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Abstract. In this article, we apply (G
′

G )-expansion method to construct exact traveling wave solutions
with parameters of four nonlinear PDEs having non-integer balance numbers, namely, the convection-
diffusion-reaction equation with power-law nonlinearity with density-independent (or density-
dependent) diffusion, and the generalized KdV-mKdV equation with any order (or with higher-order)
nonlinear terms. When the parameters take up special values, the solitary wave solutions as well as the
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1. Introduction

It is significant to looking for the exact traveling wave solutions for nonlinear partial diffe-
rential equations (PDEs) in nonlinear sciences. These equations are widely used to describe
many important phenomena and dynamic processes in physics, chemistry, biology, fluid me-
chanics plasma, optical fibers and other areas of engineering. As mathematical models of the
phenomena, the investigation of exact traveling wave solutions of these equations will help us
to understand these phenomena better. In recent decades, various effective approaches have
been developed to construct the exact traveling wave solutions of these nonlinear equations,
such as the exp-function methods [1]-[7], the sine-cosine method [8], [9], the homogeneous



750 E.M.E. ZAYED, S.A. HODA IBRAHIM, M.E.M. ELSHATER

balance method [10], [11], the tanh-sech method [12], [13], the extended tanh-coth method
[14], [15], the (G

′
G )-expansion method [16]-[18], the modified simple equation method [19],

[20], the multiple exp-function method [21], [22], the modified Kudryashov method [23], the
method of soliton ansatz [24]-[46], and so on.

The objective of this article is to use (G
′

G )-expansion method [47]-[49] to find the exact
traveling wave solutions and the solitary wave solutions of nonlinear PDEs having non-
integer balance numbers, such as the convection-diffusion-reaction equation [50] with power-
law nonlinearity and with density-independent (or density-dependent) diffusion, and the ge-
neralized KdV-mKdV equation [51]-[53] with any order (or with higher-order) nonlinear
terms.

This article is organized as follows: In Section 2, the description of (G
′

G )-expansion
method is given. In Section 3, we apply this method to solve the four nonlinear PDEs having
non-integer balance numbers indicated above. In Section 4, physical explanations of some
results are presented. In Section 5, conclusions are obtained.

2. Description of (G
′

G )-expansion method

Suppose that a nonlinear PDE has the form

(2.1) F(u,ut ,ux,utt ,uxx, ...) = 0,

where u = u(x, t) is an unknown function, F is a polynomial in u(x, t) and its partial deriva-
tives in which the highest order derivatives and nonlinear terms are involved.

The main steps of the used method are described as follows [47]-[49]:

Step 1. We use the wave transformation

(2.2) u(x, t) = U(ξ), ξ = kx+wt,

where k and w are nonzero constants, to reduce Eq. (2.1) into the following nonlinear ordinary
differential equation (ODE):

(2.3) P(U,U ′,U ′′, ...) = 0,

where P is a polynomial in U(ξ) and its total derivatives U ′,U ′′, ..., such that U ′ = dU
dξ ,

U ′′ = d2U
dξ2 and so on.

Step 2. We suppose that Eq. (2.3) has the formal solution:

(2.4) U(ξ) = A

[
G
′
(ξ)

G(ξ)

]m

,

and G(ξ) satisfies the linear ODE:

(2.5) G
′′
(ξ)+λG

′
(ξ)+µG(ξ) = 0,

where A, m ,λ and µ are constants to be determined later.
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Step 3. Balancing the highest order derivatives with the highest nonlinear terms in Eq. (2.3),
we can find the balance number m in Eq. (2.4).

Step 4. Substituting Eq. (2.4) along with Eq. (2.5) into Eq. (2.3) and setting all the co-
efficients of powers of (G

′
G ) to zero, we have a set of algebraic equations which can be solved

to find the values of A, λ, µ, k and w.

Step 5. We solve the ODE (2.5) to find the values of the ratio (G
′

G ). Consequently, we
can find the exact traveling wave solutions and the solitary wave solutions of Eq. (2.1).

3. Applications

In this section, we will apply the method described in Sec.2, to find exact traveling wave
solutions and the solitary wave and singular solitary wave solutions of the following nonlinear
PDEs:

Example 3.1. The convection-diffusion-reaction equation with power-law nonlinearity and
with density-independent diffusion.

