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Abstract. This paper is the results of the ideas suggested by P. Corsini in his paper [10].
Our investigations take in account the paper [13] of I. Cristea. We study the hypergroup
generated by the cosets modulo a subgroup (normal subgroup). We prove that (G/H, o4)
is a complete hypergroup. We take many particular examples to illustrate some known
results on hypergroups.
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1. Introduction

Since the introduction of the concept of fuzzy subgroup of a given group, by
A. Rosenfeld [22]; the notions of different fuzzy algebraic structures have been
introduced and intensively studied worldwide. Many results on group theory
have be extended in a natural way to fuzzy groups. Later, B. Davvaz and his
collaborators generalized the notion of fuzzy subgroup: They defined the concept
of fuzzy subhypergroup of a hypergroup. In the same way many Other relations
establishing the relationship between hyperstructures and fuzzy sets were stated
by P. Corsini. He associated a join space to a fuzzy set and a fuzzy set to a
join space. These connections lead to a sequence of fuzzy sets and join spaces.
The sequence ends if two consecutive join spaces are isomorphic. This argument
has been studied in depth by I. Cristea in her PhD thesis. Moreover in [28],
M. Stefanescu together with I. Cristea studied the above sequence in the general
general and particularly for a complete hypergroup. P. Corsini and I. Cristea [5]
determined the fuzzy grade of a particular non-complete 1-hypergroup. In the
same way I. Cristea investigated [14] the sequences of join spaces associated the
case of a hypergroupoid using fuzzy sets endowed with two membership functions.
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More connections between algebraic hyperstructures and fuzzy sets can be found
in many recent publications [1], [21], [22], [24].

Our contribution to the development of such structure is to study as suggested
by P. Corsini, the properties of a hypergroup generated by the cosets modulo a
subgroup (normal subgroup). We prove that (G/H, o) is a complete hypergroup.
We illustrate our results by many examples.

2. Preliminaries

First of all, we shall recall some basic definitions of hypergroup theory. Let H be
a nonempty set and denote by P*(H) the set of all nonempty subsets of H.

Definition 1. A hyperoperation on H is a mapping o : H x H — P*(H).

A nonempty set H endowed with a hyperoperation o is said to be a hyper-
groupoid.

The image of the pair (a,b) € H x H is usually denoted by a o b and called
the hyperproduct of a and b.

If A and B are nonempty subsets of H, then we define

AoB = U aob

acAbeB

and call it the hyperproduct of A and B.
Also, for any a,b € H, we define

a/b={zx € Hla € x o b}.
Definition 2.

1. The hypergroupoid (H, o) is called a semihypergroup if the hyperoperation
o is associative.

2. If (H, o) satisfies the reproducibility law a o H = H oa = H, Ya € H, then
we say that it is a quasihypergroup.

3. A hypergroup is a hypergroupoid which is both a semihypergroup and a
quasihypergroup.

4. A hypergroup H is said to have a unity or to be unitary if there exists a
unique element 1 € H such that loa =aol = {a}, Va € H.

Definition 3. A subset K of hypergroup (H, o) is a subhypergroup if and only if
the following conditions are satisfied:

1. aobC K, for all a,b € K,

2. a0 K=Koa=K, foralla € K.
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Clearly, H is a subhypergroup of itself. Any other subhypergroup of H will be
called a proper subhypergroup. In the sequel we recall the following theorems
needed to study the fuzzy subset as a function modulo a subgroup H.

Let us introduce some definitions which will be useful.

Definition 4. Let (G, o) be a hypergroup and u be a fuzzy subset of G. p is
called a fuzzy subhypergroup if the following conditions are satisfied.

1. For any a,b € G one has
min{u(a), u(b)} < min{u(c), ¢ € a o b}.
2. For any a,b € G there exists ¢ € GG such that a € bo c and
min{p(a), u(b)} < plc)
3. For any a,b € G there exists ¢ € G such that a € co b and
min{p(a), u(b)} < plc)

If the hyperoperation is commutative, u is a subhypergroup if the conditions
1 and 2 are satisfied.

