) <

then

: 1s the best dominant.

1+2
1—=z2

and the function

Finally, by taking q(z) = (

have,

>M, (0 < pu < 1), then for f € A(p) we

2pz [1+2)"" 1+2\*
C(n,k,p,ﬁ,&a,z)% (1—Z>2 (1—Z> +(6+/€) <1—Z) )
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then

AR (e, B, ) f(2) 1+2\"
(A o, B, f ()] <1 - Z) ’

‘ 1+2\" . .
and the function ] 15 the best dominant.
-z
Next, by appealing to Lemma 2.3, we prove the following.

Theorem 3.3 Let q(z) be convexr univalent in U with q(0) = 1. Assume that

» NEGETETEI N

AR (o, B, 0) f(2)
(AN (@, B, 1) f(2)]
is univalent in U and the following superordination condition
(3.5) (64 £) (q(2))* +82¢'(2) < C(n, A\, p, 8,6, a; 2),
holds, then

Let f € A(p) such that € H[q(0),1]NQ, {(n,\,p, 5,6, q; 2)

ARyl B, 1) f(2)
A e, B ) f(2)]

(3.6) q(z) < [

and q(z) is the best subordinant.
Proof. Let the function p(z) be defined by

ARl B, 1) f(2)
(AN (e, B, 1) f ()]

Then, from the assumption of Theorem 3.3, the function p(z) is analytic in U and
(3.4) holds. Hence, the subordination (3.5) is equivalent to

p(z) =

(6 +K) (a(2))" + 824 (2) =< (6 + 5) (p(2))” + 629/ (2).
The assertion (3.6) of Theorem 3.3 now follows by an application of Lemma 2.3. m

1+ Az
1+ Bz

AR (o, B, p) f(2)
[ANsHa, B, 1) f(2)]
s univalent in U and the following superordination condition

(A —B)z 14 Az
(B TR (1 t Bz

Corollary 3.4 Let q(z)
assume that (3.4) holds.

If f € A(p) such that

(=1 < B < A<1)in Theorem 3.3. Further,

€ E H[Q(O)7 1]mQ7 C(n7 >\7p7 57 57 a; Z)

2
) = C(na )\Jp7/67 6,06, Z)J
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holds, then
L+ 4z AR (e, B, 1) f(2)
1+ Bz [AyiHa, B, 1) f(2)]"
and 1+4z 15 the best subordinant.
1 z
1+z2
Also, let q(z) = > then for f € A(p) we have
20 1 2
S+ (G +R) ( +2) < ¢(n, A\, p, 3,6, 5 2),
(1-2) -

then
1+Z Ag,p(avﬁau)f(z)

T=2 " Ao B ) f ()]

z
1s the best subordinant.

1
and the function ]

1 2
Finally, by taking q(z) = (1 J_r z> , (0 < <1), then for f € A(p) we have
Wuz (142" 1+ 2\
(1_2)2 (1_2) +(5+’L€) (1-2) <4‘1(717)\7]376757057'z)a

then

L+2\" A% (,B,1)f(2)
( ) b [AV (@, B, 1) f(2)]

1—2

_ 1+ 2\" .
and the function 1 18 the best subordinant.
—z

Combining Theorem 3.1 and Theorem 3.3, we get the following sandwich
theorem.

Theorem 3.5 Let ¢ and gz be convex univalent in U with ¢1(0) = ¢2(0) =1 and
satisfy (3.1) and (3.4) respectively.

Axple B, 1) f(2)

If f € A(p) such that A 0, 5 ) ()]

€ H[q(0), 1]NQ, {(n, A, p, 8,6, a; 2)
1s univalent in U and
(04 k) (ql(z))2 +0z2qy(2) < C(n, A\, p, 3,0, ;2) < (0 + k) (q2(z))2 + 02¢5(2),

holds, then
A% (. B, 1) f(2)

(AR, (o, B, 1) f(2)]

and q1(z) and qo(2) are, respectively, the best subordinant and the best dominant.

