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1. Introduction

The following notation is used throughout this paper. I is an interval on the real
line R. Rn is used to denote a generic n-dimensional vector space, Rn

0 denotes
an n-dimensional nonnegative vector space, and Rn

+ denotes an n-dimensional
positive vector space. For any subset K ⊆ Rn, K◦ is used to denote the interior of
K. R0 = [0,∞). L1[a, b] is the set of integrable functions over the interval [a, b].
Let us firstly recall some definitions of various convex type functions.

Definition 1.1 ([6]) A function f : I ⊆ R→ R0 is said to be a Godunova-Levin
function if f is nonnegative and for all x, y ∈ I, λ ∈ (0, 1) we have that

f
(
λx + (1− λ)y

) ≤ f(x)

λ
+

f(y)

1− λ
.
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Definition 1.2 ([5]) For some (s,m) ∈ (0, 1]2, a function f : [0, b] → R is said
to be (s,m)-convex in the second sense if, for every x, y ∈ [0, b] and λ ∈ [0, 1], we
have that

f
(
λx + m(1− λ)y

) ≤ λsf(x) + m(1− λ)sf(y).

Definition 1.3 ([34]) For some s ∈ [−1, 1] and m ∈ (0, 1], a function f : [0, b]→R0

is said to be extended (s,m)-convex if for all x, y ∈ [0, b] and λ ∈ (0, 1) we have
that

f
(
λx + m(1− λ)y

) ≤ λsf(x) + m(1− λ)sf(y).

Definition 1.4 ([1]) A set K ⊆ Rn is said to be invex with respect to the map
η : K ×K → Rn, if x + tη(y, x) ∈ K for every x, y ∈ K and t ∈ [0, 1].

Notice that every convex set is invex with respect to the map η(y, x) = y−x,
but the converse is not necessarily true. For more details please refer to [1], [35]
and the references therein.

Definition 1.5 ([1]) Let K ⊆ Rn be an invex set with respect to η : K×K → Rn,
for every x, y ∈ K, the η-path Pxν joining the points x and ν = x + η(y, x) is
defined by

Pxν =
{
z|z = x + tη(y, x), t ∈ [0, 1]

}
.

Definition 1.6 ([25]) The function f defined on the invex set K ⊆ Rn is said to
be preinvex with respect to η if for every x, y ∈ K and t ∈ [0, 1] we have that

f
(
x + tη(y, x)

)
≤ (1− t)f(x) + tf(y).

The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the map η(y, x) = y − x but the converse is
not true.

Definition 1.7 ([12]) The function f defined on the invex set K ⊆ [0, b∗] with
b∗ > 0 is said to be m-preinvex with respect to η if for all x, y ∈ K, t ∈ [0, 1] and
for some fixed m ∈ (0, 1], we have that

f
(
x + tη(y, x)

)
≤ (1− t)f(x) + mtf

( y

m

)
.

Remark 1.1. Notice that if y ∈ [0, b∗], then for any 0 < m < 1,
y

m
could be

greater than b∗, which is not in the domain of f . Thus, the right hand side of the
inequality in this definition could be meaningless. To fix this flaw, we suggest to
replace [0, b∗] by the half real line R0.

Definition 1.8 ([15]) Let K ⊆ R0 be an invex set with respect to η. A function
f : K → R is said to be s-preinvex with respect to η, if for all x, y ∈ K, t ∈ [0, 1]
and some fixed s ∈ (0, 1] we have that

f
(
x + tη(y, x)

)
≤ (1− t)sf(x) + tsf(y).
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Now, we are ready to review some inequalities of Hermite-Hadamard and
Simpson type for these kinds of convex functions mentioned above.

Theorem 1.1 ([21]) Let f : K = [a, a + η(b, a)] → (0,∞) be a preinvex function
on the interval of the real numbers K◦ and a, b ∈ K◦ with a < a + η(b, a). Then
the following inequality holds:

(1.1) f

(
2a + η(b, a)

2

)
≤ 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx ≤ f(a) + f(b)

2
.

Inequality (1.1) is named by the Hermite-Hadamard-Noor type inequality for
preinvex functions. This result is analogous to the original Hermite-Hadamard
inequalities. If η(b, a) = b − a then inequality (1.1) reduces to the remarkable
Hermite-Hadamard’s inequality.

Theorem 1.2 ([4]) If f : [a, b] → R is a four times continuously differentiable
mapping on the interval (a, b) and ||f (4)||∞ = sup

x∈(a,b)

|f (4)(x)| < ∞ then the fol-

lowing inequality holds:

(1.2)

∣∣∣∣
1

3

[
f(a) + f(b)

2
+2f

(a + b

2

)]
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤
1

2880
||f (4)||∞(b− a)4.

