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Abstract. In this paper, we generalize ordinary derivation and Jordan derivation of
a ring to the concepts of P-derivation and P-Jordan derivation of a ring respectively.
Some properties, e.g. the composition of P-derivations and P-Jordan derivations, are
given. Moreover, it proved that if R/P(R) is 2-torsion free for a ring R and its prime
radical P(R), P-Jordan derivations of R are P-derivations. More mainly, some con-
clusions on the commutativity of R/I and R/P(R) are obtained via P-derivations and
P-Jordan derivations, for a prime ideal I of R.
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1. Introduction

Let R be an associative ring. Let P(R) denote the prime radical of R, i.e., the
intersection of all prime ideals of R. For any a,b € R, we shall write [a,b] for
ab — ba. A ring R is said to be n-torsion free, where n is a positive number, if
whenever na = 0, with a € R, then a = 0. For a ring R, if there is a smallest
positive number n such that nR = 0, we say R to have characteristic n, denoted as
char R = n. Otherwise, we say that R has characteristic zero. A ring R is called a
semiprime ring if P(R) = 0, or equivalently, aRa = (0) implies a = 0. An additive
mapping d : R — R is called a derivation of R, if d(ab) = d(a)b+ ad(b) holds for
all pairs a,b € R. An additive mapping d : R — R is called a Jordan derivation
of R, if d(a*) = d(a)a + ad(a) holds for all @ € R. Obviously, every derivation is
a Jordan derivation. The converse is, in general, not true. The following example
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gives a Jordan derivation, which is not a derivation. We are thankful for the first
person who constructed it, though we haven’t found who did this work:
Let k be an algebraic closed field and let S = k[z] with the relation z* = 0.

Let R = ( 55 ) where I = kx, the ideal of S. It is easy to see that R,

I S
? ) where

with matrix addition and multiplication, is a ring. For any r = ( ¢

a,b, f € R and ¢ € I, define
d: R— R,

a b . 0 ¢
c f 00
Clearly, d is additive. Observe that for any ¢ € I, ¢ = 0, we have

d(r?) = ( 2 latf)e ) — d(r)r + rd(r)

Thus d is a Jordan derivation. Meanwhile, let r; = ( (1) 8 ) T2 = ( 2 8 )

Then d(rr9) = 0 and d(r1)ry + r1d(re) = < 8 g
tion.

It has been an increasingly interested problem that wether Jordan derivations
degenerate to ordinary derivations on a particular ring or algebra. Herstein [7]
showed that it is true on a 2-torsion free prime ring, and another proof is given by
M. Bresar in [4], moreover, the same author generalized the results to 2-torsion
free semiprime rings in [3]. In recent years, a series of more general concepts of
derivations and Jordan derivations are introduced and studied on semiprime rings
(see [1], [2], [5]-[7], [10], [11]).

Motivated above, we may assume that for a Jordan derivation d of a particular
ring R, where R is not necessarily a prime or semiprime ring, d(ab) —d(a)b— ad(b)
may be in an ideal of R, for any a,b € R, obviously, if the ideal is zero ideal, d is an
ordinary derivation. So it is interesting to find a relatively small ideal satisfying
this condition. In this paper, we will verify that the prime radical satisfies this
condition. Let us first introduce the following definitions:

> # 0, hence d is not a deriva-

Definition 1.1. Let R be a ring. An additive mapping d : R — R is called a
P-derivation if (d(ab) — d(a)b — ad(b)) € P(R) holds for all pairs a,b € R.

Definition 1.2. An additive mapping d : R — R is called a P-Jordan derivation
if (d(a*) — d(a)a — ad(a)) € P(R) holds for all a € R.

With these definitions, we will investigate properties of rings with P-derivations
and P-Jordan derivations. This paper is arranged as follow:

In Section 2, we prove that over a ring R satisfying R/P(R) is 2-torsion free,
its P-Jordan derivations and P-derivations coincide. Thus whenever R/P(R) is
2-torsion free, the Jordan derivation d of R satisfies d(ab) —d(a)b—ad(b) € P(R),
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Va,b € R, which is a generalization of M. Breasar’s result in [3]. For the proof
of the main result in this section, some characterizations of P-derivations and P-
Jordan derivations are also given. In Section 3, some properties of P-derivations
and P-Jordan derivations are given. We provide a necessary condition for that
the composition of two P-(Jordan) derivations is again a P-(Jordan) derivation.
And the results of this section will be used for the proof of the conclusions in the
next section. In Section 4, we consider the commutativity of the quotient rings
R/P(R) and R/I, where [ is a prime ideal of R, as an application of conclusions
in Section 2 and Section 3. In [9], Posner proved that in a prime ring R, a non-zero
derivation satisfying a particular polynomial identity forces R to be commutative.
We will generalize Posner’s results by omitting the prime condition in [9], and
give some sufficient conditions for the commutativity of R/I via P-derivations.
Moreover, the main results of Section 2 enable us to discuss the commutativity of
the quotient ring R/P(R) and R/I via P-(Jordan) derivations of R when R/P(R)
or R/I is 2-torsion free.