This equation is well-known [54] and has the form:

(3.1) ut = [u(b0 +b1up)]x +uxx +u(1−up)(c0 + c1up) , p > 0,

where p,b0,b1,c0,c1 are real numbers. Eq. (3.1) is a general equation which can include the
Fisher equation and a number of other well-known convection-diffusion-reaction equations,
such as the Newell-whitehead equation, the Zeldovich equation and the Nagumo equation.
Eq. (3.1) has been discussed in [54] using a simplest equation method based on the Ricatti
and Bernoulli equations, where exact traveling wave solutions have been found. Eq. (3.1)
has not been discussed elsewhere using the method of Sec.2. Let us now, solve Eq. (3.1) by
using the method of Section 2. To this aim, we use the wave transformation

(3.2) u(x, t) = U(ξ), ξ = x− ct,

where c is a nonzero constant to be determined later referred as the velocity of the traveling
wave propagation, to reduce Eq. (3.1) into the following nonlinear ODE:

(3.3) U
′′
+b1(p+1)U ′U p +(c+b0)U ′+ c0U +(c1− c0)U p+1− c1U2p+1 = 0.

Balancing U
′′

with U2p+1 yields the balance number m as follows:

(3.4) m =
1
p
, p > 0,

which is non-integer. From (2.4) and (3.4), we assume that the solution of Eq. (3.3) has the
form

(3.5) U(ξ) = A

[
G
′
(ξ)

G(ξ)

] 1
p

, p > 0,
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where G(ξ) satisfies Eq. (2.5). Substituting (3.5) along with Eq. (2.5) into Eq. (3.3) and
according to the homogeneous balance principle [55], collecting all the coefficients of powers
of

[
G
′(ξ)

G(ξ)

]
and setting them to zero, we have the following algebraic equations:

(3.6)
(

G′

G

) 1
p

: (λ2 +2µ)−λP(c+b0)+ c0 p2−µb1 p(p+1)Ap = 0,

(3.7)
(

G′

G

) 1
p−1

: [λ(2− p)− p(c+b0)]µ = 0,

(3.8)
(

G′

G

) 1
p +1

: λ(2+ p)− p(c+b0)+ [p2(c1− c0)− pλb1(p+1)]Ap = 0,

(3.9)
(

G′

G

) 1
p−2

: µ2(1− p) = 0,

(3.10)
(

G′

G

) 1
p +2

: (1+ p)−b1 p(p+1)Ap− c1 p2A2p = 0

From (3.7) or (3.9) we deduce that

(3.11) µ = 0 .

From (3.8) and (3.10) we have the equation

(3.12) λ(2+ p)−λ[(p+1)− c1 p2A2p]− p(c+b0)+ p2(c1− c0)Ap = 0,

which can be simplified to become

(3.13) λ c1 p2A2p + p2(c1− c0)Ap− p(c+b0)+λ = 0.

Substituting (3.11) into (3.6) we have

(3.14) λ2−λp(c+b0)+ p2c0 = 0.

Multiply Eq.(3.13) by λ and using Eq.(3.14) we have

(3.15) c1 p2λ2A2p +λp2Ap(c1− c0)− c0 p2 = 0.

From (3.10) and (3.15) we have the condition

(3.16)
c1 p2λ2

c1 p2 =
λp2(c1− c0)
b1 p(p+1)

=
c0 p2

p+1
,

which gives

(3.17) λ2 =
λp(c1− c0)
b1(p+1)

=
c0 p2

p+1
,
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where c1 6= c0. By solving Eq. (3.15) and using relations (3.17) we deduce that

(3.18) AP =
c0

λc1
or AP =

−1
λ

,

where

(3.19) λ =
p(c1− c0)
b1(p+1)

and λ2 =
c0 p2

p+1
.

Now, from (3.14) and (3.19) we deduce that the velocity c is given by

(3.20) c =
b1c0(p+2)
(c1− c0)

−b0,

and consequently ξ is given by

(3.21) ξ = x− ct = x−
[

c0b1(p+2)
(c1− c0)

−b0

]
t.