Q1(Z) = = QQ(Z)’
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1+ A,
Corollary 3.6 Let ¢;(2) = 1 1 B -
%

Theorem 3.5. P
[ff c A(p) such that M,(a,ﬁ, ,u)f(z)

(AN (@, B, 1) f(2)]

(2:1,2,—1§B2<31<A1§A2§1)Zn

€ H[q(0),1]NQ, {(n, A, p, 5,0, a; 2)

18 uniwalent in U and

(5(141 - Bl>Z 1+ Alz
(14 Byz)? (0++) <1+Blz

2
) < o psidai
5(142—32)2 ((54—/{) (1+A22’)2’

(]- + BQZ)Z + 1+ BQZ
holds, then
1 + Alz = AS\L,p<a7/67 M)f(z) < 1 + AQZ
L+ Bz [AT e, 0, 0)f(2)] 1+ Be2’
1+ A 1+ A
and 11 Bi an 11 Bzz are, respectively, the best subordinant and the best
dominant.

4. Subordinations and superordinations results for F"(p,?)f(2)

In this section, we derive subordination and superordination results for p—valent
functions involving the integral operator F}"(p, ) f(2) given by (1.7).

Theorem 4.1 Let q(z) be univalent in U with q(0) = 1. Further, assume that

(4.1) RG{M+1+ZC]”(2)} >0. (€ C*=C—{0},x > 0),

0 q(z)
If f € A(p) satisfies the following subordination condition:
(4.2) A(p, 0, p; 2) < 624 (2) + (6 + 1) (4(2))",
where
M 0,pr2) = 208 [0 01160 (B ) = (B D )
P (F+t(p,9) f(2))
6 (n=1) [+p(1=p)] (B (0)f ) o (0 0)f(2)”
i p (F=+(p, ﬂ)f(z))”+( i (Fm+1(p,9) f(2)) ™"

then
F(p,9)f(2)

[Eytt(p0)f(2)]"

and q(z) is the best dominant.

< q(2),
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Proof. Define a function p(z) by

F(p,9)f(2)
[E 1 (p, 0) f(2)]"
Then the function p(z) is analytic in U and p(0) = 1. Differentiating (4.3) loga-

rithmically with respect to z and using the identity (1.8) in the resulting equation,
we have

(4.3) p(z) = (z € U).

2

_ 00 +p) [(E (00 (2) (B (0, 9)f(2) =0 (" (0, 9)f(2)
p (B (o, 0) f(2))"
5(n—1) [0 +p(1—p)] (F(p9)(2) 0 ()
! p (Eti(p,9) f(2))" Hox (Fr+i(p,9)£(2)) "

= 02/ (2) + (64 k) (p(2))?,

that is,
02p(2) + (0 + #) (p(2))” < 624'(2) + (8 + ) (4(2))".

Therefore, Theorem 4.1 now follows by applying Lemma 2.2 by setting

O(w) = (§ + k)w? and p(w) = 4. -
14+ Az .
Corollary 4.2 Let q(z) = T B (=1 < B < A<1)in Theorem 4.1. Further,
2

assume that (4.1) holds.
If f € A(p) satisfies the following subordination condition:

(A —B)z 1+ Az\?
A .

then
E(p,9)f(2) 1+ Az

Fpei(p)f(z)]" 1+ B2

1s the best dominant.

1
and the function
1 z

1+ 2
1—2z

20z 1+2)°
A(p,l?,p,Z)< (1_2)2—’_(64—’%) (1—2’) )

Also, let q(z) = Then, for f € A(p), we have

then
E(p,0) f(2) 1+ 2

[Eri(p ()] 1=z
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1s the best dominant.

1
and the function 1 +z

1 ©
Finally, by taking q(z) = (11Lz) , (0 < p < 1), then for f € A(p) we
have,
20z 142\ 142\

then

Ep(0.9)1(2) <1+z)“
Frip o) /@] \1=z)

. 1+2\" . .
and the function 1 18 the best dominant.
—z

Next, by appealing to Lemma 2.3 we prove the following.