2. Characterization of P-derivation and P—Jordan derivation

Lemma 2.1. Let R be a ring with a P-Jordan derivation d, and R/P(R) is
2-torsion free. Then for all a,b,c € R the following statements hold:

(i) d(ab+ ba) — (d(a)b+ ad(b) + d(b)a + bd(a)) € P(R),
(ii) d(aba) — (d(a)ba + ad(b)a + abd(a)) € P(R),
(iii) d(abc+ cba) — (d(a)be+ ad(b)c+ abd(c) + d(c)ba + cd(b)a + cbd(a)) € P(R).

Proof. (i) Since d(a?) — (ad(a) + d(a)a) € P(R). Then d((a + b)?) — (d(a +
b)(a +b) + (a + b)d(a + b)) € P(R), we write this as (d(a?) — ad(a) — d(a)a) +
(d(b*) — bd(b) — d(b)b) + (d(ab+ ba) — d(a)b — ad(b) — d(b)a — bd( )) € P(R), thus

d(ab+ ba) — (d(a)b+ ad(b) + d(b)a + bd(a)) € P(R),Va,b € R.

(i) Consider d(a(ab+ba)+ (ab+ba)a) = d((a?b+ba*)+2aba) = d(a*b+ba*)+
2d(aba), d(a(ab+ ba) + (ab+ ba)a) — (d(a)(ab+ ba) + ad(ab + ba) + d(ab+ ba)a +
(ab+ ba)d(a)) € P(R), by (i), we get d(a)(ab+ ba) + ad(ab + ba) + d(ab + ba)a +
(ab+ba)d(a)— (d(a)ab+d(a)ba+a(d(a)b+ad(b) +d(b)a+bd(a))+ (d(a)b+ad(b) +
d(b)a+bd(a))a + (ab+ ba)d(a)) € P(R), i.e. d(a)ab+ d(a)ba + a(d(a)b+ ad(b) +
d(b)a+bd(a))+ (d(a)b+ad(b)+d(b)a+bd(a))a+ (ab+ba)d(a) — (d(a)ab+2d(a)ba+
ad(a)b+a?d(b) +2abd(a)+2ad(b)a+bad(a)+d(b)a? +bd(a)a) = 0 € P(R). On the
other hand, d(a?b+ba?) —d(a?)b—a?d(b) —d(b)a? —bd(a?) € P(R), then by (i), we
have d((a?b+ba*)+2aba)—(d(a?)b+a?d(b)+d(b)a*+bd(a?)+2d(aba)) € P(R) thus
d(a?)b+ a*d(b) + d(b)a® + bd(a?) + 2d(aba) — (d(a)ab+ ad(a)b+ a*d(b) + d(b)a* +
bad(a) + bd(a)a + 2d(aba)) € P(R), then from (3) and (5) we get 2d(aba) —
2(d(a)ba+ ad(b)a+abd(a)) = 2(d(aba) — (d(a)ba + ad(b)a+ abd(a))) € P(R), thus
d(aba) — (d(a)ba + ad(b)a + abd(a)) € P(R).

(iii) Consider d((a+c)b(a+c)). d((a+c)b(a+c)) = d(aba)+d(cbe)+d(abe+cba)
d(aba) — (d(a)ba + ad(b)a + abd(a)) € P(R), d(cbc) — (d(c)be + cd(b)c + cbd(c)) €

o
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P(R), d((a+c)b(a+c))— (d(a+c)b(a+c)+ (a+c)d(b)(a+c)+ (a+c)bd((a+c))) €
bEg( )), then we have (d(aba)—(d(a)ba+ad(b)a+abd(a)))+((cbc)—(d(c)bc+cd(b)c+

))+(d(abc+cba)—(d(a)be+ad(b)c+abd(c)+d(c)ba+cd(b)a+cbd(a))) € P(R),
thus d(abc + cba) — (d(a)be + ad(b)c+ abd(c) + d(c)ba + cd(b)a + cbd(a)) € P(R). m

Remark 2.2. We should notice that if R/P(R) is 2-torsion free, a linear map d of
R is a P-Jordan derivation if and only if d(ab+ba)—(d(a)b+ad(b)+d(b)a+bd(a)) €
P(R), Ya,b € R.

