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Abstract. A generalized hypersubstitution of type 7 = (m,n) is a mapping ¢ which
maps the m-ary operation symbol f and n-ary operation symbol g to the term o(f)
and o(g), and may not preserved arities. Each generalized hypersubstitution can be
extended to a mapping & on the set of all terms of type 7 = (m,n). The struc-
ture (Hypa(7); 0@, 0iq) is a monoid where o4 is an identity hypersubstitution. A pre-
generalized hypersubstitution of type 7 = (m,n), namely o, is a generalized hyper-
substitution of type 7 = (m,n) where o(f) and o(g) are not variables. In this paper,
we characterize idempotent pre-generalized hypersubstitutions of type 7 = (m,n).
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1. Introduction

Let n be a natural number. Let X,, = {x1,...,2,} be an n-element set. The
set X, is called an n-element alphabet and its elements are called variables. Let
{fi : i € I} be the set of operation symbols, indexed by set I. The sets X,
and {f; : ¢ € I} have to be disjoint. To every operation symbol f;, we assign a
natural number n; > 1, called the arity of f;. As in the definition of algebra, the
sequence T = (n;);e; of all the arities is called the type. The classes of algebras
are described by logical expressions. This formal language is built up by variables
from an n-element set. With this notation for operation symbols and variables,
we can define the terms of type 7, (see [3], [4], [5]).

An n-ary terms of type 7 is defined in the following inductive way:
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(i) Every variable z; € X, is an n-ary term.

(i) If ty,...,t,, are n-ary terms and f; is an n;-ary operation symbol, then
fi(ty, ..., t,,) is an n-ary term.

The set W, (X,) = W.({x1,...,2,}) of all n-ary terms is the smallest set
which contains 1, ..., z, and is closed under finite application of (ii). We denote
the set of all terms of type 7 by

WA(X) = | W (Xom).

Denoted by var(t), op(t), ops(t) and firstop(t) the set of all variables occurring in
the term ¢, the number of operation symbols occurring in the term ¢, the set of all
operation symbols occurring in the term ¢ and the first operation symbol (from
the left) occurring in the term ¢, respectively.

Terms can be visualized as trees, where the vertices are labeled by operation
symbols and the leaves are labeled by variables (see [1]). Trees have many ap-
plications in Mathematics, Computer Science, Linguistic and in other fields. For
instance, the following tree corresponds to the term:

f(f($1,.1'2), f(f(xlaxQ)v f(xbx?)))'

1 €2 &1 o xry X2

In universal algebra, identities are used to classify algebras into collections,
called varieties and hyperidentities are used to classify varieties into collections,
called hypervarities. The concept of hypersubstitution was introduced by K. De-
necke, D. Lau, R. Poschel and D. Schweigert [2]. In [8], S. Leeratanavalee and K.
Denecke gave the concept of generalized superposition of terms S* : (W, (X))k+! —
W.(X) by the following steps: for any term ¢t € W, (X),

(ll) lf t=ux € X\Xk;, then Sk([lf,th .. 7tk:) =

(iii) if ¢ = fi(s1,...,5,,) and assume that S¥(s;, t1,...,¢) for 1 < j < n; are
already defined, then

SE(filsty .oy 8n)stey o te) i= fi(S®(s1, b, tr)y oo, S¥(Sn b, ooy t)).
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Such operation is a tool to study generalized hypersubstitutions.

A generalized hypersubstitution of type 7 is a mapping o:{ f;:i € [}—W, (X)
which maps operation symbols of type 7 to a term of the same type, and may
not preserved arity. We denoted by Hypq(7) the set of all generalized hypersub-
stitutions of type 7. The generalized hypersubstitution o can be extended to a
mapping ¢ : W, (X) — W,(X) on the set of all terms of type 7 inductively defined
as follows:

(i) olz] =2 € X;

(i) olfi(tr,... tn,)] == S"(o(f;),c[t], ..., 0ts,]) for any n;-ary operation sym-
bol f; and assume that [t;] are already defined for all 1 < j < n,.

The concept of generalized hypersubstitutions is a generalization of the concept
of hypersubstitutions.