The exact traveling wave solution of Eq. (3.1) is given by

(3.22) U(ξ) =

[
−c0

c1

(
A1 e−λξ

A0 +A1 e−λξ

)] 1
p

,

or

(3.23) U(ξ) =

[
A1 e−λξ

A0 +A1 e−λξ

] 1
p

,

where A0 and A1 are constants of integration. Setting A0
A1

= ±e−λξ0 , where ξ0 is a constant,
then we have the solitary wave solutions of Eq. (3.1) in the forms

(3.24) U(ξ) =
{−c0

2c1

[
1− tanh

λ(ξ−ξ0)
2

]} 1
p

,

or

(3.25) U(ξ) =
{

1
2

[
1− tanh

λ(ξ−ξ0)
2

]} 1
p

,

while, the singular solitary wave solutions of Eq. (3.1) have the forms

(3.26) U(ξ) =
{−c0

2c1

[
1− coth

λ(ξ−ξ0)
2

]} 1
p

,

or

(3.27) U(ξ) =
{

1
2

[
1− coth

λ(ξ−ξ0)
2

]} 1
p

,

where c0/c1 < 0.
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Example 3.2. The convection-diffusion-reaction equation with power-law nonlinearity and
with density-dependent diffusion

This equation is well-known [54] and has the form:

(3.28) ut = [u(b0 +b1up)]x +(up+1)xx +u1−p(1−up)(c0 + c1up), p > 0 ,

where p,b0,b1,c0,c1 are real numbers. Eq. (3.28) has been discussed in [54] using a simplest
equation method based on the Riccati and Bernoulli equations. Eq. (3.28) has not been
investigated elsewhere using the method of Section 2. Let us now solve Eq. (3.28) using the
method of Section 2. To this aim, we use the wave transformation (3.2) to reduce Eq. (3.28)
into the following ODE:

(3.29)
(p+1)U pU ′′+b1(p+1)U ′U p +(c+b0)U ′+ p(p+1)U p−1U ′2

+ c0U1−p +(c1− c0)U− c1U p+1 = 0.

Balancing U pU ′′ with U1−p gives the balance number m as follows:

(3.30) m =
−1
p

, p > 0,

which is non-integer. From (2.4) and (3.30), we assume that the solution of Eq. (3.29) has
the form

(3.31) U(ξ) = A
[

G′(ξ)
G(ξ)

]−1
p

, p > 0,

where G(ξ) satisfies Eq. (2.5). Substituting (3.31) along with Eq. (2.5) into Eq. (3.29) and
according to the homogeneous balance principle [55], collecting all the coefficients of powers

of [G
′
(ξ)

G(ξ) ] and setting them to zero, we have the following algebraic equations:

(3.32)
(

G′

G

)−1
p

: Ap [b1 p(p+1)+λ(p+1)(p+2)]+λP(c+b0)− (c0− c1)p2 = 0,

(3.33)

(
G′

G

)−1
p −1

: µ p(c+b0)−Ap[c1 p2−λ b1 p(p+1)

− (p+1)(λ2 +2µ)−λ2 p(p+1)−2µp(p+1)] = 0,

(3.34)
(

G′

G

)−1
p +1

: p(c+b0)+ c0 p2A−p +(p+1)Ap = 0,

(3.35)
(

G′

G

)−1
p −2

: Apµ [b1 p(p+1)+λ(p+1)(p+2)+2λp(p+1)] = 0,

(3.36)
(

G′

G

)−1
p −3

: µ2(p+1)(2p+1)Ap+1 = 0.



SOLITONS AND OTHER SOLUTIONS TO NONLINEAR PDEs ... 755

From (3.35) or (3.36) we deduce that

(3.37) µ = 0.

Now, Eq. (3.33) reduces to

(3.38) λ2(p+1)2 +λb1 p(p+1)− c1 p2 = 0.

Multiply Eq. (3.34) by Ap, we get the equation

(3.39) (p+1)A2p + p(c+b0)Ap + c0 p2 = 0.

Multiply Eq. (3.39) by λ and use Eq. (3.32) we have the equation

(3.40) λ(p+1)A2p +[(c0− c1) p2−{b1 p(p+1)+λ(p+1)(p+2)}Ap]Ap +λc0 p2 = 0,

which can be rewritten in the form

(3.41) (p+1)[λ(p+1)+b1 p]A2p− (c0− c1) p2Ap−λc0 p2 = 0.