Proof. In fact, Lemma 2.1 has already verified the "only if” part. For the "if”
part, we get 2d(a?) — 2d(a)a — 2ad(a) € P(R) by replacing b to a in d(ab + ba) —
(d(a)b+ ad(b) + d(b)a + bd(a)) € P(R), since R/P(R) is 2-torsion free, it follows
d(a?) — d(a)a — ad(a) € P(R). -

Lemma 2.3. Let R be a ring with a P-Jordan derivation d, and R/P(R) is 2-
torsion free. Then (d(ab) — d(a)b— ad(b))z|a, b] + [a, blx(d(ab) — d(a)b— ad(b))) €
P(R), Ya,b,x € R,

Proof. First consider d(abzba+bazab) = d(abrba)+ d(baxab). By Lemma 2.1(ii),
we have d(abxrba) — d(a)bxrba — ad(bxb)a — abxrbd(a) € P(R), d(bxb) — d(b)xb —
bd(x)b — bxd(b) € P(R), thus, d(abxrba) — d(a)bxrba — ad(b)xba — abd(z)ba —
abzd(b)a — abxbd(a) € P(R), similarly, we have d(baxab) — d(b)axab — bd(a)xab —
bad(z)ab—baxd(a)b—baxad(b) € P(R), and by Lemma 2.1(iii), d(abzba+bazab)—
d(ab)zba — abd(x)ba — abxd(ba) — d(ba)xab — bad(x)ab — baxd(ab) € P(R), then it
follows that (d(ab) —d(a)b— ad(b))z|a, b] + [a, blz(d(ab) — d(a)b—ad(b)) € P(R). =

Lemma 2.4. Let R be a ring with two elements a,b € R and R/P(R) is 2-torsion
free. If for all x € R the relation axb + bxa € P(R) holds. Then axb,bxa € P(R)
is fulfilled for all x € R.

Proof. Let z,y € R. Then, by the assumption, axrbyazrb + brayaxb € P(R),
brayaxb + azraybzb € P(R), axzaybzb + azrbyarb € P(R). Thus, we have
2axbyaxb € P(R), since R/P(R) is 2-torsion free, it follows that axbyazb € P(R),
thus azb € P(R),Va,b,z € R. Similarly bxa € P(R),Va,b,x € R. .

Corollary 2.5. Let R be a ring and R/P(R) is 2-torsion free. Then for any
a,b,x € R, (d(ab)—d(a)b—ad(b))z[a,b] € P(R), and [a,b|x(d(ab)—d(a)b—ad(b)) €
P(R).

Proof. It follows from Lemma 2.3 and Lemma 2.4 immediately. n

Recall that a ring is 6-torsion free if and only if it is both 2-torsion free and
3-torsion free. The next theorem states that the converse of Lemma 2.1(2) is right
when R/P(R) is 6-torsion free ring:

Theorem 2.6. Let R be a ring with a linear map d, and R/P(R) is 6-torsion free.
Then d is a P-Jordan derivation if and only if d(aba)—(d(a)ba+ad(b)a+abd(a)) €
P(R),Va,b € R.
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Proof. It suffices to verify the ”if” part. By the assumption, d(z?yx?)—d(2?)yz?—
2r2d(y)x? — zyd(x?) € P(R),Vx,y € R, On the other hand, d(z*yz?) — d(x)xyz? —
zd(zyx)r — 2?yzd(z) € P(R),Vz,y € R, thus we have d(z%yz?) — d(z)yz? —
rd(z)yx? — 23d(y)x® — 2?yd(x)r — 2*yzd(z),Vo,y € R. Let A(z) = d(z?) —
d(z)r — xd(z), we have therefore A(z)yx? + x?yA(z) = 0,Vz,y € R. By Lemma
2.4, we have A(r)x? 2?A(x) € P(R),Vx € R. Let B(z,y) = d(zy + yx) —
d(z)y — d(y)r — xd(y) — yd(z), then from A(x + y)(z + y)? € P(R),Vz,y € R,
we have A(z)y? + A(y)a® + B(z,y)2? + B(z,y)y* + A(x)(zy + yz) + A(y)(zy +
yr) + B(z,y)(xy + yz) € P(R),Vx,y € R, then substituting —z for = in the
above relation we have A(x)y? + A(y)z? — B(z,y)x* — B(z,y)y* — A(x)(zy +
yr) — A(y)(xy + yx) + B(z,y)(xy + yx) € P(R),Vr,y € R, thus B(z,y)z* +
B(z,y)y* + A(x)(zy + yz) + A(y)(zy + yx) € P(R),Vz,y € R, also 4B(z, y)z* +
B(z,y)y* + 4A(z)(zy + yz) + A(y)(zy + yx) € P(R),Vz,y € R, it follows that
3A(x)(zy + yx) + 3B(z,y)z* € P(R),Vz,y € R, since R/P(R) is 6-torsion free.
Thus it is 3-torsion free. Then A(z)(zy+yx)+ B(z,y)x*> € P(R),Vz,y € R, right
multiplication by A(z)z, we have A(z)xyA(x)x+A(x)yrA(x)xr € P(R),Vz,y € R,
notice that zA(z)ryzA(z)r + xA(z)yz?A(x)xr € P(R),Vx,y € R, by z*A(z )
P(R),Yx € R, we have zA(x)zyzA(z)x € P(R),Vx,y € R, therefore zA(z)x
P(R),Vx € R, since A(z)xyA(x)r + A(z)yzA(z)x € P(R),Vr,y € R, then we
have A(x)zyA(z)x € P(R),Vx € R, it follows A(z)x € P(R),Vx € R, by the rela-
tion A(x)(xy +yx) + B(x,y)x? € P(R),Vx,y € R, we have A(x)yz + B(x,y)x? €
P(R),Vz,y € R, thus zA(z)yxA(z) + zB(z,y)x*A(x) € P(R),Vx,y € R, so
rA(z)yrA(z) € P(R) which gives zA(z) € P(R),Vx,y € R. Notice that A(z + y)
= A(x) + A(y) + B(z,y), then it follows from (z +y)A(z +y) € P(R), Vx,y € R
that zA(y) + yA(z) + (z +y)B(z,y) € P(R), Vz,y € R, replace x by —x we have
—2A(y) +yA(x)+ (x —y)B(z,y) € P(R),Vz,y € R, therefore yA(z)+xB(z,y) €
P(R),Vz,y € R, left multiplying with A(x) follows A(x)yA(z) € P(R),Vz,y € R,
thus A(z) € P(R), i.e d is a P-Jordan derivation. .