In [8], the authors defined a binary operation og on Hypq(7) by 01 og 09 :=
01 0 09 where o is an usual composition. They have shown that the structure
Hyp(7) :== (Hypg(7); oG, 0iq) is a monoid where oiq is an identity hypersubsti-
tution. The authors also proved the following propositions.

Proposition 1.1 ([8]). For arbitrary termst, ty, ..., t, € W.(X) and for arbitrary
generalized hypersubstitutions o, 01,09 we have

(i) S™(alt],alt1],...,alts]) = a[S™(t, t1, ..., tn)],

<ll) ((3'1 e} 0'2) == 5'1 (¢] (3'2.

Proposition 1.2 ([8]). The monoid Hyp(7) := (Hyp(T);0n, 0:a) of all arity pre-
serving hypersubstitutions of type T forms a submonoid of Hyp,(T).

2. Pre-generalized hypersubstitutions of type (m,n)

In [2], the authors studied M-hyperidentities and M-solid varieties based on sub-
monoid M of the monoid Hyp(7). They defined a number of natural such monoid
based on various properties of hypersubstitutions.

According to [10], the authors studied pre-generalized hypersubstitutions of
type (2,2). In practice, the type of these two operation symbols that we consider
need not to be (2,2). Thus, we extend this idea to consider operation symbols of
type (m,n). This section we provide the definition of pre-generalized hypersub-
stitutions of type (m,n). We also recall the definitions of projection generalized
hypersubstitutions and weak projection generalized hypersubstitutions of type
(m,n).

Definition 2.1. Let f and g be operation symbols of type (m,n). We denote the
generalized hypersubstitution o with o(f) = ¢, and o(g) = t2 by oy, 4,.
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(i) A generalized hypersubstitution o of type (m,n) is called a projection gene-
ralized hypersubstitution if the term o(f) and o(g) are variables. We denote
the set of all projection generalized hypersubstitutions of type (m,n) by
Pg(m,n).

(ii) A generalized hypersubstitution o of type (m,n) is called a weak projection
generalized hypersubstitution if the term o(f) or o(g) is variable. We denote
the set of all weak projection generalized hypersubstitutions of type (m,n)
by W Pg(m,n).

(iii) A generalized hypersubstitution o of type (m,n) is called a pre-generalized
hypersubstitution if the terms o(f) and o(g) are not variables. We denote the
set of all pre-generalized hypersubstitutions of type (m,n) by Preg(m,n).
That is, Preg(m,n) := Hypg(m,n) \ W Pg(m,n).

In [7], S. Leeratanavalee showed that for any type 7, the set Ps(7)U{0iq} and
Preg(r) are submonoids of Hypg (7). It is easy to see that W Pg(7) U {oia} is a
submonoid of Hyp¢(7), and Pg(7)U {034} forms a submonoid of W Pg (1) U{0ia},
(see [7]).

In 2007, S. Leeratanavalee [6] characterized idempotent elements of weak pro-
jection generalized hypersubstitutions of type (2,2) which was published in 2011.
Later, in 2015, N. Lekkoksung and P. Jampachon [9] characterized idempotent
elements of weak projection generalized hypersubstitutions of type (m,n).

Another submonoid of the monoid of all generalized hypersubstitutions of
type 7 is the monoid of all pre-generalized hypersubstitutions of type 7. In 2007,
W. Puninagool and S. Leeratanavalee [10] characterized idempotent elements of
pre-generalized hypersubstitutions of type (2,2). In this paper, we characterize
idempotent pre-generalized hypersubstitutions of type (m,n).

3. Main results

For any semigroup S, an element e of S is called an idempotent element of S if
ee = e. In this section, we present a sufficient and necessary condition for elements
of Preg(m,n) to be an idempotent element.

Let F be a variable over the two-elements alphabet { f, g}. Lett = F(t1,...,t;)
where F has arity j € {m,n} and i < min{m,n}, we define M'(t) by:

(ii) if t; = F'(sy....,sx) where F’ has arity k € {m,n} and assume that M*(s;)
are already defined, then M(t) = M*(s;).