Theorem 4.3 Let q(z) be conver univalent in U with ¢(0) = 1. Assume that

(4.4) Re {2(5 i ’i)g(z)q/(z) } >0,

5 (p,9)f(2)
[E+2(p,9) f(2)]”

lent in U and the following superordination condition

Let f € A(p) such that

€ H[Q(())? 1] n Qa A(paﬁapv Z) IS univa-

(4.5) (6 + 5) (¢(2))* + 024 (2) < A(p, ¥, p; 2),
holds, then

5 (p,9)f(2)

(4.6 ) = T

and q(z) is the best subordinant.

Proof. Let the function p(z) be defined by

F(p,0)f(2)
[Em 1 (p, 9) f(2)]"

p(z) =

Then from the assumption of Theorem 4.3, the function p(z) is analytic in U and
(4.4) holds. Hence, the subordination (4.5) is equivalent to

(8+#) (4(2))" +024'(2) < (6 + &) (p(2))" + 029/ (2),

The assertion (4.6) of Theorem 4.3 now follows by an application of Lemma 2.3. =
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1+ Az
1+ Bz
E(p,0)f(2)

[Fmt1(p,0) f(2)]"
uniwalent in U and the following superordination condition

Mj%“%) (1+Az)2 < A(p, 9, p; 2),

Corollary 4.4 Let q(z) =
assume that (4.4) holds.

If f € A(p) such that

(=1 < B < A<1)in Theorem 4.3. Further,

€ Hq(0),1] N Q, Ap, 0, p;2) is

(14 Bz)? 1+ Bz
holds, then
1+ A:  EP(pd)f(2)
1+ Bz [Fpi(n,0)f(z)]"
1+ A
and + Az 1s the best subordinant.

1+ Bz

1
Also, let q(z) = 5, then for f € A(p) we have

20z 1+2)\2
1-2) + (6 + k) (1_Z> < Ap, 7, p; 2),

then
L+z E(p,0)f(2)

L=z = [Eri(p,9)f(2)]"

and the function Z s the best subordinant.

1+2
1—=2

20uz (14 2\"" 142\ ‘

m
Finally, by taking q(z) = ( > , (0 < p < 1), then for f € A(p) we have

then

1+2\" F(p,0)f(2)
(1—Z) A [Fmti(p,9) f(2)]"

1
and the function (1 +z

m
) 1s the best subordinant.
—z

Combining Theorem 4.1 and Theorem 4.3, we get the following sandwich
theorem.

Theorem 4.5 Let q; and go be convex univalent in U with ¢;(0) = g2(0) = 1 and
satisfy (4.1) and (4.4) respectively.

' (p,90)f(2)

If f € A(p) such that [F;”*l(p, 19)]‘“(2)}"

€ Hq(0),1] N Q, Ap, D, p;2) is
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univalent i U and
(64 #) (q1(2))” + 024, (2) = A(p, 9, p; 2) < (6 + k) (g2(2))° + 625(2),

holds, then
F(p,0)f(2)
[Fmti(p,9) f(2)]"

and q1(z) and q2(2) are, respectively, the best subordinant and the best dominant.

q(z) < < ¢2(2),

F(p0)f(2)
[E (o, 9) f(2)]

Corollary 4.6 Let ¢;(2)
Theorem 4.5.

If f € A(p) such that

(121,2,—1§BQ<31<A1§A2§1)ZTL

7 € Hlq(0),1] N Q, A(p,V, p;2) is

univalent in U and

5(A, — By)z 1+ Az
(1—}—312)2 +< K:) 1+Blz

2
) < A(p, 9, p; 2)

§(Ay — By)z (51 8) (1 +A22>27

1+ Bp2)? - 1+ Byz
holds, then
1+ Az o 0)f(z) 1+ 42
L+ Bz [Eptip,9)f(z)]" 1+ Baz’
and LAz d 2422 gre respectively, the best subordinant and the best domi-

1+ Blz an 1+ B3z
nant.
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