Now, we prove our main result of this section:

Theorem 2.7. Let R be a ring with a P-Jordan derivation d, and R/P(R) is
2-torsion free. Then d is a P-derivation.

Proof. Our aim is to show that (d(ab) — d(a)b — ad(b)) € P(R),Va,b € R. By
Corollary 2.5, we have (d(a(b+ ¢)) — d(a)(b+ ¢) — ad(b + ¢))z[a, b+ ] € P(R),
Va,b,c € R, then (d(ab) — d(a)b — ad(b))z[a,c| + (d(ac) — d(a)c — ad(c))z|a,b] €
P(R). By Corollary 2.5 again, we have (d(ab) d(a)b — ad(b))z|a, cly(d(ac) —
d(a)c — ad(c))z[a,b] € P(R), Ya,b,c,z,y € R. Then, we have ((d (ab) d(a)b —
ad(b))z[a, c])y((d(ab) — d(a)b — ad(b))z]a,c]) € P(R). By the definition of P(R),
(d(ab) — d(a)b — ad(b))z]a,c] € P(R),Va,b,c,z € R. Thus, replacing a by a + z,
we get (d((a + 2)b) —d(a + 2)b — (a + z)d(b))z]a + z,c] € P(R), then (d(ab) —
d(a)b — ad(b))x[z,c] + (d(zb) — d(2)b — zd(b))zx]a, c| € P( ), and (d(ab) — d(a)b —
ad(b))z(z, cJy(d(zb) —d(2)b— zd(b))z]a, c| € P(R). It follows that ((d(ab)—d(a)b—
ad(b))z(z, c])y((d(ab) — d(a)b — ad(b))z[z,c]) € P(R), thus (d(ab) — d(a)b—
ad(b))z[z,c] € P(R), Va,b,c,x,z € R.
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Now, we consider [(d(ab) — d(a)b — ad(b)), c]z[(d(ab) — d(a)b — ad(b)), c|, by
Corollary 2.5, (d(ab) — d(a)b — ad(b))( x)[(d( b) — d(a)b — ad(b)), ] € P(R), and
c(d(ab) —d(a)b— ad(b))z[(d(ab) — d(a)b—ad(b)),c] € P(R), thus [(d(ab) —d(a)b—
ad(b)), clxz[(d(ab) — d(a)b — ad(b)), ] € P(R), hence [(d(ab) — d(a)b — ad(b)),c] €
P(R) VYa,b,c € R. On the other hand, ((d(ab) — d(a)b — ad(b))[z, c])x((d(ab) —
d(a)b—ad(b))[z,c]) € P(R), hence (d(a )— (a)b—ad(b))[z, c] € P(R), VYa,b,c,z €
R. Since d(ab + ba) — d(a)b — ad(b) — d(b)a — bd(a) € P(R), i.e. (d(ab) — d(a)b—
ad(b)) + (d(ba) — d(b)a — ad(b)) € P(R), and (d(ab) — d(a)b — ad(b)) — (d(ba) —
d(b)a—ad(b)) = d[a,b] + [b,d(a)] + [d(b), a], multiply with (d(ab) —d(a)b— ad(b)),
we have (d(ab) — d(a)b — ad(b))[b, d(a)] € P(R), (d(ab) — d(a)b — ad(b))[d(5),a] €
P(R), thus 2(d(ab) — d(a)b— ad(b))* — (d(ab) — d(a)b— ad(b))d[a, b] € P(R). Now,
consider d((d(ab)—d(a)b—ad(b))[a, b](d(ab) —d(a)b—ad(b))) since (d(ab)—d(a)b—
ad(b))[a,b] € P(R), and [a, b](d(ab) —d(a)b—ad(b)) € P(R), then d(d(ab)—d(a)b—
ad(b))]a, b](d(ab) — d(a)b — ad(b)) € P(R), (d(ab) — d(a)b — ad(b))]a, bld(d(ab) —
d(a)b — ad(b)) € P(R), and since 2(d(ab) — d(a)b — ad(b))* — (d(ab) — d(a)b —
ad(b))?*d[a,b] € P(R), thus 2(d(ab) — d(a)b — ad(b))® € P(R), hence (d(ab) —
d(a)b — ad(b)) € P(R). .