For example, let f and g be operation symbols of type 3 and 2, respectively, and
t = f(xy,x3, f(x1, 29, (21, f(21,21,22)))). This term ¢ can be visualized by a
tree:
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A ry X2

Then

M(t) = z4 M?3(t) = z3 M3(t) does not define.
M?(g(w1, f(zr,21,22)) = 21 MP(f (21,21, 22)) = 2.

Proposition 3.1 ([9]). Let oy, +, be a generalized hypersubstitution of type (m,n).
Then the following statements are equivalent:

(1) o1, is idempotent;
(11) &tl,tg [tl] = tl and &tl,tg [tQ] = t2.

To characterize idempotent elements of Preg(m,n), we separate our consi-
deration into three cases:

Case 1. op(t1) = 1 and op(t2) = 1;
Case 2. op(t1) = 1, op(tz) > 1 and op(ty) > 1, op(t2) = 1;
Case 3. op(t1) > 1 and op(t2) > 1.

Case 1. op(t1) =1 and op(tz) =1
Assume that 6y, 4,[t1] = t1, in case of op(t1) = 1 = op(t2), we consider only three

cases:

1. firstop(t1) = f and firstop(to) = f;
2. firstop(t1) = ¢ and firstop(t2) = g;
3. firstop(t1) = f and firstop(t2) = ¢

since for the case firstop(t1) = ¢ and firstop(ty) = f is impossible. Indeed, for
S1,.--,8m € X,

b = a-tl,tz[tl] = Sm(gtl,t2<g)v S1y-+ 4 Sm) = Sm(tQa S15-+ 45 Sm)'

This implies firstop(¢;) = f, a contradiction.
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Proposition 3.2. Letty = f(s1,...,5m) and ty = f(s),...,s),) where s1,..., Sm,

sy, ...,s € X. Then the followmg statements are equivalent:
(1) o4, is idempotent;
(2) the following conditions holds:

(i) if z; € var(ty) where 1 < j <m, then s; = x;;

)
(ii) if si = x; where 1 <14,j < m, then s; = s';
if sj=x € X\ Xy, where 1 < j <m, then s’ = .

j
(

(1

Proof. (1) = (2) : Since oy, +, is idempotent, 6y, 1,[t1] = t1 and 6y, 4, [t2] = to.
That is, S™(t1, 51, .., Sm) = t1 and S™(t1,s],...,s,) = t1.

(i) Assume that z; € var(t;) where 1 < j < m. We suppose that s; = z; where
x; € X, and ¢ # j. Thus, we have to replace z; in the term ¢; by z;. This
implies that S™(t1,s1,. .., Sm) # t1, a contradiction. Hence, s; = x;.

(ii) Assume that s; = x; where 1 < 4,7 < m. Suppose that s’ # s;. From
S™(ty, 8, ..., s.,), we have to replace s; in the term ¢; by s;. Since s # i,
S™ (1,81, - -, Sp,) 7 t2, this is a contradiction. Thus, s’ = ;.

(i) Assume that s; = v € X \ X, where 1 < j < m. Suppose that s’ # =.

From S™(ty,s,...,s),), we have to replace s; in the term ¢; by x. Since

si # x, S™(t1, 81, ..., 8),) # ta, this is a contradiction. Thus, s} = =.
(2) = (1) : We consider these conditions:
(i) If z; € var(t;) where 1 < j < m, then we replace z; in the term ¢; by x;.
(ii) If s; = x; where 1 <4,j < m, then we replace z; in the term ¢; by s/.
(iii) Ifs; =2 € X\ X,, where 1 < j < m, then we replace = in the term ¢; by =.
This shows that 4, 1,[t1] = t1 and 6y, 4,[t2] = t2. Therefore, oy, 4, is idempotent. m
Similarly, we obtain the following proposition.

Proposition 3.3. Let t; = g(s1,...,8,) and ty = g(s},...,s)) where sq,..

ren

S1y..., s € X. Then the following statements are equivalents:

'787'!»7

(1) o4, is idempotent;
(2) the following conditions hold:

(i) if x; € var(ty) where 1 < j < n, then s, = x;;
(ii) if s; = x; where 1 <1i,j <n, then s; = s;;

(iil) if sy =2 € X \ X, where 1 < j <, then s; = x.
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For the last possibility, in case of op(t1) = 1 = op(t2), we obtain the following
proposition.

