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Abstract. In this paper, we propose a new corrector-predictor algorithm for convex
quadratic semidefinite optimization problem based on a new proximity measure. The
search direction is obtained by an equivalent algebraic transformation of the centering
equation. At each iteration, the algorithm is composed of a corrector step and a pre-
dictor step. The predictor step uses line search schemes requiring the reduction of the
duality gap, while the corrector step is used to restore the iterates to the neighborhood
of the central path. Finally, the algorithm has the currently best-known iteration com-
plexity.
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1. Introduction

In this paper, we consider the standard form of convex quadratic semidefinite
optimization (CQSDO) problem

1
(P) min COX+§XQQ(X)
AZ’.X:bZ‘, i:1,2,...,m,
X =0,

and its dual problem
1
(D) max by — §X o Q(X)
i=1

Xz0,5=0,
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A, eS"i=1,2....m beR" Ce&8"and QX):S" — S" is a self-adjoint
semidefinite linear operator, i.e., for any A, B € S™, we have Q(A)e B = AeQ)(B)
and 2(A) e A > 0. Here, S™ denotes the vector space of n x n real symmetric
matrices endowed with the inner product A e B := Tr(AB). The sign X > 0
(X > 0) means that matrix X is positive semidefinite (positive definite). To
simplify analysis, as in [23] and [25], we will restrict ourselves to the following

special case
l

OX)=) H'XH.
i=1
Here, H; € R™ " is matrix and [ is an integer not greater than [ < n?. It is easy
to verity that Q(X) satisfies the following conditions

QX)=X)", Q(X)eX >0, X cR™™",

Remark 1. If Q(X) = 0, then CQSDO problem reduces to semidefinite opti-
mization (SDO) problem.

CQSDO problem is an extension of SDO problem and convex quadratic op-
timization (CQO) problem, CQSDO problem was first proposed in the researches
of Kojima et al. [10]. And they also proved that the CQSDO problem can be
transformation as semidefinite linear complementarity problem (SDLCP) in [11].
Additionally, the CQSDO problem has some important applications, such as the
nearest Euclidean distance matrix problem [1], the nearest correlation matrix
problem [20]. During the past years, there are many efficient interior-point algo-
rithms have been proposed to solving CQSDO problem. Nie et al. [16] proposed
a potential reduction algorithm for solving CQSDO problem and obtained the
iteration bound as O(y/nlog2). In other article [17], they developed a predictor-
corrector algorithm for CQSDO problem by using Dikin-type and Newton cen-
tering steps. For their computation they cited the conjugate gradient method.
Toh [21] proposed an inexact primal-dual path-following algorithm for CQSDO
problem. By numerical experiment, he also shown that the proposed algorithm is
efficient and robust. Wang et al. [23] presented a new primal-dual interior point
algorithm for CQSDO problem based on a parametric kernel function for large-and
small-update methods. Based on a different technique for finding search direction,
a new small-update interior point algorithm is proposed by Bai et al. in [4]. Later
on, Lin [12] proposed an inexact spectral bundle method for CQSDO problem,
where at each iteration of the corresponding algorithm, an eigenvalue problem
is inexactly. Zhang et al. [24] presented a full-step interior point algorithm for
CQSDO problem based on a simple univariate kernel function. At almost the same
time, a large-update interior point algorithm was proposed for CQSDO problem
based on a new nonself-regular function by Zhang in [25]. Kheirfam et al. [9] sug-
gested a large-update feasible interior-point algorithm for CQSDO problem based
on a parametric kernel function, and obtained the best-known iteration comple-
xity. Finally, Mohamed et al. [13] proposed a full-NT step feasible primal-dual
path-following interior point algorithm for CQSDO problem.
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Recently, Potra [19] proposed two corrector-predictor interior point algo-
rithms for solving monotone linear complementarity problem (MLCP) based on
the negative infinity norm neighborhood, and shown that algorithms have O(y/nL)
iteration complexity. Gurtuna et al. [8] proposed a corrector-predictor method
for solving sufficient LCP that does not depend on the handicap of the matrix so
that it can be applied for any sufficient LCP. Very recently, Kheirfam [6] proposed
a corrector-predictor path-following algorithm for SDO problem, and presented
the iteration bound as O(y/nlog2) with small-update methods. Subsequently,
he generated this algorithm to convex quadratic symmetric cone optimization
(CQSCO) problem [5].