Corollary 2.8. Let R be a ring with a Jordan derivation d, and R/P(R) is 2-
torsion free. Then d is a P-derivation.

Corollary 2.9. Let R be a ring with a P-Jordan derivation d and a prime ideal I.
If R/I is 2-torsion free. Then d(ab) — d(a)b — ad(b) € 1.

Proof. By the proof of Theorem 2.7 we may find that, there exits an integer n
such that 2"(d(ab) — d(a)b — ad(b)) € P(R) C I. Since R/I is 2-torsion free, then
d(ab) — d(a)b — ad(b) € I. .

3. The composition of two P-(Jordan)derivations

In this section, we continue with the properties of P-derivations and P-Jordan
derivations. We give a necessary condition for that the composition of two P-
(Jordan) derivations is again a P-(Jordan) derivation. These results will be used
in the next section, while they are also independently interesting.

Lemma 3.1. Let R be a ring with a prime ideal I and a P-derivation of d. Let
a be an element of R such that ad(x) € I for all x € R. Then either a € I or
Imd C 1.

Proof. Since d is a P-derivation, we have d(zy) — d(z)y — xd(y) € P(R) C 1.
From the assumptions, ad(zy) € I, for any =,y € R, i.e. ad(x)y + azd(y) € 1,
since ad(z)y € I. Then axd(y) € I for all z,y € R, by the definition of prime
ideal, we finish the proof. u

Corollary 3.2. Let R be a ring with a prime ideal I and a P-Jordan derivation
of d. R/P(R) is 2-torsion free. Let a be an element of R such that ad(x) € I for
all x € R. Then either a € I or Imd C I.
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Proof. It follows immediately from Theorem 2.7 and Lemma 3.1. u

Lemma 3.3. Let R be a ring with a prime ideal I. Let p,q,r be elements of R
such that paqar € I for all a € R. Then at least one of p,q,r is in I.

Proof. Ifp e [ orr € I, then we complete this proof. Now let p,r ¢ I. Our aim
is to prove ¢ € I. Since pagar € I, we have p(a + b)q(a + b)r € I,Va,b € R, we
write this as pagbr + pbgar € I,Va,b € R. On the other hand, pagart € I,Vt € I,
it follows p(aqart)qbr + pbq(agart)r € 1,Vb € R, since p(aqgart)qbr € I1,Va,t € R,
we have pbg(agart)r € I,Va,b,t € R, by the arbitration of b and ¢, we have
qaqar € I,¥Ya € R. Similarly, pagaq € [,Ya € R. From paqar € I,Va € R,
p(a+b)q(a+b)r € I, and pagbr + pbgar € I, then paq(tgbgb)r + p(tqbgb)qar € I.
Then p(tqbgb)qar € I, thus we have gbgbg € I for any b € R. Also q(a+ agb)q(a+
agb)q € I,Ya,b € R, i.e. qaqbqaq € I,Ya,b € R, thus qaq € I,Ya € R, and it
follows ¢q € 1. u

The next theorem will provide a necessary condition for the composition of
two P-derivations is again a P-derivation.

Theorem 3.4. Let R be a ring. di,dy are P-derivations of R such that dyds(ab)—
didy(a)b—adyde(b) € I. Then for any prime ideal I, either Im2d; C I or Im2dy C 1.

Proof. Note that for any prime ideal I, P(R) C I, then dydy(a)b + adids(b) —
dldg(ab) € ], VCL, b € R. dldg(ab> - dldg(a>b - adldg(b) - dl(a)dz(b) — dg(d)dl(b),
Va,b € R, then di(a)dy(b) + do(a)di(b) € I, Va,b € R, then d;(ad;(c))da(b) +
do(ady(c))di(b) € I, Ya,b € R, thus dy(a)di(c)dy(b) + di(a)di(c)dy(b) € I,
Va,b,c € R. Notice that d;(c)da(b)+dz(c)dy(b) € I,Vb,c € R. Then dy(a)d;(c)d;(b)
—dy(a)dy(c)dy(b) € I, Va,b,c € R. By Lemma 3.1, dy(a)d;(c) — di(a)day(c) € 1,
Va,ceR. Along with d(a)ds(c)+da(a)di(c)€l, Va, ceR, it follows 2ds(a)d;(c) € 1,
if Imd; ¢ I. By Lemma 3.1 again, we have 2dy(a) € I, Va € R. Similarly, if
Imdy ¢ I. Then 2d,(c) € I, Ve € R. Therefore, we finish the proof. .