/

Proposition 3.4. Let t; = f(s1,...,8n) and to = g(s},...,s)) where sy,..., Sm,

sy, ...,s, € X. Then the following statements are equivalents:
(1) o4, is idempotent;
(2) the following conditions holds:

(i) if z; € var(ty) where 1 < j <m, then s; = x;;
(ii) if x € var(ty) where 1 <k <n, then s = x.

Proof. (1) = (2) : Since oy, 4, is idempotent,

(31) tl = &tl’tz [tl] = Sm(O'tth (f), S1yvny Sm) = Sm(tl, St1yv.y Sm)

(32) t2 = é't1,t2 [tz] = Sn(0t17t2 (g), Sll, ce ,S/n) = Sn(tQ, 8/1, ey 8;1)

(i) Assume that x; € var(t;) where 1 < j < m. We suppose that s; = z; where
x; € X and i # j. Then, in the right-hand-side of (3.1), we have to replace
x; in the term ¢; by x;. This implies S™(t1,51,...,Sm) # t1, which is a
contradiction. Thus, s; =

;-
(ii) Similarly to (i).
(2) = (1) : We consider the following conditions:

(i) If z; € var(t;) where 1 < j < m, then we replace z; in the term ¢; by x;.
(i) If x) € var(te) where 1 < j <mn, then we replace xj in the term ty by .
This shows that 6y, 1,[t1] = t1 and 6y, 4,[ta] = ta. Therefore, oy, 4, is idempotent. m

Case 2. op(t1) =1, op(t2) > 1 and op(t2) = 1, op(t;) > 1

At first, we consider in case that op(¢;) = 1 and op(t2) > 1. We need the following
lemmas before proving main results.

Lemma 3.5. Let oy, 1, be a generalized hypersubstitution of type (m,n). If op(t;)=1,
op(te) > 1 and oy, 4, is idempotent, then firstop(t,) = f.

Proof. Suppose that firstop(t;) = g. That is, t; = g(s1,...,S,) where sq,..., 8, €
Wimn)(X). Then

b = a-tl,tg [tl] = Sn(atl,tz(g)a S15- 445 Sn) = Sn(t27 S15- .- 73n) 7é 131

since op(t2) > 1. This is a contradiction, so firstop(t;) = f. .
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Lemma 3.6. Let 0y, 4, be a generalized hypersubstitution of type (m,n), op(t;)=1,
op(tz) > 1 and ty = f(s1,...,8m) where s1,...,8, € X. Then the following
conditions are equivalent:

(1) 6t1,t2 [tl] =t1;
2) firstop(t1) = f and if x; € var(ty) where 1 < 53 < m, then s; = x;.
j j j

Proof. (1) = (2) : By Lemma 3.5, we have firstop(t;) = f. Assume that
x; € var(ty) where 1 < 5 < m. We suppose that s; = x; where z; € X,, and
¢ # j. Thus, we have to replace z; in the term ¢; by x;. This implies that
S™(t1,81,-..,8m) # t1, a contradiction. Hence, s; = z;.

(2) = (1) : Since op(t;) = 1 and firstop(t;) = f, t1 = f(s1,...,5,) where
S1y...,8, € X. Consider

6t1,t2[t1] = Sm(atl,tz(f>751> SRR 871) = Sm(tlvsla cee 75n)>

if z; € var(t;) where 1 < j < m, then we replace z; in the term ¢; by z;. In
case that x € var(t;) where x € X \ X,,, then we replace z in the term ¢; by x.
Therefore, S™(t1, S1,...,8n) = t1, SO Gt 1,[t1] = t1. n

By the above lemma, in the case that op(t;) = 1, we have to consider the
following two cases:

e firstop(ts) = ¢;
e firstop(ts) = f.
Then we obtain the following proposition.

Proposition 3.7. Let 04,4, be a generalized hypersubstitution of type (m,n),
op(t1)=1, op(ts) > 1, t1=f(s},...,s),) andta=g(s1,...,s,) wheres),... s, € X,
51,35, € Winn)(X). Then the following conditions are equivalent:

(1) o4, is idempotent;
(2) the following conditions hold
(i) if x; € var(ty) where 1 < j <m, then s’ = x;;

J
(ii) if z; € var(te) where 1 < j <n, then s; = x;.