The aim of this paper is to propose a corrector-predictor algorithm for CQSDO
problem based on a new proximity measure. The algorithm uses corrector and
predictor steps. In the corrector step, we use full-step which has the advantage
that no line searches are needed, the purpose of corrector step is to restore to
the neighborhood of the central path. While in the predictor step, the algorithm
operates one damped NT-step, which is used to reduce the duality gap. Finally,
by using new tools, the favorable iteration complexity is reported.

The remainder paper is organized as follows: In Section 2, we recall some basic
concepts regards the central path and introduce the new direction. In Section
3, we present a corrector-predictor algorithm for CQSDO problem. Analysis of
the algorithm is presented in Section 4. In Section 5, we derive the iteration
complexity. Finally, some concluding remarks follow in Section 6.

2. Preliminaries

2.1. The central path

It is common in interior point algorithms theory to assume that (P) and (D)
satisfy the interior-point condition (IPC), i.e., there exists (X, y°, SY) such that

Ao X0 =b;, X°+0, i=12..m Y yA4-QX)+5"=C, S =0,

=1

and the matrices A;, 1 = 1,2, ..., m are linearly independent, the same assumptions
can be found in [9], [12], [13], [23], [24], [25]. Under the assumption of IPC, finding
an optimal solution of (P) and (D) is equivalent to solving the following system

Ai.X:bZ‘, i:1,2,...,m, X>_'0,

(1) D uAi—QX)+85=C, 850,
=1
XS =0.

The basic idea of primal-dual interior point algorithms is to replace the third
equation in the system (1), the so-called complementarity condition for (P) and
(D), by the parameterized equation XS = pFE, E denotes the n x n identity
matrix.
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Then, we consider the following system

AZ’.X:bZ‘, i:1,2,...,m, X}O,

(2) Y pidi - QX)+S=C, S0,
=1
XS = ukE,

where 1 > 0. Since the matrices A; are linearly independent and the IPC holds,
the parameterized system (2) has a unique solution, denoted as (X (u), y(u), S(1))
for each p > 0. We call X (i) the p-center of (P) and (y(u), S(u)) the p-center of
(D). The set of p-centers (with p running through all the positive real numbers)
gives a homotopy path, which is called the central path of (P) and (D). If u goes
to zero, then the limit of the central path exists and since the limit points satisfy
the complementarity condition, the limit yields an optimal solution for (P) and

(D) (see [23]).
2.2. The new search direction

Here, we introduce the new search direction for CQSDO problem. In [22], Wang
et al. presented a new technique for finding a class of search directions for SDO
problem. He replaces the standard centering equation X.S = puFE with

XS

w(u

) = ¥(E),
where
pel, ¢v:RT—-RT,

and require that the inverse function ¢~! exists. Similar to the SDO problem case,
if we replace the standard centering equation X.S = pE with 1[)(%) = ¢(F), then

system (2) can be written the following equivalent form
Ao X =0, 1=1,2,...m, X >0,

Zyz‘Ai—Q(X)—l-S:C, S =0,
i—1

o(22) = uE).

Applying Newton’s method to system (3) and neglecting the term AXAS, we
have

A e AX =0, i=1,2,...,m,

> AyiA; — QAX) + AS =0,
=1

st oo () (oo ()5
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A well-known problem with the above Newton system is that AX is not neces-
sarily symmetric. There are many ways are suggested for symmetrizing the third
equation in system (4) such that the new system has an unique symmetric solu-
tion. In this paper, we use the Nesterov Todd (NT) symmetrization scheme in
[14], [15]. Let us define

SIS

STz,

N

(5) Pi=X2(X25X?) 2 X2 = 8 2(§2XS7)
Then, system (4) is replaced by the system
Ao AX =0, i=1,2,....m,

(6) 3" AyAi - QAX) + AS =0,
i=1

AX + PASPT = 57! — X.