Corollary 3.5. Let R be a ring, and I an prime ideal, and R/ is 2-torsion free.
di,ds are P-deriwations of R such that didy is also a P-derivation. Then either
Imd; € I or Imd, C I.

Proof. It can be deduced immediately from Theorem 2.7 and Theorem 3.4. =

Corollary 3.6. Let R be a ring, and R/P(R) is 2-torsion free and n(> 2) is
an integer. d is a P-(Jordan) derivation of R such that d" is also a P-(Jordan)
deriwation. Then Imd C P(R).

4. On commutativity of quotient ring via P-(Jordan) derivations

In this section, we discuss the commutativity of R/P(R) as well as R/I, where [
is a prime ideal of R. Posner showed in [9] that some properties of a derivation
determine the commutativity of a prime ring. In other word, the author provided
some sufficient conditions for the commutativity of a prime ring via its derivation.
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We will generalize these results by providing sufficient conditions for R/I to be
commutative via the P-derivations of R. Moreover, if R/P(R) is 2-torsion free,
we consider the commutativity of R/P(R) via P-(Jordan) derivations. These can
be regarded as an application of Section 2 and Section 3.

Theorem 4.1. Let R be a ring with a prime ideal I. If there exists a P-derivation
d of R such that:

(i) [a,d(a)] € I for all a € R.
(ii) Imd Z I.
Then R/I is commutative.

Proof. We consider the characteristic of R/I. In the case that charR/I # 2, we
have [a+az,d(a+ax)] € I,Va,x € R, we write this as ad(ax) —d(a)ax + axd(a) —
d(ax)a € I,Va,z € R, thus we have a?d(r) — d(a)xa — ad(r)a + axd(a) € I,
Va,z € R. Similarly, from [a + za,d(a 4+ za)] € I, we have d(z)a® — ad(z)a —
azrd(a) + d(a)za € I,Ya,x € R, so a*d(z) + d(z)a? — 2ad(x)a € I,Ya,x € R, it
follows [[d(x),a],a] € I,Va,x € R, then [[d(z),a + d(z)],a + d(x)] € I,Va,x € R,
therefore [[d(x),al,d(x)] € I. Notice that the function fy) : a — [d(z),a] is a
derivation and fq)(fiw)(a)) € I,Va,x € R, thus by Corollary 3.5, [d(x),a] € 1,
Le., fo(d(z)) € I,Va,z € R. Since Imd ¢ I, by Corollary 3.5 again, we have
fa(R) € I,Ya € R (i.e., R/I is commutative).

Now, we consider the case that charR/I = 2. Then from the previous dis-
cussion, we have [d(),a?| € I,Va,z € R, thus [d(z),a +b] € I,Va,b,x € R, and
therefore [d(x),ab+ ba] € I,Va,b,x € R, then we get [d(z),aad(x) + ad(x)a] € I,
Va,b,z € R, it follows that ad(x)ad(x) — d(z)ad(z)a € I,Ya,b,x € R. Since
charR/I = 2, we have ad(z)ad(z) + d(x)ad(z)a € I,Va,b,x € R. On the other
hand we have [d(z), ad(z) + d(z)a] € I,Va,z € R, then [d(z)? a] € I,Va,z € R.
Above all; we have (ad(z) + d(z)a)? = ad(x)ad(z) + d(z)ad(z)a + ad(z)?a +
d(z)a*d(z) € I,Ya,z € R. Let z = ad(z) + d(z)a. Then we have [d(z), 2(bz)* +
bzbz?] € I,V¥b,xz € R. Since 2% € I, we have [d(z),2(bz)?] € I,Vb,x € R, it fol-
lows that (zd(z) + d(z)z)bzbz € I,¥b,x € R. By Lemma 3.3, we have z € I or
zd(z) + d(x)z € I, any way, zd(x) 4+ d(z)z € I holds for all a,z € R. Similarly,
[d(z), zw(bz)?] € I,Va,z,w € R, i.e., (2wd(x) + d(x)zw)bzbz € I, Vb, z,w € R.
Notice that [z,d(x)] € I, we have z[d(z),w] € I,Vb,z,w € R, namely, by
Lemma 3.1, we have z € I or [d(x),w]| € I,Vz,w € R, any way [d(x),y] € I,
Vz,y € R. Observe that d(b*) = d(b)b + bd(b) € I. Then d(ab*) — d(a)b* € I and
[d(a)b?, z] € I,Va,x € I. Since Imd ¢ I, i.e Ja € R such that d(a) ¢ I. Then
from [d(a)b?,z] € I and [d(a),b?] € I, we have d(a)[b? z] € I,Va,b,x € R. By
Lemma 3.1 again, since d(a) ¢ I, it follows that [b? z] € I,Va,b,x € R. Thus, by
the discussion above, we have [b, 2] € I,Vb,x € R. Hence R/ is commutative. m

Corollary 4.2. Let R be a ring with a prime ideal I. If there exists a derivation
d of R such that

(i) [a,d(a)] € I for all a € R.
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(ii) Imd & 1.
Then R/I is commutative.