With the aid of (3.38), we can solve Eq. (3.41) to get

(3.42) Ap =
λc0

c1
or Ap =−λ,

where λ can be determined by solving Eq. (3.38) to get the values

(3.43) λ =
p

2(p+1)

[
−b1±

√
b2

1 +4c1

]
and c1 6= 0.

In the case of Ap = λc0
c1

, we deduce from (3.39) that the velocity c is given by

(3.44) c =−
[

λ2c0(p+1)+ c2
1 p2

λc1 p
+b0

]
,

while in the case of Ap =−λ we deduce from(3.39) that the velocity c is given by

(3.45) c =
[

λ2(p+1)+ c0 p2

λp
−b0

]
.

Note that the values (3.44) and (3.45) can be found also if we use the Eqs. (3.32) and (3.38).
Now, the exact traveling wave solutions of Eq. (3.28) are

(3.46) U(ξ) =

[
−c1

c0

(
A1 e−λξ1

A0 +A1 e−λξ1

)]−1
p

,

where ξ1 is given by

(3.47) ξ1 = x− ct = x+
[

λ2c0(p+1)+ c2
1 p2

λc1 p
+b0

]
t,
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or

U(ξ) =

[
A1 e−λξ2

A0 +A1 e−λξ2

]−1
p

,

where ξ2 is given by

(3.48) ξ2 = x− ct = x−
[

λ2(p+1)+ c0 p2

λp
−b0

]
t,

and λ is given by (3.43). Setting A0
A1

= ±e−λξ0 , where ξ0 is a constant, then we have the
solitary wave solutions of Eq. (3.28) as follows:

(3.49) U(ξ) =
{−c1

2c0

[
1− tanh

λ(ξ1−ξ0)
2

]}−1
p

,

or

(3.50) U(ξ) =
{

1
2

[
1− tanh

λ(ξ2−ξ0)
2

]}−1
p

,

while the singular solitary wave solutions of Eq. (3.28)are given by:

(3.51) U(ξ) =
{−c1

2c0

[
1− coth

λ(ξ1−ξ0)
2

]}−1
p

,

or

(3.52) U(ξ) =
{

1
2

[
1− coth

λ(ξ2−ξ0)
2

]}−1
p

,

where c1/c0 < 0.

Example 3.3. The generalized KdV-mKdV equation with any order nonlinear terms

This equation is well-known [51]-[53] and has the form:

(3.53) ut +(α+βup + γu2p)ux +uxxx = 0, p > 0 ,

where α,β,γ and p are constants. Eq. (3.53) has been investigated in [51] using the homo-

geneous balance principle combined with a sub-ODE method and in [53] using the (G
′

G )-

expansion method which is absolutely different from (G
′

G )-expansion method described in
Section 2. Eq. (3.53) has not been discussed elsewhere using the method in Section 2. Let
us now solve it using the method of Section 2. To this aim, we use the wave transformation
(3.2) to reduce Eq. (3.53) into the following ODE:

(3.54) (α− c)U ′+βU ′U p + γU ′U2p +U ′′′ = 0.
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Integrating (3.54) once with respect to ξ with vanishing the constant of integration, we get

(3.55) (α− c)U +
(

β
p+1

)
U p+1 +

(
γ

2p+1

)
U2p+1 +U ′′ = 0.

Balancing U ′′ with U2p+1 yields the balance number m as follows:

(3.56) m =
1
p
, p > 0,

which is non-integer. From (2.4) and (3.56), we assume that the solution of Eq. (3.55) has
the form

(3.57) U(ξ) = A

[
G
′
(ξ)

G(ξ)

] 1
p

, p > 0,

where G(ξ) satisfies Eq. (2.5). Substituting (3.57) along with Eq. (2.5) into Eq. (3.55) and
according to the homogeneous balance principle [55], collecting all the coefficients of powers

of
[

G
′
(ξ)

G(ξ)

]
and setting them to zero, we have the following algebraic equations:

(3.58)
(

G′

G

) 1
p−2

: Aµ2(1− p2)(1+2p) = 0,

(3.59)
(

G′

G

) 1
p +2

: γp2A2p(1+ p)+(1+2p)(p+1)2 = 0,

(3.60)
(

G′

G

) 1
p +1

: βp2Ap(1+2p)+λ(1+2p)(p+1)(p+2) = 0,

(3.61)
(

G′

G

) 1
p

: (α− c)p2(p+1)(1+2p)+(λ2 +2µ)(1+2p)(p+1) = 0 ,

(3.62)
(

G′

G

) 1
p−1

: λµ(2− p)(p+1)(1+2p) = 0.