Theorem 1.3 ([28]) Let f : I ⊆ R → R be a differentiable mapping on I◦ such
that f ′ ∈ L1[a, b], where a, b ∈ I◦ with a < b. If 1

p
+ 1

q
= 1 and |f ′|q is convex on

[a, b], q > 1, then the following inequality holds:

∣∣∣∣
1

6

[
f(a) + f(b) + 4f

(a + b

2

)]
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣

≤ b− a

12

(
1 + 2p+1

3(p + 1)

) 1
p

{(
3|f ′(b)|q + |f ′(a)|q

4

) 1
q

+

( |f ′(b)|q + 3|f ′(a)|q
4

) 1
q

}
.(1.3)

Theorem 1.4 ([27]) Let f : I ⊆ R0 → R be a differentiable mapping on I◦ such
that f ′ ∈ L1[a, b], where a, b ∈ I with a < b. If |f ′| is s-convex on [a, b], for some
fixed s ∈ (0, 1], then

∣∣∣∣
1

6

[
f(a) + f(b) + 4f

(a + b

2

)]
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣

≤ (s− 4)6s+1 + 2× 5s+2 − 2× 3s+2 + 2

6s+2(s + 1)(s + 2)
(b− a)

[
|f ′(a)|+ |f ′(b)|

]
.(1.4)

Theorem 1.5 ([33]) Let f : I ⊆ R0 → R be a differentiable mapping on I◦,
a, b ∈ I with a < b, f ′ ∈ L1[a, b] and 0 ≤ λ, µ ≤ 1. If |f ′(x)|q for q ≥ 1 is extended
s-convex on [a, b] for some s ∈ [−1, 1], then
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1. when s = −1, the following inequality holds:
∣∣∣∣f

(a + b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣

≤ b−a

23− 2
q

{[
(2 ln 2−1)|f ′(a)|q+|f ′(b)|q

] 1
q
+

[
|f ′(a)|q+(2 ln 2− 1)|f ′(b)|q

] 1
q

}
;(1.5)

2. when q = 1 and s = −1, the following inequality holds:

(1.6)

∣∣∣∣f
(a + b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ (b− a) ln 2
(
|f ′(a)|+ |f ′(b)|

)
.

Theorem 1.6 ([2], [26]) Let K ⊆ R be an open invex subset with respect to
η : K ×K → R. Suppose that f : K → R is a differentiable function. If |f ′| is
preinvex on K then for every a, b ∈ K with η(b, a) 6= 0 we have that:

(1.7)

∣∣∣∣
f(a) + f

(
a + η(b, a)

)

2
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣

≤ |η(b, a)|
8

(
|f ′(a)|+ |f ′(b)|

)

and

(1.8)

∣∣∣∣f
(

2a + η(b, a)

2

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣

≤ |η(b, a)|
8

(
|f ′(a)|+ |f ′(b)|

)
.

Theorem 1.7 ([31]) Let A⊆R be an open invex subset with respect to η : A×A→R.
Suppose that f : A→R is a differentiable function. If q > 1, q ≥ r, s ≥ 0 and |f ′|
is preinvex on A, then for every a, b ∈ A with η(a, b) 6= 0, we have that

∣∣∣∣f
(

2b + η(a, b)

2

)
− 1

η(a, b)

∫ b+η(a,b)

b

f(x)dx

∣∣∣∣

≤ |η(a, b)|
4

{(
1

r + 1

) 1
q
(

q − 1

2q − r − 1

)1− 1
q
[
(r + 1)|f ′(a)|q + (r + 3)|f ′(b)|q

2(r + 2)

] 1
q

+

(
1

s + 1

) 1
q
(

q − 1

2q − s− 1

)1− 1
q
[
(s + 3)|f ′(a)|q + (s + 1)|f ′(b)|q

2(s + 2)

] 1
q

}
.

Corollary 1.1 ([31]) Under the conditions of Theorem 1.7, when r = s = 0, the
following inequality holds:

∣∣∣∣f
(

2b + η(a, b)

2

)
− 1

η(a, b)

∫ b+η(a,b)

b

f(x)dx

∣∣∣∣

≤
(

q−1

2q−1

)1− 1
q |η(a, b)|

4

[(
1

4
|f ′(a)|q +

3

4
|f ′(b)|q

) 1
q

+

(
3

4
|f ′(a)|q +

1

4
|f ′(b)|q

)1
q
]
.(1.9)
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Currently, the Hadamard type and Simpson type inequalities concerning dif-
ferent kinds of preinvex functions are still interesting topics to many researchers
in the field of convex analysis. For more information please refer to [3], [7]-[14],
[17]-[19], [22]-[24], [29]-[30], [32] and references cited therein.