Now, we can conclude that system (6) has a unique symmetric solution. And also
define D := P%, where for any symmetric position matrix G, the exponent Gz
denotes its symmetric square root, the role of matrix D is to scale both matrices
X and S to the same matrix V' by

(7) Ve ~pixpt-_psp

Vi Vi
Note that the matrices D and V are symmetric and positive definite. Moreover,
we have

1

(8) Vi.=—-D'XSD.
W
Let us further define
_ 1
Ai = —DAZD, 1= 1,2,...,m,
Vi
1
9 Dx = —D’IAXD’l,
®) RV
1
Dg = —DASD.

i

Consequently, system (6) reduces to

Ai.DX :0, 1= 1,2,...,m,

(10) > AyiAi — UDx) + Ds =0,
=1
Dx + Dg := Py,

where

l
Q(Dx) =Y DH/DDxDD;D,
=1

Py = D~ (DY/(V) D) (4(E) = D(V*)D™)5~ D",
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Note that, if we choose a different function (t), then it results a different Py,
such as

e (t) =t yields P, = V! — V which gives the classical search direction
(see [2], [3], [7], [18]);
1
o (t) = t? yields Py, = §(V’3 —V)
(see [2], [3], [18]);

g+1 2
o Y(t)=tz,q>1yields Pp = ——V"1-V
¥(t) q=1y 1% g+1
(see [2], [3], [18]).
In this paper, we restrict the analysis to the case where 1)(t) = v/t. This yields
Py =2(FE-V).

For the analysis of the algorithm, we also define a new norm-based proximity
measure 6(X, S; ) as follows

1
0(X, Sip) = 0(V) = SlIPvlr = E = VlF.

By using the first two equations of the system (10) and Q(X) is a self-adjoint
positive semidefinite linear operation, we have

1
(11) Dy e Dg = Dg e Dy = —~AXQ(AX) > 0.
L

Remark 2. Note that, for the SDO problem case [6], [22], we have Dx @ Dg = 0.
It is the main difference between the CQSDO problem and the SDO problem in
the analysis. This makes the analysis different.

3. The corrector-predictor algorithm

In this section, we propose a corrector-predictor algorithm for CQSDO problem.
Firstly, we define a 7-neighborhood of the central path as follows

N(r) = {(X,S):AioX:bz-, 1=1,2,....m, XtO;ZyiAi—Q(X)—I—S:C,

i=1

S=0; (X, 5 n < T}.

The algorithm starts with (X, y,S) in the 7-neighborhood N (7), which this cer-
tainly holds at (X©°,¢° S%) since 6(X°, S% u®) = 0. If, for the current iterate
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(X,y,95) in the T-neighborhood, X ¢S > ¢, then the algorithm performs corrector
step and predictor step. In the corrector step, we define

D = [X%(X%SX%)‘%X%}%: [5—%(5%)(5%)%5—%]%7
1 1

V = —D'XD'=—DSD,
v Vi

. 1

A; = —DA,D, i=1,2,...,m,
Vi

and obtain Dy, Ay and Dg by solving the following system

A;eDx =0, i=1,2,....,m,

(12) > Ay A; = Q(Dx) + Ds =0,
i=1

Dx+ Ds=2(E-V).
Then, we obtain
AX =\/uDDxD, AS = \/ﬁDlestl,

and let
X, =X+AX, y, =y+Ay, S, :=5+AS5.

In the predictor step, we define

1 _ 1
V+ = ﬁD+1X+D+1 = ﬁD+S+D+,
- 1
A:— = ﬁD—"—AiD—H

and obtain D% and D% by solving the following system

Afe D =0, i=1,2,...,m,

(13) > APyFAT - QDY) + D% =0,
i=1
Then, we get
APX = /uD,D%D,, APS= \/ﬁDlngDll,
and let

XP =X, +0APX, P =y, +0APy, SP:=8, +0APS, uP:=(1—20)u,

for each 6 € (6, 3). The iterate (X?,y?, S7) will be in the 7-neighborhood N (7)
again. This procedure is repeated until p is small enough, say until ny < e.
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The framework of corrector-predictor algorithm for CQSDO problem is shown as
follows:

Algorithm: Corrector-predictor algorithm for CQSDO problem
Input:
A threshold parameter 7 > 1;
an accuracy parameter € > 0;
a barrier update parameter ¢, 0 < 6 < 1/2;
a strictly feasible point (X, S%) and p° such that §(X°, S%; u%) < 7;
begin
X =X% S:=8% pu:=u%
while np > ¢ do
begin
corrector step
solve system (12) and let
(X+7y+7 S+) = (X7y7 S) + (AXa Ay7AS)>
predictor step
solve system (13) and let
(Xfr’ yi’ S?F) = (X-I—a Y+ S-l-) + 9<APX7 Apy, APS);

p-update

P = (1 —=20)p;

(X,y,9) = (XE, 9%, 5%), = pP;
end

end

4. Analysis of the algorithm

In this section, we focus on the analysis of the above algorithm. Let

Qv := Dx — Dg,

it is easy to obtain
P Py — P2 — Q?
DX:%QV’ DS:VTQV’ DXDS—FDSDX:VTQV-

Note that Dx and Dg are nonorthogonal by (11), therefore

|Qv]l = \/T*(Dx - Ds)

= JIPv[ — 4Dy o Ds
< 20(V).

In the following, we recall some results without proof.
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Lemma 4.1. (Lemma 6.2 and 7.3 in [7]) Let Dx, Dg € S™ be two vectors such
that Tr(DxDg) > 0. Then we have

1

Dx + Dgl|%,
57510x + Dsll:

1
| Dxsllo < ZHDX + Ds||3,  ||Dxsllr <

where Dxg 1= %(DXDS + DsDx).

Lemma 4.2. (Modification of Lemma 6.1 in [7]) Let X(a) = X + aAX,
S(a) =S+ aAS for 0 < a <1, which X =0 and S > 0. If one has

det(X (a)S(«)) > 0, Va € [0, @],
then X (&) > 0 and S(a) > 0.

Lemma 4.3. (Lemma 4.4 in [6]) Let X, S > 0 and pn > 0. Assume that 6 := §(V'),
one has

VI-0<\(V)<V1I+6,i=1,2,....n and ||V|% < n(1+9).

Lemma 4.4. (Lemma A.1in [18]) Let Q € S} and M € R™ " be skew-symmetric
(i.e., M = —MT™). Then det(Q+ M) > 0. Moreover, if the eigenvalues of Q + M
are real, then

O < Amm(Q) S )\mm(Q + M) S Amam(Q + M) S Amax(@)a
which implies Q + M > 0.

4.1. Corrector step

The following lemma shows that the strict feasibility of iterates after a full NT-
step.

Lemma 4.5. (Modification of Lemma 6.3 in [22]) If § := 0(X,S;u) < 1, then
(X4,yy,Sy) are strictly feasible.

Lemma 4.6. (Modification of Lemma 6.4 in [23]) If § := §(X,S;u) < 1, one has
(52
< —.
14+ 102

Thus 6(X 1, Sy, p) < 62, which shows the quadratical convergence of the algorithm.

6—1— = 5(X+7 S—i-; ,U)

The following lemma gives an upper bound of the duality gap after a full
NT-step.

Lemma 4.7. (Modification of Lemma 3.8 in [19]) After a full NT-step, we have

X, 05, <npu.
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4.2. Predictor step

Here, we present a sufficient condition for strict feasibility after a predictor step.

Lemma 4.8. Let X, =0, Sy > 0 and pu > 0 such that 04 := 6(Xy,Sy;p) < 1.
Moveover, let X? := X, + 0APX and SP? := S, + 0APS, 0 € (0, %), denote the
iterates after a predictor step. Then XP = 0 and S? > 0 if K(64,60,n) > 0, where
nO*(1+5,)

Proof. Let us introduce
XP(a) := X4 +afAPX, SP(a) =S5 + afdAPS,
for 0 < a < 1. Moreover, we have
X?(a) = VD4 (Vi + abD})D., S7(a) = DT (Vi +abDB)D7".
Therefore, we have