From (3.58) or (3.62) we deduce that

(3.63) µ = 0.

Eq. (3.59) gives

(3.64) A2p =−(p+1)(1+2p)
γp2 ,

while (3.60) gives

(3.65) Ap =−λ(p+1)(2+ p)
βp2 ,
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From (3.64) and (3.65) we conclude that

(3.66) λ2 =− β2 p2(2p+1)
γ(p+1)(p+2)2 .

Substituting (3.63) and (3.66) into Eq. (3.61) we have the velocity c as follows:

(3.67) c = α− β2(2p+1)
γ(p+1)(p+2)2 ,

and consequently ξ is given by

(3.68) ξ = x− ct = x−
[

α− β2(2p+1)
γ(p+1)(p+2)2

]
t.

From (3.65) and (3.66) we deduce that

(3.69) Ap =
β(2p+1)
λγ(p+2)

.

Now, the exact traveling wave solution of Eq. (3.53) is given by

(3.70) U(ξ) =

[
−β(2p+1)

γ(p+2)

(
A1 e−λξ

A0 +A1 e−λξ

)] 1
p

,

where A0 and A1 are arbitrary constants of integration.
Choose A0

A1
= ±e−λξ0 , where ξ0 is a constant, we have the solitary wave solution of Eq.

(3.53) in the form

(3.71) U(ξ) =
{
−β(2p+1)

2γ(p+2)

[
1− tanh

λ(ξ−ξ0)
2

]} 1
p

,

and the singular solitary wave solution of Eq. (3.53) in the form

(3.72) U(ξ) =
{
−β(2p+1)

2γ(p+2)

[
1− coth

λ(ξ−ξ0)
2

]} 1
p

,

provided β/γ < 0, and λ, ξ are given by (3.66) and (3.68) respectively.

Example 3.4. The generalized KdV-mKdV equation with higher-order nonlinear terms

This equation is well-known [52] and has the form:

(3.73) ut +(εu−2p +δu−p +α+βup + γu2p)ux +uxxx = 0, p > 1 ,

where ε,δ,α,β,γ and p are real numbers. If ε = δ = 0, then Eq. (3.73) reduces to the ge-
neralized KdV-mKdV equation (3.53) with any order nonlinear terms. Eq. (3.73) has been
investigated in [52] using the homogeneous balance principle combined with a subsidiary
ODE method, and its solutions have been found. Eq. (3.73) has not been solved elsewhere
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using the method of Section 2. Let us now solve it using the method of Section 2. To this
aim, we use the wave transformation (3.2) to reduce Eq. (3.73) into the following nonlinear
ODE:

(3.74) (α− c)U ′+ εU ′U−2p +δU ′U−p +βU ′U p + γU ′U2p +U ′′′ = 0.

Integrating (3.74) with respect to ξ with vanishing the constant of integration, we get

(3.75)
(α− c)U +

(
ε

1−2p

)
U1−2p +

(
δ

1− p

)
U1−p +

(
β

1+ p

)
U1+p

+
(

γ
1+2p

)
U1+2p +U ′′ = 0.

Balancing U
′′

with U2p+1 yields the balance number m as follows:

(3.76) m =
1
p
, p > 1 ,

which is non-integer. From (2.4) and (3.76), we assume that the solution of Eq. (3.75) is
given by

(3.77) U(ξ) = A
[

G′(ξ)
G(ξ)

] 1
p

,

where G(ξ) satisfies Eq. (2.5). Substituting(3.77) along with Eq. (2.5) into Eq. (3.75) and
according to the homogeneous balance principle [55], collecting all the coefficients of powers

of
[

G
′
(ξ)

G(ξ)

]
and setting them to zero, we have the following algebraic equations:

(3.78)
(

G′

G

) 1
p

: (α− c)p2 +(λ2 +2µp) = 0,

(3.79)
(

G′

G

) 1
p +1

: βp2Ap +λ(1+ p)(2+ p) = 0,

(3.80)
(

G′

G

) 1
p +2

: γp2A2p +(1+ p)(1+2p) = 0,

(3.81)
(

G′

G

) 1
p−1

: δp2A−p +λµ(1− p)(2− p) = 0,

(3.82)
(

G′

G

) 1
p−2

: εp2A−2p +µ2(1− p)(1−2p) = 0.