Motivated by the inspiring idea in [20], [33] and based on our previous works
[16], [17], [36], in this paper we are going to introduce the (s,m)-preinvex func-
tion and the extended (s,m)-preinvex function, and then we will establish some
Hadamard-Simpson-like type integral inequalities for functions related to these
two new kinds of functions. In Section 2, we will introduce new definitions and
an integral identity. Section 3 will be devoted of presenting the main results.

2. New definitions and an integral identity

We now introduce definitions of the (s,m)-preinvex function and the extended
(s,m)-preinvex function.

Definition 2.1 Let K = [0, b∗] with b∗ > 0 be an invex set with respect to
η : K ×K → R+. For f : K → R and some fixed (s, m) ∈ (0, 1]× (0, 1], if

(2.1) f
(
x + tη(y, x)

)
≤ (1− t)sf(x) + mtsf

( y

m

)

is valid for all x, y ∈ K, t ∈ [0, 1], with y
m
≤ b∗, then we say that f(x) is an

(s,m)-preinvex function with respect to η.

Definition 2.2 Let K = [0, b∗] with b∗ > 0 be an invex set with respect to
η : K ×K → R+. For f : K → R0 and some fixed (s,m) ∈ [−1, 1]× (0, 1], if

(2.2) f
(
x + tη(y, x)

)
≤ (1− t)sf(x) + mtsf

( y

m

)

is valid for all x, y ∈ K, t ∈ (0, 1), with y
m
≤ b∗, then we say that f(x) is an

extended (s,m)-preinvex function with respect to η.

Remark 2.1. In Definition 2.1, if s = 1 then one obtains the definition of
m-preinvex function. If m = 1 then one obtains the definition of s-preinvex
function. It is also worthwhile to note that every (s,m)-preinvex function is
(s,m)-convex and every extended (s, m)-preinvex functions is extended (s,m)-
convex with respect to η(y, x) = y − x respectively.

In order to establish some new Hadamard-Simpson-like type integral inequa-
lities, we present the following integral identity.

Lemma 2.1 Let K ⊆ R be an invex subset with respect to η : K ×K → R and
a, b ∈ K with η(b, a) > 0. If 0 ≤ λ, µ < 1, f : K → R is a differentiable function
and f ′ is integrable on the η-path Pac for c = a + η(b, a), then we have that
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(2.3)

−
[
(1− λ)f(a) + (λ− µ)f

(
a +

η(b, a)

2

)
+ µf(a + η(b, a))

]

+
1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

= η(b, a)

[ ∫ 1
2

0

(1−λ−t)f ′(a+tη(b, a))dt+

∫ 1

1
2

(1−µ−t)f ′(a+tη(b, a))dt

]
.

Proof. Set

J = η(b, a)

[ ∫ 1
2

0

(1− λ− t)f ′
(
a + tη(b, a)

)
dt +

∫ 1

1
2

(1− µ− t)f ′
(
a + tη(b, a)

)
dt

]
.

Since a, b ∈ K and K is an invex set with respect to η , for every t ∈ [0, 1]
we have a + tη(b, a) ∈ K. Integrating by part yields that

J = η(b, a)

{
1

η(b, a)

[
(1− λ− t)f

(
a + tη(b, a)

)∣∣∣
1
2

0
+

∫ 1
2

0

f
(
a + tη(b, a)

)
dt

]

+
1

η(b, a)

[
(1− µ− t)f

(
a + tη(b, a)

)∣∣∣
1

1
2

+

∫ 1

1
2

f
(
a + tη(b, a)

)
dt

]}

= −(1− λ)f(a)− (λ− µ)f

(
a +

η(b, a)

2

)
− µf

(
a + η(b, a)

)

+

∫ 1
2

0

f
(
a + tη(b, a)

)
dt +

∫ 1

1
2

f
(
a + tη(b, a)

)
dt

= −
[
(1− λ)f(a) + (λ− µ)f

(
a +

η(b, a)

2

)
+ µf

(
a + η(b, a)

)]

+

∫ 1

0

f
(
a + tη(b, a)

)
dt.