According to Polynomial Identity(PI) theory, the condition [a,d(a)] € I in
Theorem 4.1 is actually a polynomial identity of the P-derivation d modulo the
prime ideal I. It is interesting to check whether the commutativity still holds
if we weaken the polynomial identity of Theorem 4.1. The next theorem will
show that, under the condition R/P(R) is 2-torsion free, the conclusion could be
consolidated.

Theorem 4.3. Let R be a ring and I a prime ideal, and R/ is 2-torsion free. If
there exists a P-derivation d of R such that:

(i) [[d(a),al],x] € P(R),Va,z € R,
(ii) for any prime ideal I of R, Imd ¢ I.
Then R/P(R) is commutative.

Proof. Let us assume that for any prime ideal I, Imd ¢ I. We prove that
for any prime ideal I, [a,z] € I,Va,z € R, thus R/P(R) is commutative. By
assumption we have [[d(z),z],y] € P(R),Vz,y € R. Replace z by a + [a,z] it
follows [[d(a + [a,z]),a + [a,z]],y] € P(R),Va,z,y € R. Since [[d(a),a],y] €
P(R),[[d([a,x]),[a,z]],y] € P(R) we then get the following [[d(a), [a,z]],y] +
[[[d(a), x], a], y]+[[[d(x), a],a],y] € P(R),Va,x,y € R write this as [[d(a), [a, z]], y]+
[[a, [z, d(a)]],y]+[[[d(2), a],a],y] € P(R),Va,z,y € R. Observe that [d(a), [a, z]] +
[a,[z,d(a)]] + [z,[d(a),a]] € P(R),Va,xz € R, by the assumption, [z,[d(a),a]] €
P(R),Va,z € R, thus [[[d(),a],a],y] € P(R),Ya,z,y € R, ie. [a*d(x)+d(z)a®—
2ad(z)a,y] € P(R),Ya,z,y € R, replacing y by a, we have 3ad(z)a* + a’d(z) —
(3a%d(z)a+d(z)a®) € P(R) C I,Va,z € R. Now consider the case that charR/I=3.
Then we have [a®,d(z)] € I, Va,z € R. Since for any prime ideal I, Imd ¢ I. Then
by Corollary 3.5, [a®,z] € I,Va,z € R. I 3 [(a+b)?—a®—?, 2] = [a*b+aba+ba®+
b*a+bab+ab?, x|, Va, b, x € R, also we have [a®b+aba+ba®—b*a—bab—ab? z] € I,
Va,b,z € R, and then it follows [a®b + aba + ba*,x] € I, VYa,b,x € R, thus
[a*(ab) + a(ab)a + (ab)a? z] = [a(a*b + aba + ba*),z] € I, Ya,b,xz € R. Ob-
serve that [a(a®b + aba + ba?), x| — (a*b + aba + ba*)[a, x| € I, Va,b,x € R, then
[a, x](a*b+ aba +ba?) € I, Ya, b,z € R. Since [a?b+ aba + ba®, x] € I, Va,b,r € R,
it follows [a, ] R(ab + aba + ba?) C I, Va,b,x € R. If [a,z] € I, Ya,z € R. Then
we finish the proof. Let us assume that there exists a’, 2’ € R such that [a/,2'] & I.
Thus a’?b + a’ba’ + ba™ € I, Vb € R, by the definition of prime ideal. Note that
[d';[a’,b]] = a”b—2a'ba’ + ba? and since charR/I = 3, then [d/,[a/,b]] € I,Vb € R.
By Corollary 3.5 we have [a/,y] € I, Yy € R. It is a contradiction when y = z’.
Next, consider the case that charR/I # 3. Since we have already got
3ad(r)a® + a’d(z) — (3a*d(x)a+d(x)a®) € P(R) C I, Va,z € R. Thus 3ad(a)a® +
add(a)—(3a*d(a)a+d(a)a®) € I,Va € R.Tt follows that [a3, d(a)]—3ala, d(a)]a € I,
Va € R. Since [[d(a),a],z] € I, Va,x € R, we have [a® d(a)] — 3[a,d(a)]a* € I,
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Va € R. Since [a,d(a)]la = ad(a)a — d(a)a?, ala,d(a)] = a*d(a) — ad(a)a, observe
that [[a, d(a)],a] € I, thus 2[a,d(a)]a — [a* d(a)] € I, Va € R.