Proof. (1) = (2) : Since 6y, 4,[t1] = t1, (i) is satisfied by Lemma 3.6.

Assume that z; € var(ty) where 1 < j < n. We suppose that s; # z;
where 1 < j < n. Then s; € Wypn)(X) \ X or s; = x; where ¢ # j. If
Sj € W(m,n)(X) \ X, then Op(tQ) < Op(‘s’n(ah,m(g)a&thtz [31]7 SR 75—t17t2 [Sn])) It
s; = x; where 7 # j, then we have to replace z; in the term ty by z;. It follows
that S™(ta, G4y 1,[S1]s - - -5 Oty 45 [Sn]) # t2, which contradicts to the idempotency of
Oty 1,- Thus, s; = z;, that is, the condition (ii) is satisfied.

(2) = (1) : By Lemma 3.6, we have 6y, 4,[t1] = t;. We show that 6y, 4, [ta] = to.
Since 6y, ¢, [ta] = S™(t2, 0ty 1,51, - - -, Gty 15 [Sn]), We have to replace s; in the term ¢,
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by x; since the condition (ii) is satisfied. Thus, S™(t2, 64, t,[51], - - -, Oty 1, [Sn]) = to,
SO Gy, 1,[te] = ta2. Hence, oy, 4, is idempotent. n

To prove the case firstop(ty) = f, we need the following lemmas.

Lemma 3.8. Let 04,4, be an idempotent generalized hypersubstitution of type
(m,n), op(t) =1, op(ta) > 1 andty = f(s1,...,5m) wheresi, ..., 5y € Winn)(X).
If x; € var(t;) where 1 < j <m, then firstop(s;) = f or s; € X.

/

Proof. Assume that x; € var(t;). Suppose that s; = g(s},...,s),) where
sh, .o, 80 € Wiy (X). Since 6y, 4, [ta] = ta,

(33) t2 — Sm<t17 a-tl,tQ [81]) .. 76-7517752 [Sm])

Now, Gy, 1,[55] = S™(ta, G4y 1,[S1]s - - s Oty 15[50]), We replace 6y, 4,[s;] in (3.3), yield,
t2 — Sm<t17 é-tl,tg [81]7 e 76-151,152 [Sj—1]7 Sn(t27 a-tl,tQ [8/1]7 e 76-t17t2 [Sgl])7

(34) &tl,tz [3j+1]> s 76t1,t2 [Sm])

For simplicity, we write the right-hand-side of (3.4) by A. Since z; € var(ty),
op(t2) < op(A). This is a contradiction. Thus, firstop(s;) = f. .

Lemma 3.9. Let 04,4, be an idempotent generalized hypersubstitution of type
(m,n), op(t1) =1, op(te) > 1, t1 = f(xj,,...,2xj,,) and ty = f(51,...,S,) where
Ty g, € X, 51,00, 8m € Wimn)(X). Then ops(ts) = {f}.

Proof. Suppose that g € ops(tz). Without losing of generality, let firstop(5x) = ¢
/

for some 1 < k < m. We write 5, = g(s},...,s),) where s7,...,5), € W,n)(X).
Since (3',517152 [tg] = tg,

t? = Sm<t1a a—tl,tz [§1]7 s 75_t17t2 [gm])

Thus, there are two possibilities to consider.

If 2, € X\ X,, where 1 < k < m, then 6y, +,[Sx] must be z;,, otherwise
ty # S™(t1, 0ty 15[51], - Oty 1 [Sim)])-

If x;, € X,, where 1 < k < m, then by Lemma 3.8, firstop(5;) = f or 5, € X.
Therefore, we have ops(ty) = {f}. n

Lemma 3.10. Let 0y, ¢, be a generalized hypersubstitution of type (m, n), op(t1)=1,
op(te) > 1, t1y = f(z,,...,xj,) and to = f(51,...,5,) where xj,,...,z,;, € X,
51,050 € Wi (X). If 04,4, is idempotent, then &y, 4,[5:] = 55 for all k €

{1,...,m}.