Let x = a + tη(b, a), then dx = η(b, a)dt and we have

J = −
[
(1− λ)f(a) + (λ− µ)f

(
a +

η(b, a)

2

)
+ µf

(
a + η(b, a)

)]

+
1

η(a, b)

∫ a+η(b,a)

a

f(x)dx,

which is required.
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3. Some Hadamard-Simpson-like type integral inequalities

First of all, we state the following results for (s,m)-preinvex mapping in the second
sense.

Theorem 3.1 Let A = [0, b∗] with b∗ > 0 be an invex subset with respect to
η : A × A → R0 and a, b ∈ A with η(b, a) > 0. Let 0 ≤ λ, µ < 1. Suppose
that f : A → R0 is a differentiable function and f ′ is integrable on the η-path Pac

for c = a + η(b, a). If |f ′| is (s,m)-preinvex on
[
a, b

m

]
for some fixed s ∈ (0, 1],

0 ≤ a < b, and m ∈ (0, 1] with b
m
≤ b∗, then the following inequality holds:

∣∣∣∣∣(1−λ)f(a)+ (λ−µ)f

(
a+

η(b, a)

2

)
+µf

(
a+ η(b, a)

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
(s + 1)(s + 2)

{[
2λs+2 − 2sλ + 4λ− s− 1

2s+2
+ s− sλ− 2λ + 1

]∣∣∣f ′(a)
∣∣∣

+m

[
2(1− λ)s+2 +

2sλ + 4λ− s− 3

2s+2

]∣∣∣f ′
( b

m

)∣∣∣(3.1)

+

[
2µs+2 − 2sµ + 4µ− s− 1

2s+2

]∣∣∣f ′(a)
∣∣∣

+m

[
2(1− µ)s+2 +

2sµ + 4µ− s− 3

2s+2
+ sµ + 2µ− 1

]∣∣∣f ′
( b

m

)∣∣∣
}

.

Proof. Since A is an invex subset with respect to η, for every t ∈ [0, 1], we have
a + tη(b, a) ∈ A. Using Lemma 2.1 and the (s,m)-preinvexity of |f ′| on

[
a, b

m

]
obtains that

∣∣∣∣∣(1−λ)f(a)+(λ−µ)f

(
a+

η(b, a)

2

)
+µf

(
a+η(b, a)

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
[ ∫ 1

2

0

|1−λ−t|
∣∣∣f ′

(
a+tη(b, a)

)∣∣∣dt+

∫ 1

1
2

|1−µ− t|
∣∣∣f ′

(
a+tη(b, a)

)∣∣∣dt

]

≤
∣∣η(b, a)

∣∣
{ ∫ 1

2

0

|1− λ− t|(1− t)s|f ′(a)|dt + m

∫ 1
2

0

|1− λ− t|ts
∣∣∣f ′

( b

m

)∣∣∣dt

+

∫ 1

1
2

|1− µ− t|(1− t)s|f ′(a)|dt + m

∫ 1

1
2

|1− µ− t|ts
∣∣∣f ′

( b

m

)∣∣∣dt

}
.

Direct computation yields that

∫ 1
2

0

|1− λ− t|tsdt =
1

(s + 1)(s + 2)

[
2(1− λ)s+2 +

2sλ + 4λ− s− 3

2s+2

]
,

∫ 1
2

0

|1−λ− t|(1−t)sdt =
1

(s+1)(s+2)

[
2λs+2 − 2sλ+4λ−s−1

2s+2
+s−sλ−2λ+1

]
.
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Similarly, we have

∫ 1

1
2

|1−µ−t|tsdt =
1

(s+1)(s+2)

[
2(1−µ)s+2 +

2sµ+4µ−s−3

2s+2
+sµ+2µ−1

]
,

∫ 1

1
2

|1− µ− t|(1− t)sdt =
1

(s + 1)(s + 2)

[
2µs+2 − 2sµ + 4µ− s− 1

2s+2

]
.

Plugging these four equalities into the right hand side of the above inequality
establishes the desired inequality and the proof is completed.

By elementary calculation, it is easy to get the following results.