On the other hand, replacing = by ad(x) in 3ad(x)a? + a*d(z) — (3a*d(z)a +
d(z)a®) € I,Va,x € R, we have 3a*d(d(z))a*+a*d(d(z))—3a®d(d(z))a—ad(d(x))a?
— a(3ad(d(x)))a® + a*d(d(z)) — 3a*d(d(z)) — d(d(z))a® € I, Ya,x € R, observe
that a(3ad(d(z)))a® + ad(d(z)) — 3a*d(d(z)) — d(d(z))a® € I, Va,z € R, thus
3a?d(d(x))a® + a*d(d(x)) — 3ad(d(z))a — ad(d(z))a® € I,Ya,z € R. Similarly,
we have 3ad(a) + a*d(a)d(z) — 3a*d(a)d(x)a — d(a)d(z)a® € I,Ya,x € R, com-
paring with 3d(a)ad(x)a® + d(a)a*d(x) — 3d(a)a*d(x)a — d(a)d(x)a® € I, we have
3la,d(a)]d(z)a® + [a®,d(a))d(z) — 3[a?, d(a)]d(x)a € I,Va,z € R, since [a®, d(a)] —
3la, d(a)]a?, 2[a, d(a)]a—[a?, d(a)]€I, then 3[a, d(a)](d(x)a*+a*d(x)—2ad(z)a) € I,
Va,r € R. Because charR/I # 3, it follows [a, d(a)](d(x)a*+a?*d(x)—2ad(z)a) € I,
Va,r € R. Since [[a,d(a)],z] € I, Ya,z € R, so [a,d(a)|R(d(x)a® + a*d(z) —
2ad(x)a) C I, Va,z € R. Therefore, [a,d(a)]€l or (d(z)a*+a?d(x)—2ad(z)a)El.
Assume Ja € R such that [a,d(a)] € I, then (d(z)a®+a’d(x) —2ad(z)a) € I,Vz €
R. Replacing z by ax, we have ad(x)a® + a*d(z) — 2a*d(z)a + d(a)za® + a*d(a)z —
2ad(a)zra € I,Vx € R. Since d(x)a*+a*d(x)—2ad(z)a € I, thus ad(z)a*+a3d(x)—
2a%d(z)a = a(d(z)a® + a*d(x) — 2ad(x)a) € I, Vx € R. Therefore, d(a)za® +
a*d(a)x — 2ad(a)xa € I,Yx € R. We also have d(a)a’+a*d(a)—2ad(a)a€l. Then
(d(a)a®+a*d(a) —2ad(a)a)z € I, Vo € R. Thus (d(a)za®+a?d(a)z — 2ad(a)ra) —
((d(a)a® + a*d(a) — 2ad(a)a)x) = d(a)a|r,a?] — 2ad(a)ala,z] € I,Vx € R. Re-
placing = by ax, we have d(a)a[z,a?] — 2ad(a)alz,a] € I, Vo € R. On the other
hand, ad(z)[z,a?] — 2a*d(a)la,z] € I, Vr € R. Thus we have [a,d(a)][x,a?] —
2ala,d(a)][z,a] € I, Vo € R, then it follows [a,d(a)]R([x,a?*] — 2a[z,a]) € I,
Vz € R, therefore, [x,a?] — 2a[z, a] = za* + a*x — 2axa = [[x,a],a] € I, Vx € R.
By Corollary 3.5, [x,a] € I, Vx € R. .

From Theorem 4.1 and Theorem 4.3, we can see that, if we restrict R to the
condition that R/P(R) is 2-torsion free, the condition: [a,d(a)] € I,Va € R could
be weaken correspondingly. It’s an interesting question that whether or not the
conclusion of Theorem 4.3 is true with the condition: R/P(R) is 2-torsion free
omitted? Unfortunately, we haven’t found the way approaching to the answer.
On the other hand, we can state this question in a more universal form: could
we continue to weaken the condition: [a,d(a)] € I,Va € R in Theorem 4.1? This
may be an interesting question for researchers of PI theory.

An immediate corollary of Theorem 4.3 could be used for the commutativity
of 2-torsion free semiprime ring:

Corollary 4.4. If a derivation d of a 2-torsion free semiprime ring R satisfies:
(i) [a,d(a)] is in the central of R,
(ii) any prime ideal I, Imd € I.

Then R is commutative.
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Also, a sufficient condition for the commutativity of R/I, where [ is a prime
ideal of R, can also be got from Theorem 4.3.

Corollary 4.5. Let R be a ring and R/P(R) is 2-torsion free. For any prime
ideal I of R, if there exists a P-(Jordan) derivation d of R such that

(i) [[d(a),a],z] € I,Va,z € R,
(ii) Imd ¢ I.
Then R/I is commutative.

We know that Jordan derivations are P-Jordan derivations, Corollary 4.5 also
enables us to discuss the commutativity of R/I via the Jordan derivations of R.
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