Proof. Let i € {1,...,m}. Since 6y, 4,[t2] = to,

(35) t2 = f(gl, e 7§m) = Sm(th CATtth [§1]7 e ,&tl,tz [ng



836 N. LEKKOKSUNG, P. JAMPACHON

Thus, we replace z;, in the term t; by z;, if x;, € X \ X,,,. If z;, € X,,,, then we
replace xj, in the term ¢; by 64, 4,[5;,]. By (3.5), we obtain 6y, 4,[5;,] =5;. Then

&t17t2 [El] = (6t1,t2 © 6t1,t2)[§ji]

= (Utl,tz °aG O-t17t2> [gji]

&h to [gji] .

It follows that &y, 4,[5i] = 64, ,[5;,] = Si. .

Lemma 3.11. Let 04,4, be an idempotent generalized hypersubstitution of type
(m,n), op(t1) =1, op(te) > 1, t1 = f(s1,...,8m) and tos = f(51,...,Sy,) where
S1,..,8m € X, 51,...,5, € Wi (X). Ifs; =2 € X\ X, where1 < j <m,
then s5; = x whenever's; € X and M?(5;) = x whenever 5; ¢ X where 1 <1i < m.

Proof. Assume that s; =2z € X \ X,, where 1 <j <m.

o 5, € X : Since Gy, 4,[to] = ta,

tQ - Sm<t1, a’t17t2 [31], e 75—t17t2 [gm])

Thus, we have to replace s; =  in the term ¢; by z, otherwise
tQ 7é Sm(tl, OA'tth [51], ce ,(Afthtz [gm]) That iS, a’t17t2 [37] =&, SO §1 =X.

e 5, ¢ X where 1 <i < m: We suppose that M’(s;) # x. Now,
5= f(s,...,s),) where s|,..., s € W) (X). By Lemma 3.10,
&tl,tz [32] = Ei. Then

Si=f(sh, . 80) =S (t, 0015 [S1)s - s Oty [ST])-

Since s; € X \ X,,, we replace s; in the term ¢; by . Thus,
Si £ S™(t1, 04,4,[84], - - - Oty 12]8h,)) since MY (5;) # x, this is a contradiction.
Therefore M (5;) = . -

Proposition 3.12. Let 04,4, be a generalized hypersubstitution of type (m,n),
op(t1) =1, op(ta) > 1, t1 = f(s1,...,8m) andty = f(51,...,Sm) where sy, ..., s, €
X, 51,80 € Wimn)(X). Then the following conditions are equivalent:

(1) o044, is idempotent;

(2) if xj € var(t;) where 1 < j < m, then s; = x; and the following conditions
hold:

(i) ifs; =€ X\ X, where 1 < j <m, then's; = x and for each’s; g X
where 1 <i <m, M’ (5;) = z;

(ii) if s; = s; where 1 < 5,1 < m, then 5, =35;

(iii) For each subterm of ty which is not a variable f(s|,...,s! ) where

e m

81> S € Winmy(X), if 85 = s; where 1 < j, 1 <m, then s} = s).

r m
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Proof. (1) = (2) : We now know that, by Lemma 3.9, ops(t2) = {f}. By Lemma
3.6, x; € var(t;) implies s; = z; where 1 < j < m.

(i) This is clear by Lemma 3.11.

(i) Assume that s; = s;. Then there is z;, € X,, such that s; = x; = s;. Since
O, t, is idempotent,

tQ — f(§17 e 7§n) - Sm(tl, 5-,517152 [gl], e 7&t1,t2 [gm])
Thus, we have to replace s; and s; in the term ¢; by 5;,. Thatis,s; =5, =5;.
(iii) Similarly to (ii).

(2) = (1) : It is clear that 6y, 4,[t1] = t;. We have to show that 6y, 4,[ta] = to,
indeed,

f(gla s 7§m) = Sm(tla a-tl,tz [§1]7 s 75-t1,t2 [E’m])
That is, we must replace s; in the term ¢; by 6y, +,[5;] for each i € {1,...,m}.

o If s, =, where 1 < i < m and x;, € X,,, then we replace s; and s; in the
term t1 by Si = 04, 1, [Sk)-

o If s, =2 € X\ X,, where 1 <i < m, then we consider t5. Since op(ts) > 1,
5; € X for some 1 < j < m. Thus, by assumption, M*(5;) = x. And 5, =z
if 5, € X where 1 <k < m. It follows that we have to replace 6, 4,(5;] =5;
and 6y, 1,[Sk] = Sk. Simply calculate we have 6, 4, [t2] = to.