Corollary 3.1 Under the conditions of Theorem 3.1,

1. if λ = 1, µ = 0, and s = m = 1, we have

(3.2)

∣∣∣∣f
(

2a + η(b, a)

2

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣

≤ |η(b, a)|
8

(
|f ′(a)|+ |f ′(b)|

)
;

2. if λ = µ =
1

2
and s = m = 1, we have

(3.3)

∣∣∣∣
f(a) + f

(
a + η(b, a)

)

2
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣

≤ |η(b, a)|
8

(
|f ′(a)|+ |f ′(b)|

)
;

3. if η(b, a) = b− a, λ =
5

6
, µ =

1

6
and m = 1, we have

∣∣∣∣∣
[
f(a) + f(b) + 4f

(a + b

2

)]
− 6

b− a

∫ b

a

f(x)dx

∣∣∣∣∣

≤ (s− 4)6s+1 + 2× 5s+2 − 2× 3s+2 + 2

6s+1(s + 1)(s + 2)
(b− a)(|f ′(a)|+ |f ′(b)|).(3.4)

Remark 3.1. Inequality (3.2) is the same as inequality of (1.8) established by
Sarikaya in [26]. Inequality (3.3) is the same as inequality of (1.7) obtained by
Barani in [2]. Inequality (3.4) is the same as inequality of (1.4) presented by
Sarikaya in [27]. Thus, inequality (3.1) is a generalization of these Hadamard
type inequalities.
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Using Lemma 2.1 again, we are going to present and prove new integral
inequalities of Hadamard-Simpson-like type for differentiable extended (s,m)-
preinvex functions.

Theorem 3.2 Let A = [0, b∗] with b∗ > 0 be an invex subset with respect to
η : A×A → R0 and a, b ∈ A with η(b, a) > 0. Assume that 0 ≤ λ, µ < 1. Suppose
that f : A → R0 is a differentiable function and f ′ is integrable on the η-path Pac

for c = a+η(b, a). If |f ′|q for q ≥ 1 is extended (s,m)-preinvex on [a, b
m

] for some
fixed s ∈ [−1, 1], 0 ≤ a < b, and m ∈ (0, 1] with b

m
≤ b∗, then

1. when −1 < s ≤ 1, we have

∣∣∣∣∣(1−λ)f(a)+(λ−µ)f

(
a+

η(b, a)

2

)
+µf(a+η(b, a))− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
[(s+1)(s+2)]1/q

{(
λ2−3

2
λ+

5

8

)1− 1
q

[(
2λs+2−2sλ+4λ−s−1

2s+2
+s−sλ−2λ+1

)∣∣∣f ′(a)
∣∣∣
q

+m

(
2(1− λ)s+2 +

2sλ + 4λ− s− 3

2s+2

)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

(3.5)

+
(
µ2 − 1

2
µ +

1

8

)1− 1
q

[(
2µs+2 − 2sµ + 4µ− s− 1

2s+2

)∣∣∣f ′(a)
∣∣∣
q

+m

(
2(1− µ)s+2 +

2sµ + 4µ− s− 3

2s+2
+ sµ + 2µ− 1

)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q
}

;

2. when s = −1, λ = 1 and µ = 0, we have

∣∣∣∣∣f
(

a +
η(b, a)

2

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
81− 1

q

{[
(ln 2− 1

2
)
∣∣∣f ′(a)

∣∣∣
q

+
m

2

∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

(3.6)

+

[
1

2

∣∣∣f ′(a)
∣∣∣
q

+ m
(

ln 2− 1

2

)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

}
.

Proof. 1. When −1 < s ≤ 1, by Lemma 2.1, we have that

∣∣∣∣∣(1−λ)f(a)+(λ−µ)f

(
a +

η(b, a)

2

)
+µf

(
a + η(b, a)

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤ ∣∣η(b, a)
∣∣
[ ∫ 1

2

0

|1−λ−t|
∣∣∣f ′(a+tη(b, a))

∣∣∣dt+

∫ 1

1
2

|1−µ−t||f ′(a + tη(b, a))|dt

]
.
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Using the power-mean integral inequality, we have
∫ 1

2

0

|1− λ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣dt

≤
[ ∫ 1

2

0

|1− λ− t|dt

]1− 1
q

(∫ 1
2

0

|1− λ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣
q

dt

) 1
q

and ∫ 1

1
2

|1− µ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣dt

≤
[∫ 1

1
2

|1− µ− t|dt

]1− 1
q
(∫ 1

1
2

|1− µ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣
q

dt

) 1
q

.

Now, the extended (s,m)-preinvexity of |f ′|q in [a, b
m

] implies that

(∫ 1
2

0

|1− λ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣
q

dt

) 1
q

≤
[∫ 1

2

0

∣∣1− λ− t
∣∣
(

(1− t)s|f ′(a)|q + mts
∣∣∣f ′

( b

m

)∣∣∣
q
)

dt

] 1
q

and
(∫ 1

1
2

|1− µ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣
q

dt

) 1
q

≤
[∫ 1

1
2

∣∣1− µ− t
∣∣
(

(1− t)s|f ′(a)|q + mts
∣∣∣f ′

( b

m

)∣∣∣
q
)

dt

] 1
q

.