Theorem 5 (Cauchy’s theorem). If a prime integer p divides the order of a group
G, the group G has at least one element of order p.

Theorem 6 (Sylow’s theorems). If a group G is of order p"m, p prime and
gcd(p,m) =1, then:

(1
2

The group G has at least one subgroup of order p™ called a p—Sylow of G.

The p—Sylow are conjugate.

)
(2)
(3) There exists at least one subgroup of order p*, a € {1,2,...,n}.
(4)

The number n,, of p—Sylow is such that:

(a) n, = 1[p|] and

(b) n, divides the integer m.

3. The main results

Let H be a subgroup of a group (G, -). We know that the relation, R defined on
G by
TRy < z-y '€ H,
is an equivalence relation and for any x € G the equivalence class of z is defined
byz=H - x.
In the sequel, we will be concerned with the relation modulo a subgroup H
defined above on a group G.
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Proposition 1. If on set G we define o by aob=aUb, then (G,0) is a commu-
tative hypergroup.
Proof. 1. The commutativity is clear.

2. Since for any z € G, T # (), we then have z oy # ().

3. It can easily proved that Vx,y,z € G, (roy)oz =TUGUZ (the union of
sets is associative).

4. For any a,x € GG, we have x € aox. So G C ao G and then G = ao G
and by the commutativity we also have G = G o a for any a € G. .

Now, for any a € G, we set

Q(a) = {(z,y) €eG*laeczoy},
qla) = |Q(a)l,
1
Ala) = Z —,
@mea T oY
L AW
/vLA( ) q(a)

Proposition 2. For any a € G, we set
Q(a) ={(z,y) €G*|acroy}=Hax GUG x Ha.

Proof. (z,y) € Qa) <= a €xoy=TUy< s €aory € a < (x,y) €
axGor (r,y) € Gxa<= (z,y) € (@ax G)U (G xa). .

Proposition 3. If H is a subgroup of order n and G is of order nm, then
Va € G, q(a) = |Q(a)| = n*(2m —1).

Proof. By the above proposition, |Q(a)| = |Ha x G| + |G x Ha| — |[Ha x G N
G x Ha| = |H| x |G| + |G| x |H| — |Ha x GN G x Ha|. On the other hand,
Hax GNG x Ha = Ha x Ha so |[Ha x GNG x Ha| = |H|?* = n? Finally,
q(a) = |Q(a)| = 2nnm — n? = n?(2m — 1). .

Proposition 4. If H is a subgroup of order n and G is of order nm, then
Va € G, |A(a)] = nm = |G|.

Proof. Regarding the nature of elements of Q(a) for an element a € G, we can
divide the elements in three kinds, elements of (ha,y),y ¢ Ha, the elements of
type (x,ha),r ¢ Ha and the elements of the type (ha, h'a) where h,h' € H.

1. We have exactly |H|(|G| — |H|) = n?(m — 1) elements of the first type and
we have haoy = HaU Hy and HaN Hy = () so |haoy| = 2|H| = 2n.

2. Similarly, we have exactly |H|(|G|—|H|) = n*(m—1) elements of the second
kind and z o ha = Hx U Ha and Hx N Ha = ) so |z o ha| = 2|H| = 2n.
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3. For the last type, we have n? elements and z oy = Ha U Ha = Ha so
|z 0y| =n.

Finally,
1 1 1
A= 2 [zoyl 2 oyl " > |z 0yl
(z,y) of first type (z,y) of second type
1 1 1 1
T Z :n2(m_1)_+n2(m—1)—+n2_:nm.
2 2
(z,y) of third type |x ° y| n n n

Proposition 5. If H is a subgroup of order n and G is of order nm then the
fuzzy function introduced by Corsini is constant on all elements of the group G.