Therefore, oy, 4, is idempotent. n

On the other hand we obtain the following results.

Lemma 3.13. Let 04,4+, be a generalized hypersubstitution of type (m,n). If
op(t1) > 1, op(t2) =1 and oy, 4, is idempotent, then firstop(tz) = g.

Lemma 3.14. Let oy, 4, be a generalized hypersubstitution of type (m,n), op(t;)>1,
op(ty) = 1 and ty = g(s1,...,S,) where s1,...,s, € X. Then the following condi-
tions are equivalent:

(1) a-tlth [tQ] = ty;
(2) firstop(ts) = g and if x; € var(ty) where 1 < j < n, then s; = z;.
Proposition 3.15. Let 04,4, be a generalized hypersubstitution of type (m,n),

op(ty) > 1, op(ta) =1, t1 = f(s),...,s,,) andts = g(s1,...,S,) wheresy,... s, €
Winn) (X)), s1,...,5, € X. Then the following conditions are equivalent:

(1) o044, is idempotent;
(2) the following conditions hold

1) if x; € var(ty) where 1 < j <m, then s = x;;
j J i j
(ii) if x; € var(ty) where 1 < j <n, then s; = ;.
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Lemma 3.16. Let 0,4, be an idempotent generalized hypersubstitution of type
(m,n), op(t1) > 1, op(ta) =1 andty = g(s1,...,5,) where sy, ..., s, € Wimn)(X).
If z; € var(ty) where 1 < j <mn, then firstop(s;) = g or s; € X.

Lemma 3.17. Let 04,4, be an idempotent generalized hypersubstitution of type
(m,n), op(t1) > 1, op(ta) =1, t1 = g(s1,...,5,) and to = g(xj,,...,x;,) where
Ty %y, €X, 81,..., 50 € Wiy (X). Then ops(ti) = {g}.

Lemma 3.18. Let oy, 4, be a generalized hypersubstitution of type (m,n), op(t;)>1,
op(te) = 1, t1 = g(s1,...,8,) and toy = g(xj,,...,x;,) where xj,...,z; € X,
S1y.03 80 € Wimn)(X). If 04,4, is idempotent, then 6y, 4,[sk] = si for all k €

{1,...,n}.

Lemma 3.19. Let 04,4, be an idempotent generalized hypersubstitution of type
(m,n), op(ty) > 1, op(ta) = 1, t; = g(s1,...,8,) and ty = g(51,...,5,) where
51,50 € X, 51,000,850 € Wiy (X). If5; =2 € X\ X, where 1 < j <n, then
s; = x whenever s; € X and Mj(si) = x whenever s; ¢ X where 1 <1i < n.

Proposition 3.20. Let 04,4, be a generalized hypersubstitution of type (m,n),
op(ty) > 1, op(te) =1, t1 = g(s1,...,8,) and ty = g(51,...,S,) wheresy,... s, €
X, 51,...,80 € Wiy (X). Then the following conditions are equivalent:

(1) o4, is idempotent;

(2) if x; € var(ty) where 1 < j < n, then s; = x; and the following conditions
hold:

(i) ifs; =2 € X\ X, where 1 < j <n, then s; =z and for each s; ¢ X
where 1 <i <n, MI(s;) = z;

(ii) if 5;, =5 where 1 < j,1 <n, then s; = s;;

(iii) For each subterm of t; which is not a variable g(sy,...,s)) where

ren

1558y € Winny(X), if 55 = 5 where 1 < j, 1 <n, then s = 5.

Case 3. op(t1) > 1 and op(ty) > 1.

Assume that op(t1) > 1 and op(ty) > 1. In this case, if oy, 4, is idempotent, then
the case firstop(t;) = ¢ and firstop(tz) = f is impossible. Therefore, we consider
only the following cases:

1. firstop(t1) = f and firstop(ta) = f;
2. firstop(¢;) = ¢ and firstop(t2) = ¢ and
3. firstop(t;) = f and firstop(tz) = g.