Finally, the combination of these inequalities and an elementary computation
establish the desired inequality.

2. When s = −1, λ = 1 and µ = 0, Lemma 2.1, the power-mean integral inequality
and the extended (−1,m)-preinvexity of |f ′(x)|q on [a, b

m
] can be used in a similar

way to obtain that∣∣∣∣∣f
(

a +
η(b, a)

2

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
[ ∫ 1

2

0

| − t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣dt +

∫ 1

1
2

|1− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣dt

]

≤
∣∣η(b, a)

∣∣
{[ ∫ 1

2

0

| − t|dt

]1− 1
q
[ ∫ 1

2

0

(
t(1− t)−1

∣∣∣f ′(a)
∣∣∣
q

+ mtt−1
∣∣∣f ′

( b

m

)∣∣∣
q
)

dt

] 1
q

+

[ ∫ 1

1
2

|1−t|dt

]1− 1
q
[ ∫ 1

1
2

(
(1−t)(1−t)−1

∣∣∣f ′(a)
∣∣∣
q

+m(1−t)t−1
∣∣∣f ′

( b

m

)∣∣∣
q
)

dt

] 1
q

}
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=
∣∣η(b, a)

∣∣
(1

8

)1− 1
q

{[ ∫ 1
2

0

(
t

1− t

∣∣∣f ′(a)
∣∣∣
q

+ m
∣∣∣f ′

( b

m

)∣∣∣
q
)

dt

] 1
q

+

[ ∫ 1

1
2

(∣∣∣f ′(a)
∣∣∣
q

+
m(1− t)

t

∣∣∣f ′
( b

m

)∣∣∣
q
)

dt

] 1
q

}

=
∣∣η(b, a)

∣∣
(1

8

)1− 1
q

{[
(ln 2− 1

2
)
∣∣∣f ′(a)

∣∣∣
q

+
m

2

∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

+

[
1

2

∣∣∣f ′(a)
∣∣∣
q

+ m
(

ln 2− 1

2

)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

}
.

The proof is completed.

Remark 3.2. If η(b, a) = b − a and m = 1, then inequality (3.6) reduces to
inequality (1.5). Thus, inequality (3.6) is an extension of inequality (1.5).

Direct computation yields the following corollary.

Corollary 3.2 Under the conditions of Theorem 3.2,

1. if q = 1 and −1 < s ≤ 1, then
∣∣∣∣∣(1−λ)f(a)+(λ−µ)f

(
a +

η(b, a)

2

)
+µf(a+η(b, a))− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
(s + 1)(s + 2)

{[
2λs+2 − 2sλ + 4λ− s− 1

2s+2
+ s− sλ− 2λ + 1

]∣∣∣f ′(a)
∣∣∣

+m

[
2(1− λ)s+2 +

2sλ + 4λ− s− 3

2s+2

]∣∣∣f ′
( b

m

)∣∣∣(3.7)

+

[
2µs+2 − 2sµ + 4µ− s− 1

2s+2

]∣∣∣f ′(a)
∣∣∣

+m

[
2(1− µ)s+2 +

2sµ + 4µ− s− 3

2s+2
+ sµ + 2µ− 1

]∣∣∣f ′
( b

m

)∣∣∣
}

;

2. if η(b, a) = b− a, s = −1, λ = 1, µ = 0 and q = 1, then

(3.8)

∣∣∣∣f
(a + b

2

)
− 1

b− a

∫ b

a

f(x)dx)

∣∣∣∣ ≤ (b− a) ln 2

[
|f ′(a)|+ m

∣∣∣f ′
( b

m

)∣∣∣
]
;

3. if λ = µ =
1

2
, s = 1 and q = 1, then

(3.9)

∣∣∣∣
f(a) + f

(
a + η(b, a)

)

2
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣

≤ |η(b, a)|
8

[
|f ′(a)|+ m

∣∣∣f ′
( b

m

)∣∣∣
]
;
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4. if η(b, a) = b− a, λ =
5

6
, µ =

1

6
,−1 < s ≤ 1 and q = 1, then

∣∣∣∣
[
f(a) + f(b) + 4f

(
a + b

2

) ]
− 6

b− a

∫ b

a

f(x)dx

∣∣∣∣

≤ (s− 4)6s+1 + 2× 5s+2 − 2× 3s+2 + 2

6s+1(s + 1)(s + 2)
(b− a)

[
|f ′(a)|+ m

∣∣∣f ′
( b

m

)∣∣∣
]
.(3.10)

Remark 3.3. In inequalities (3.8), (3.9) and (3.10), if we let m = 1 then we
will get inequalities (1.6), (1.7) and (1.4) respectively. Thus, Theorem 3.2 and its
consequences generalize the main results in [33], [2] and [27].