Proof. For any element a € GG, we have the function

A(a) mn m

pla) = q(a) - n%(2m — 1) - n(2m —1) -

From Proposition 8, we can see that the function u depends only on the cardina-
lities of both the group G and the subgroup H and not on a specific elements of
G, so we denote it by p(nm,n). It is easy to prove the following corollaries.

Corollary 6. If the order n of the group G is fixed, as a function of the order m
of the subgroup H, p(nm,n) is a decreasing function (the derivative with respect
to m is negative).

Corollary 7. If the order m of the subgroup H is fized, as a function of the order
n of the group G, p(mn,m) is a decreasing function (the derivative with respect
to n is negative).

The above hyperoperation will be denoted by o;. We can also introduce a
new hyperoperation on a group G denoted by os.

Definition 8. Let H be a subgroup of a group G. For a,b € G, let we define
aosb={ceG|abce H}.
a oy b # () since bta™t € aoyb.

When it is important to specify the subgroup H, o, will be denoted oZ.

Definition 9. Let H be a subgroup of a group G. For a € GG, let we define

1
min{n € N* | a® € H}

pla) =
If there is no integer n € N* such that a" € H, we set p(a) = 0.

Remark 1.

1. In the case where H = {e} the above function is such that u(a) =
p(a) =0 if ord(a) is infinite.

orc}(a) and



724 R. KELLIL

2. h € H if and only if pu(h) = 1.

3. Any element a of finite order of is such u(a) > 0, since at least

1

ord(a) _ c H.
ord(a)’ ¢ ‘

pla) >

Let us study the case of a cyclic group G of finite order n generated by an
element a. In this case the subgroup H = <ak> with ged(k,n) > 1 otherwise H
becomes the whole group G.

Proposition 10. Let G be a group (finite or infinite) generated by a and let H
be the subgroup generated by a*. Then

1. ged(m, k) =1 = p(a™) = ;.

2. p(a™) = %, where k = dky, ged(m, k) = d.
Proof.
1. We have

(a) (@™)f = (a")" € H.

(b) Suppose now that there exists k; < k such that (a™)* € H and then there
exists 7 € N such that (a™)* = (a*)" and therefore mk; = kr. The last
equality implies that k divides mk; but ged(m,k) = 1 then by Gauss’s
theorem £ divides ky which implies in particular that k; > k which is a
contradiction. So k = min{r e N | (a™)" € H}.

2. Now, let d = ged(m, k). Then 3k;,m; € N such that k = dky, m = dmy,
ged(ky,my) = 1.

(a) (am)k1 — amkl — am1dk‘1 — (adkl)ml — ((lk)ml c H

(b) Suppose that there exists ky < k; such that (a™)* € H. Then, we have
(@™ € H < (a™)* = (a*)" so mky = kr, and then k = dk; divides
mky = dm ks, and then k; divides m ks but ged(ki,m;) = 1, then k; divides
ko. We get, in particular, ky > kq, contradiction. "

Definition 11. Let G be a group (finite or infinite) generated by a and let H be
the subgroup generated by a*. We define on G a hyperoperation:

a™oa™ ={x e G |min{u(a™), @)} < p(r) < max{u(a™), p(a™?)}}.

Proposition 12. Let G, H as in Proposition 15 and i as in the above definition.
Then

1. If ged(mq, k)=gcd(ms, k) = 1, then a™oa™={zx € G | x=a™, gcd(m,k)=1}.
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2. If ged(my, k) = 1 and ged(mag, k) = d > 1, then there exists ki such that

k = dki. In this case, p(a™) = + and p(a™) = kil, so (a™) o (a™2) =
{0 |2 <p(@) < L) = {” | ged(r k) = 1} U {a” | ged(r, k) = & < d}.

3. If ged(my, k) = d1 > 1, gcd(mg,k) =dy > 1, let diky =k and doky = k. We
can suppose that - . In this case (a™ )O(am2) ={a" | k—ll <u(a") < é}
={d"|d; <d< dz, d ged(r, k) }.

The next proposition has been proved in [16] (Proposition 2), but we want to
prove it in the present study.