XP(a)S”(a) = pD4 (Vi +abD4)(V +a0DE) D3
~ (Vi + D) (Vi + af D),

Using the third equation of system (13), we get
XP(a)SP(a)

= V2 +ab(VoDg + DY V) + o*0* Dy DY
= V2 +af(V, D%+ VDY) + af(DYV, — V., D%) + o*6>* D4 D%,
= V2 + af(—2V?2) + af(DRV, — V. DY) + o?0* D% D%

= (1 —2a0)V? + af(DRV, — V. D%) + o*6> DX, D%,

Furthermore, we have

XP () 5P (e a?0? af
( )ﬁw T pag xS T Tgqg (A0M+(1—af)(Dx Vi~ V. D)),

where ]
M = (DRV, = Vi DY) + 5 (DY D% — DEDY).

One can easily verify that the matrix adM + (1 — af)(D5V, — V. D%) is skew-
symmetric. And it follows from Lemma 4.4 that

XP(a)SP(«) 9 0>
Amin | =577 | = Amin | VE + 57— D4
<,u(1—2049) - ST 200 %S
a?6?
1— 2049’

82
> Amin(vf) - mHDiSHOW

Z Amin(vf) - ‘D}))(SHOO
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a26?
1—2a6

the last inequality follows by f(a) = is strictly increasing for 0 < o < 1.

By Lemmas 4.1 and 4.3, we have

1 1
| Dslloo < D% + DBIE = 31— 2V [ < 01 +6.)
Therefore,

19 (ST s () s

This implies that det(X?(«)S?(«)) > 0 for 0 < o < 1.

In addition, since X?(0) = X, > 0 and SP(0) = S; > 0, Lemma 4.2 implies
that X?(1) = X? > 0 and SP(1) = SP > 0. This proves the lemma.

In the next lemma, we investigate the effect on the proximity measure of a
predictor step by an update of the parameter .

Lemma 4.9. Let 6, = 0(X,,S4;p) <1, g := (1 —20)p for each 0 < 6 < 1,
K(04,0,n) > 0. Moreover, let XP, SP denote the iterates after a predictor step,
e, XP =X, +0APX and S? = S, + 0APS, 6 € (0, %) Then

V2n0%(1 +6,)

P._ P Qp. P <
0 = §(XT, 8 ) < 6y +

Proof. From Lemma 4.8, we know that the predictor step is strictly feasible.
Letting a = 1, it follows from (14) that

XPSP 62 0 -

(16) (V7 ~ —

where M := OM + (1 — 0)(D%V, — V,D%) is skew-symmetric. From (15), we
know

Amin (VP)?) > K(64,6,n) > 0.

Using (16) and properties of the Frobenius norm, we get

n 92 0 R 2
PY\2 o P\2|2 ) 2 . - -1
=118 = (PIE= 3 (M(v2+ TP+ 12g) 1)

1 ~
T (1= 20 > (Ni((1 = 20)V? + 6°D% o + 60M)”
=1

+(1—20)% —2(1 — 20)\i((1 — 20)V2 4 62Dl + OM))

_ ﬁ[ﬂ(((l _20)V2 4 02D% ¢ + O01)?)
+n(l —260)* — 2(1 — 20)Tr((1 — 20)V?2 + 0 D% 4)]
< ﬁm((u _20)V2 4 0°D% %) + n(l — 20)°
—2(1 = 20)Tr((1 — 20)V2 + 60° D% )]
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B 1
T 1200
- gl = 0B -V DR

Taking the second root and using the triangle inequality, we obtain

Te(((1 = 20)(E — V2) — 0°D%)?)

62
(17) & <NE = VEllr + =55 Dksll-

Furthermore, by using Lemma 4.1 and the third equation in (13) we have

D% sllF < D% + D4l < —2Vi %

L L
N N

=57 mef <V2n(1+06y).

Using (17) and (18), we get

V2n602(1 +44)
1—26 '

o <4+
This completes the proof of lemma.

4.3. The effect on duality gap after an iteration

The following lemma gives the effect on duality gap after a main iteration.

Lemma 4.10. After an iteration, we have

nuP
X? P <L
M T,

Proof. Letting o =1 in (14), we have

92 0

XPpSp
D’P
— 920 XS +1 20

ST

~VEd (M, + (1 — 6)(DYV, — V,DR)).