Theorem 3.3 Let A = [0, b∗] with b∗ > 0 be an invex subset with respect to
η : A×A → R0 and a, b ∈ A with η(b, a) > 0. Assume that 0 ≤ λ, µ < 1. Suppose
that f : A → R0 is a differentiable function and f ′ is integrable on the η-path Pac

for c = a + η(b, a). If 1
p
+ 1

q
= 1 and |f ′|q for q > 1 is extended (s,m)-preinvex on[

a, b
m

]
for some fixed s ∈ (−1, 1], 0 ≤ a < b, and m ∈ [0, 1] with b

m
≤ b∗, then

∣∣∣∣∣(1−λ)f(a)+(λ−µ)f
(
a +

η(b, a)

2

)
+µf(a+η(b, a))− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤ |η(b, a)|
(s+1)

1
q (p+1)

1
p

( 1

2s+1

) 1
q

{[
(1−λ)p+1+

(
λ−1

2

)p+1] 1
p
[
(2s+1−1)|f ′(a)|q+m

∣∣∣f ′
( b

m

)∣∣∣
q] 1

q

+

[(1

2
− µ

)p+1

+ µp+1

] 1
p
[∣∣∣f ′(a)

∣∣∣
q

+ m
(
2s+1 − 1

)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

}
.(3.11)

Proof. Lemma 2.1, the Hölder integral inequality, and the extended (s,m)-
preinvexity of |f ′(x)|q on [a, b

m
] can be used sequently to obtain that

∣∣∣∣∣(1− λ)f(a) + (λ− µ)f

(
a +

η(b, a)

2

)
+ µf

(
a + η(b, a)

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
[ ∫ 1

2

0

|1− λ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣dt +

∫ 1

1
2

|1− µ− t|
∣∣∣f ′

(
a + tη(b, a)

)∣∣∣dt

]

≤
∣∣η(b, a)

∣∣
[( ∫ 1

2

0

|1− λ− t|pdt

) 1
p
( ∫ 1

2

0

∣∣∣f ′
(
a + tη(b, a)

)∣∣∣
q

dt

) 1
q

+

( ∫ 1

1
2

|1− µ− t|pdt

) 1
p
( ∫ 1

1
2

∣∣∣f ′
(
a + tη(b, a)

)∣∣∣
q

dt

) 1
q

]

≤
∣∣η(b, a)

∣∣
{( ∫ 1

2

0

|1− λ− t|pdt

) 1
p
[ ∫ 1

2

0

(
(1− t)s

∣∣∣f ′(a)
∣∣∣
q

+ mts
∣∣∣f ′

( b

m

)∣∣∣
q
)

dt

] 1
q

+

( ∫ 1

1
2

|1− µ− t|pdt

) 1
p
[ ∫ 1

1
2

(
(1− t)s

∣∣∣f ′(a)
∣∣∣
q

+ mts
∣∣∣f ′

( b

m

)∣∣∣
q
)

dt

] 1
q

}
.
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Using the fact that

∫ 1
2

0

|1− λ− t|pdt =

(1− λ)p+1 +

(
λ− 1

2

)p+1

p + 1

and

∫ 1

1
2

|1− µ− t|pdt =

(
1

2
− µ

)p+1

+ µp+1

p + 1
,

we have∣∣∣∣∣(1−λ)f(a)+(λ− µ)f

(
a+

η(b, a)

2

)
+µf(a+η(b, a))− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣∣

≤
∣∣η(b, a)

∣∣
(s + 1)

1
q (p + 1)

1
p

{[
(1− λ)p+1 +

(
λ− 1

2

)p+1
] 1

p

×
[(

1−
(

1

2

)s+1)∣∣∣f ′(a)
∣∣∣
q

+
m

2s+1

∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

+

[(1

2
− µ

)p+1

+ µp+1

] 1
p

[∣∣∣f ′(a)
∣∣∣
q

2s+1
+ m

(
1−

(
1

2

)s+1)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q
}

=

∣∣η(b, a)
∣∣

(s + 1)
1
q (p + 1)

1
p

(
1

2s+1

) 1
q

{[
(1− λ)p+1 +

(
λ− 1

2

)p+1 ] 1
p

×
[(

2s+1 − 1
)∣∣∣f ′(a)

∣∣∣
q

+ m
∣∣∣f ′

( b

m

)∣∣∣
q
] 1

q

+

[(1

2
− µ

)p+1

+ µp+1

] 1
p
[∣∣∣f ′(a)

∣∣∣
q

+ m
(
2s+1 − 1

)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

}
,

which completes the proof.