Proposition 13 (16, Prop.2). Let G, H as in Proposition 15 and pu as in the
above definition. Then p is a fuzzy subhypergroup of (G, o).

Proof.

1. (a) If ged(my, k) = ged(msa, k) = 1 then for any a™ € a™ o a™ we have
ged(m, k) =1 so

min{p(a™), u(a")} = min{p(c), ¢ € a™ oa™} =

(b) If gcd(mq,k) = 1 and gcd(me, k) = d > 1 and if & = dk; by the
proposition 17, any element a™ of a* o a™? is such that

IN

1
my <«
u(a)_kj1

| =

min{p(a™), p(a™)}

1
z <min{u(c), c € a™ oa™}.

(c) If ged(my, k) = dy > 1,gcd(ma, k) = dy > 2, to fix the ideas, we can
suppose that d; > ds, so there exists two natural integers k1 < ko
such that k = dik; = dsks. In this case, the proposition 17 gives
k—12 < p(a™) < kil for any a™ € a™ o a™ so the following inequality
holds.

1
min{u(a™), p(a™?)} = o < min{u(c), ¢ € a™ oa™*}.

2. (a) If ged(my, k) = ged(ma, k) = 1 and ¢ = a™ then a™ € a™ o a™ and
min{u(a™), u(@™)} = 1 = p(o).
(b) If ged(mq, k) = 1 and ged(ma, k) = d > 1, it suffices to take in the
definition, ¢ = a', so ™ € a™ o a™? and then

1

min{p(a™ ), u(a™)} = - < p(c) = ’

?vIH
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(c) If ged(mq, k) = dy > 1, ged(ma, k) = do > 2, d; and dy are such 1) (c).
As in the two precedent cases It suffices to take ¢ = a™ so u(c) =

k_1’
a™ € a™ oa™ and

min{u(@™), p(@™)} = — = p(c). .

Now, we study an example of a complete hypergroup.

Proposition 14. Let H be a normal subgroup of a group G if o4 is defined by
Va,b € G, aoyb=abH, (G,o04) is a hypergroup.

Proof.
1. (G,o04) is a hypergroup.

(a) It is clear that for any a,b € G,0 # abH € P*(G).

(b) Let x € (ao4b) oy c then there exist hy, hy € H such that x = abh;chs.
But x = abhichy = a(bchi)hy € a o4 (bchy). On the other hand,
bchy € boycso x € aoy(bogc) and this implies (aoyb)ogc C aoy(boyc).
In the same way, we can easily get the other inclusion.

(c) For any element a € G, we have a o4 G C G. Let a,z € G there exists
an element y = a~'zh, h € H then a o,y = ayH = a(a™'zh)H = xH
and x € zH so there exists y € G such that z € aoyy and G C a0, G.

2. Now, for any x in the quotient group G/H, let A, = z. We then have:

(a) G =Useqru Ae-
(b) f x #y then A,NA, =2znNy=10
(c) If (a,b) € A, x A, then a o, b = abH = ab = ab = xy = A,, since zy

is an equivalence class (H is normal). .

Remark 2. As mentioned in [12] Proposition 3.1, If |G| = |G/H| which case
corresponds to H = {e}, our classes A, are singletons and the hyperoperation o,
is the group binary operation.

Remark 3. If the subgroup H is of index 2, the group G is commutative, the
order of H is great or equal than 2. So there exists a € G \ H such that by the
above construction we have,

ho _{ H if 3h € H such that b = ahc™?
YCT\ aH ifVh € H, b+ ahc .

Definition 15. Let H be a set endowed with two hyperoperations * and .
* is said to be finer than « if Va,b € H,axb C axb.

It is easy to prove the following lemma.
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Lemma 16. Let Hy C Hy, C ... C H,, be a finite sequence of normal subgroups of
a group G, then xH; C xH; 1.

Proposition 17. Let Hy C Hy C ... C H, be a finite sequence of normal subgroups
of a group G. If we denote by o; the hyperoperation associated to G/H; as in
Proposition 20, then o; is finer than o;.