Note that M, + (1 — 0)(D5V, — V. D%) is skew-symmetry, we obtain

1 62

(20) mTr(XpSp) =Tr(V?) + Y

Tr(D% ).

It follows from the third equation of (13) that

(D)2 + (DAY
2

Dig = QVf -
Taking trace, we get

1 XS ||Z) || + ||l) || 1 X. S
D + F F < +
(21) lr(DXS) = —2 |I'( ) B < —2 Ir{ —— .
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Using (20), (21), Lemma 4.7 and p? = (1 — 20)u, one has

2

Tr(XpSp) S (1 - 20 + %)Tr(X+S+) S Tr(X+S+) S nlLL =

nup
1—26’

which proves the desired result.

4.4. Fixing the parameters

Here, we choose the parameters 7 and 6, which guarantee that after a main it-
eration, the proximity measure will not exceed the proximity parameter 7. Let
(X,y,S) be the iterate at the start of a main iteration and ¢ := 6(X, S;u) < 7.
After a correct step, by Lemma 4.6, we have

52
< —
T l4+V/1—62

Since the right-hand side of the above inequality is monotonically increasing with
respect to §, thus

0p = 0(X4, Sysp)

2

-
14++v1—-72

Following a predictor step and an p-update, by Lemma 4.8, one has

V2102 (1 +44)
1—26 '

04 <

(22) & <0y +

Note that the right-hand side of (22) is monotonically increasing with respect to
04, we obtain

V2n0%(1 4 6.) 72 V2002 (2 — V1 = 72)
< + :
1—20 1+vV1-72 1—26

To keep 0P < 7, if suffices to have

¢ VPR VIS
1+vior2 1—26 =

At this state, we let 7 = % and 0 = #ﬁ, after some simple calculation, we have

0P < %. Thus, the algorithm is well defined.

& <6y +

T.

5. Iteration complexity

In the present section, we derive worst-case iteration complexity of Algorithm.

Lemma 5.1. Let X° and S° be strictly feasible, nu® = X%0S° and 5(X°, S%; u°)<r.
Moveover, let X* and S* be the iterates obtained after k iterations. Then,
X+ oSk <e for

1
k>1+ {—log

X%e S°
260 ’
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Proof. It follows from Lemma 4.10 that

k
X" e SF < e

— _om\k—1,,0 _ (1 _ 9p\k—1(x0 o <0
< s = (1 - 26000 = (1= 26) (X0 0 5°).

In order to prove X* o S* < ¢, it is sufficient to prove
(1—-20)"1(X"eS") <e.
Taking natural logarithms, we get
(k —1)log(1 — 20) 4+ log(X° e S°) < loge.

Using log(1 — 20) < =260 for 0 < 6 < %, we observe that the above inequality
holds if
—20(k — 1) + log(X" e %) < loge.

This implies the desired result.

Lemma 5.2. Let 7 = % and 0 = #ﬁ. Then the algorithm is well-defined and the

algorithm requires at most

£

04 Q0
O(\/ﬁlogX OS)

iterations. The output is a primal-dual pair (X,y,S) satisfying X ¢ S < .

Proof. Let 7 = % and 6 = #ﬁ, the desired result follows immediately from
Lemma 5.1.

Corollary 5.3. If one takes X° = S° = E, the iteration bound becomes
O <\/ﬁlog E) ,
€

which s the currently best-known iteration bound for the algorithm with small-
update methods.

6. Concluding remarks

In this paper, we proposed a new corrector-predictor algorithm for CQSDO pro-
blem. Each iteration is composed of a corrector step and a predictor step. Some
good properties of our algorithm are: (1) The search direction is obtained by an
equivalent algebraic reformulation of the centering equation. (2) In the corrector-
step, the step length need not be calculated because we have full-step. (3) The
iteration complexity obtained for proposed algorithm coincides with the currently
best-known complexity bound with small-update interior point algorithms. For
further research, this algorithm may be possible extended to the Cartesian P, (k)-
LCPs over symmetric cones.
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