Eqs. (3.79) and (3.80) give

(3.83) Ap =−λ(1+ p)(2+ p)
βp2 and A2p =−(1+ p)(1+2p)

γp2 ,
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while from (3.81) and (3.82), we have

(3.84) A−p =−λµ(1− p)(2− p)
δp2 and A−2p =−µ2(1− p)(1−2p)

εp2 .

From (3.83) and (3.84), we note that the interchanges p↔−p yields the relations

(3.85) δ = µ β and ε = µ2 γ .

From (3.83) we have

(3.86) λ2 =− β2 p2 (1+2p)
γ (1+ p)(2+ p)2 ,

while from (3.84) we have

(3.87) λ2 =− δ2 p2 (1−2p)
ε (1− p)(2− p)2 .

Under conditions (3.85) we see the right-hand-side of (3.86) is the same as the right-hand-side
of (3.87). Now, the exact traveling wave solution of Eq. (3.73) is given by

(3.88) U(ξ) =
[

β(2p+1)
λ γ(p+2)

(
G′(ξ)
G(ξ)

)] 1
p

,

where, with the aid of (3.78) and (3.86) we can determine the velocity c, and consequently
we have

(3.89) ξ = x− c t = x−
[

α− β2(1+2p)
γ(1+ p)(2+ p)2 +

2µ
p

]
t .

It is well-known that, the ratio
(

G′
G

)
can be determined with the help of the solutions of Eq.

(2.5) to get

(i) If λ2−4µ > 0, then

(3.90)
(

G′

G

)
=−λ

2
+

1
2

√
λ2−4µ


C1 exp

(
ξ
2

√
λ2−4µ

)
−C2 exp

(−ξ
2

√
λ2−4µ

)

C1 exp
(

ξ
2

√
λ2−4µ

)
+C2 exp

(−ξ
2

√
λ2−4µ

)

,

where C1 and C2 are arbitrary constants, while ξ is given by (3.89).
From (3.88) and (3.90), the exact traveling wave solution of Eq. (3.73) is given by

(3.91)

U(ξ)=



−

β(2p+1)
2 γ(p+2)


1−

√
λ2−4µ

λ


C1 exp

(
ξ
2

√
λ2−4µ

)
−C2 exp

(−ξ
2

√
λ2−4µ

)

C1 exp
(

ξ
2

√
λ2−4µ

)
+C2 exp

(−ξ
2

√
λ2−4µ

)










1
p

,
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where β/γ < 0. Choosing C2
C1

=± e−
√

λ2−4µ ξ0 , where ξ0 is a constant, then the solitary wave
solution of Eq. (3.73) follows from (3.91) and has the form

(3.92) U(ξ) =

{
−β(2p+1)

2 γ(p+2)

[
1−

√
λ2−4µ

λ
tanh

(
1
2

√
λ2−4µ (ξ−ξ0)

)]} 1
p

,

which is agreement with (3.71) if µ = 0 (i.e., if ε = δ = 0), while the singular solitary wave
solution of Eq. (3.73) follows also from Eq. (3.91) and has the form

(3.93) U(ξ) =

{
−β(2p+1)

2 γ(p+2)

[
1−

√
λ2−4µ

λ
coth

(
1
2

√
λ2−4µ (ξ−ξ0)

)]} 1
p

,

which is agreement with (3.72) if µ = 0 (i.e. i f ε = δ = 0) . Note that

(3.94) λ2−4µ =−
[

β2 p2(2p+1)
γ(1+ p)(p+2)2 +4µ

]
,

which is positive if γ < 0 and µ < 0 and negative if γ > 0 and µ > 0. Consequently, we have
the following results:

(ii) If λ2−4µ < 0, then

(3.95)

(
G
′

G

)
=−λ

2
+

1
2

√
4µ−λ2



−C1 sin

(
ξ
2

√
4µ−λ2

)
+C2 cos

(
ξ
2

√
4µ−λ2

)

C1 cos
(

ξ
2

√
4µ−λ2

)
+C2 sin

(
ξ
2

√
4µ−λ2

)


,

where C1 and C2 are arbitrary constants, while ξ is given by (3.89). From (3.88) and (3.95),
we have the exact traveling wave solution of Eq. (3.73) in the form:

(3.96)

U(ξ)=




−β(2p+1)

2 γ(p+2)


1−

√
4µ−λ2

λ



−C1 sin

(
ξ
2

√
4µ−λ2

)
+C2 cos

(
ξ
2

√
4µ−λ2

)

C1 cos
(

ξ
2

√
4µ−λ2

)
+C2 sin

(
ξ
2

√
4µ−λ2

)











1
p

,

where β/γ < 0 .

Choosing C2
C1

= tan (ξ0
2

√
4µ−λ2), where ξ0 is a constant, then we have the trigonometric

function solution

(3.97) U(ξ) =



−

β(2p+1)
2 γ(p+2)


1+

√
4µ−λ2

λ
tan

(
1
2

√
4µ−λ2 (ξ−ξ0)

)






1
p

,
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while if C1
C2

= tan (ξ0
2

√
4µ−λ2), where ξ0 is a constant, then we have the trigonometric

function solution

(3.98) U(ξ) =



−

β(2p+1)
2 γ(p+2)


1−

√
4µ−λ2

λ
cot

(
1
2

√
4µ−λ2 (ξ+ξ0)

)






1
p

,

where ξ is given by (3.89).

(iii) If λ2−4µ = 0, then we get

(3.99)
(

G′

G

)
=−λ

2
+

C2

C1 +C2ξ
,

where C1 and C2 are arbitrary constants. With the aid of (3.89) we deduce that

(3.100) ξ = x−
[

α− β2(1+2p)
2γ(1+ p)(2+ p)

]
t .

Now, we have the rational function solution of Eq. (3.73) as follows:

(3.101) U(ξ) =
{
−β(2p+1)

2 γ(p+2)

[
1− C2

λ(C1 +C2ξ)

]} 1
p

,

where ξ is given by (3.100), and β/γ < 0.

4. Physical explanations for some results

In this section, we present some graphs of the solitary wave solutions by taking suitable
values of the parameters to visualize the mechanism of the original equations (3.1), (3.28),
(3.53) and (3.73). Their solutions (3.24), (3.49), (3.71) and (3.92) are solitary wave solutions,
while their solutions (3.26), (3.51), (3.72) and (3.93) are singular solitary wave solutions
respectively. Eq. (3.73) has also the trigonometric solution (3.97) and (3.98) as well as the
rational function solution (3.101). For more convenience, the graphical representations of
some of these solutions are shown in Figs. 1-3 as follows:

5. Conclusions

We have derived the exact traveling wave solutions including the solitary wave and singular
solitary wave solutions for the nonlinear PDEs (3.1), (3.28), (3.53) and (3.73) having non-
integer balance numbers by using (G

′
G )-expansion method with the aid of the homogeneous

balance principle described in Section 2 of this paper. In view of mathematical analysis,
we see that the used method is an efficient method of integrability for constructing these
solutions. On comparing the used method described in Section 2 of this paper with the
other methods used in [27]-[46], [51]-[54] we deduce that our method is different and to
our knowledge has been used in the first time to solve the equations (3.1), (3.28), (3.53) and
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Figure 1: The solitary wave solutions (3.24) and (3.49)

Figure 2: The singular solitary wave solutions (3.26) and (3.51)

Figure 3: The solitary wave solutions (3.71) and (3.92)
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(3.73). Consequently, our results in this paper are new and not reported elsewhere. The
obtained solutions may be significant important for the explanations of some special physical
phenomena. Finally, our results in this article have been checked by using the Maple by
putting them back into the original equations (3.1), (3.28), (3.53) and (3.73).

Acknowledgments. The authors wish to thank the referees for their interesting suggestions
and comments to improve this article.
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