Proof. Trivial. "

Let Hi C Hy, C ... C H, be a finite sequence of normal subgroups of a group
G. For a € G, let we denote by Q;(a) = {(z,y) € G | a € x o; y}. We then have.

Proposition 18. ¢;(a) = |Q;(a)| = |G|.|H;|, Ai(a) = |G| and p;(a) = |I'}i|.

Proof. Q;(a)={(z,y) € GXG | a € zo;y}={(x,x 'ah™) | h € H;}=G xz~ aH;
and then |Q;(a)|=|G| - |H;|. Now, let (z,x tah) € Q;(a). Then z o; x 'ah=aH

and |z o; 7 tah| = |aH| = |H|, and since there exist exactly |G| |H;| elements of

this type, we deduce A;(a) = % = |G|. The value of y;(a) is then given by
— 6 _ 1

Hi(a) = @ = T -

Proposition 19. The group G endowed with oy is a hypergroupoid and verifies
the reproduction property.

Proof. As seen in the definition 13, it is trivial that os is an hyperoperation on G.
Let a € G. For any x € GG, one has x € aoy 2z for any 2 = a ‘tha™', h€ H
and then z € J,.pa022=a 0, G. n

Remark 4. The hyperoperation o, is not in general associative. To see this, it
suffices to take in the symmetric group S3 the subgroup generated by the trans-
position 7 o, that is, H = {id, 7 »}. In this case, it is easy to prove that:

[(7'1,2 02 7'2,3] Og 84 = {id, 71,2, 71,3, 54} and T1,2 O2 [72,3 02 84] = {7'1,27 71,3, S4, 55}7

where the permutations s, and s5 are given by

(123 (123
4=l9 31 )%= 312/

Definition 20. Let G be a group, for a,b € G we define a o3 b = (a,b), the
subgroup generated by a and b.

The following result is well known.
Proposition 21. (G, 03) is a hypergroup.

Example 22. If we take in the proposition G = S3, we have: Let

o fy_(123 /123 (123

3= 1= \1 23 )27 g1 3) 37391 )
(123 (123 (123
3=\ 139 )% 7231 )27312
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|—> O3 id 71,2 71,3 72,3 S1 S9
id {Zd} {Zd, 7'172} {’ld, T173} {’ld, 7'2,3} {Zd, S1, 82} {Zd, S1, 52}
T1,2 {’id, 7'1,2} {id, 7'1,2} S3 S Sy Sy
71,3 {id, 71,3} Sy {id, T1,3} S Sy Sy
7'273 {’Ld, 7’273} Sg 53 {Zd, 7'273} Sg Sg
S1 {Zd, 81782} S3 Sg Sg {Zd, 81782} {Zd, 81,32}
S92 {Zd, 81782} S3 Sg Sg {ld, 81782} {Zd, 81,82}
Q(ld) = Sg X Sg.
Q(Tl 2) = {Tl,g} X SgUSg X {7'172}U {Tl’g} X {’7'2,3, S1, 82} U{7'273, S1, 82} X {Tl’g}.
Q(Tl 3) = {7’173} X SgUSg X {7'173}U{7'273} X {7’172, S1, 82} U{7'273, S1, 52} X {7‘273}.
Q(T2 3) = {7'273} X SgUSg X {7'273}U {TLQ} X {7'273, S1, 82} U{7'273, S1, 82} X {7'172}.
Q(Sl) = S3 X 53.

( 2) 53 X Sg.
So q(id) = q(s1) = q(s2) = 36 and ¢(113) = q(723) = q(112) = 18.
It is easy to prove that:

3. A<81> = A(SQ) = 1?7
We then deduce that the function g is such that:

1. p(id) = &C

2167

2. p(112) = pu(113) = p(723) = %7

3. pu(s1) = pu(s2) = 1p5-

Remark 5. We have pu(id) > u(712) = pu(713) = p(72,3) > p(s1) = p(s2).
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