Elementary calculation provides the following corollary.

Corollary 3.3 Under the conditions of Theorem 3.3,

1. when η(b, a) = b− a, s = 1 and m = 1, we have

(3.12)

∣∣∣∣∣(1− λ)f(b) + µf(a) + (λ− µ)f

(
a + b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣

≤ (b− a)

(p + 1)
1
p

{[
(1− λ)p+1 +

(
λ− 1

2

)p+1 ] 1
p
[
3

8
|f ′(a)|q +

1

8
|f ′(b)|q

] 1
q

+

[(
1

2
− µ

)p+1

+ µp+1

] 1
p
[
1

8
|f ′(a)|q +

3

8
|f ′(b)|q

] 1
q

}
;
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2. if η(b, a) = b− a, λ = µ, s = 1 and m = 1, we have

(3.13)

∣∣∣(1− λ)f(b) + λf(a)− 1

b− a

∫ b

a

f(x)dx
∣∣∣

≤ (b− a)

(p + 1)
1
p

{[
(1− λ)p+1 +

(
λ− 1

2

)p+1 ] 1
p
[
3

8
|f ′(a)|q +

1

8
|f ′(b)|q

] 1
q

+

[(
1

2
− λ

)p+1

+ λp+1

] 1
p
[
1

8
|f ′(a)|q +

3

8
|f ′(b)|q

] 1
q

}
;

3. if η(b, a) = b− a, λ = µ, we have

(3.14)

∣∣∣(1− λ)f(b) + λf(a)− 1

b− a

∫ b

a

f(x)dx
∣∣∣

≤ (b− a)

(s + 1)
1
q (p + 1)

1
p

(
1

2s+1

) 1
q

{[
(1− λ)p+1 +

(
λ− 1

2

)p+1 ] 1
p

×
[(

2s+1 − 1
)∣∣∣f ′(a)

∣∣∣
q

+ m
∣∣∣f ′

( b

m

)∣∣∣
q
] 1

q

+

[(
1

2
− λ

)p+1

+ λp+1

] 1
p
[∣∣∣f ′(a)

∣∣∣
q

+ m
(
2s+1 − 1

)∣∣∣f ′
( b

m

)∣∣∣
q
] 1

q

}
;

4. if η(b, a) = b− a, λ = µ =
1

2
, s = 1 and m = 1, we have

(3.15)

∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx
∣∣∣

≤ (b− a)

2(2p + 2)
1
p

[(
3

8
|f ′(a)|q +

1

8
|f ′(b)|q

) 1
q

+

(
1

8
|f ′(a)|q +

3

8
|f ′(b)|q

) 1
q
]
;

5. if λ = 1, µ = 0 and s = m = 1, we have

(3.16)

∣∣∣∣f
(

2a + η(b, a)

2

)
− 1

η(b, a)

∫ a+η(b,a)

a

f(x)dx

∣∣∣∣

≤ |η(b, a)|
2(2p + 2)

1
p

[(
3

8
|f ′(a)|q +

1

8
|f ′(b)|q

) 1
q

+

(
1

8
|f ′(a)|q +

3

8
|f ′(b)|q

) 1
q
]
;
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6. if η(b, a) = b− a, λ =
5

6
and µ =

1

6
, we have

(3.17)

∣∣∣∣
1

6

[
f(a) + f(b) + 4f

(
a + b

2

)]
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣

≤ (b− a)

(s + 1)
1
q (p + 1)

1
p

(
1

2s+1

) 1
q
[(

1

3

)p+1

+

(
1

6

)p+1] 1
p

×
{[(

2s+1 − 1
)∣∣∣f ′(a)

∣∣∣
q

+ m
∣∣∣f ′( b

m
)
∣∣∣
q
] 1

q

+

[∣∣∣f ′(a)
∣∣∣
q

+ m
(
2s+1 − 1

)∣∣∣f ′( b

m
)
∣∣∣
q
] 1

q

}
.

Remark 3.4. In inequality (3.16), if we let q =
p

p− 1
and exchange a and b, then

we get inequality (1.9). Furthermore, when applying s = m = 1 to inequality
(3.17) then we get inequality (1.3). Thus, Theorem 3.3 and its consequences
generalize some main results in [31],[28].
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