Proposition 3.21. Let 04,4, be a generalized hypersubstitution of type (m,n),
op(ty) > 1, op(te) > 1, t1 = f(S1,...,8m) and ty = f(s},..., s, ) where s1,..., Sy,

r m

s,y 80, € W) (X). Then the following conditions are equivalent:

(1) o4, is idempotent;
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(2) if x; € var(ty) where 1 < j < m, then s; = z; and ty = S™(t1,k1,..., k)
where kj € X or kj = S™(t1, k3, ... k7))
where k3 € X or k¥ = S™(ty, ki k)

where k'€ X or kit = S™(ty kLKL
where ké € X for somel € N.

Proof. (1) = (2) : Assume that z; € var(t;) where 1 < j < m. Suppose that
s; # xj. If 55€ Wiy (X) \ X, then

Op(tl) < Op(Sm(Uthtz (f)? &tl,tz [51]7 s ?a—tLtQ [Sm]))

Otherwise, we consider,
tl = Sm(tl&tm [81], Ce ,&tth [SmD

Since z; € var(t;), we replace z; in the term t; by 6y, 4,[s;] # z;. This implies

Sm(tlﬁthtz [Sl]a cee v&thtz [Sm]) 7é l1,

this is a contradiction.

Hence, s; = x;.
NOW7 O-tl,tz [tQ] — t27

tQ = Sm(tla-thtg [3,1]7 s 75-151,152 [S;ﬂD

Since x; € var(t;), we have to replace s} in the term #; by &y, 4,[sj]. That is,
Oty1,[8;] = 8. Hence, s} is a variable or firstop(s}) = f.

In case that s ¢ X and firstop(s};) = g is impossible.

Indeed, let s = g(s{,...,sy) Where st s € Wimn) (X).

Then 61, 1,[s5] = S™(t2, 61, 1, [57], - atl P ]) SO ﬁrstop(at1 t,[85]) = f which
contradicts to Gy, 1,[s}] = 5.

Therefore, s': = f(s,...,sy,) where sf,... s, € W) (X).

Now, we obtain

ty = Sm(tb &tl,tz [3/1]’ ce 7&t1,t2 [53’—1]7

Sm(tla a-t17t2 [8/1/]7 s 75—151,152 [S:qlm])v ét17t2 [S;‘—H]? s 76—151,152 [S;n])

Similarly, s7 € X or firstop(s}) = f. We do this step and this procedure will stop
after finitely many steps. Therefore,

ty = S™(t1, ky,... kL)

where k; € X or kj = S™(ty, k3, ... k2)

m

where k‘2 € Xor k2 Sty k3. k)

m



840 N. LEKKOKSUNG, P. JAMPACHON

where k7' € X or K71 = S™(ty kLK)
where ké € X for some [ € N.

(2) = (1) : Consider
&t1,t2 [tl] = Sm(tb &t1,t2 [81], s ’&tl,tz [Sm])

Then we replace x; in the term ¢, by 6y, 4,[s;]. Since s; = x;, 6¢, +,[5;] = ;. Thus,
Oty.15[t1] = t1. Next we show that 6y, 4,[t2] = t2. Suppose that the construction of
a term ¢, terminates at the step [ € N. This means that

= P00 K b )

J

50 Gy k'] = ki7", Then
kéfQ = Sm(tl, k}llil, cee 7k§'717 R kf;l)

We replace z; in the term ¢; by k:j-_l, and so Gy, 4, [k:j-_z] = k:;-_z. We do this steps,
thUS, 6t1,t2 [tg] = t2. [ ]

Similarly, we can prove the following proposition.

Proposition 3.22. Let 04,4, be a generalized hypersubstitution of type (m,n),
op(ty) > 1, op(ta) > 1, t1 = g(s1,...,8,) and ty = g(s},...,s.,) where sq1,..., Sy,

ren

sy, 8, € Winn)(X). Then the following conditions are equivalent:
(1) 4,4, is idempotent;

2) if x; € var(ty) where 1 < j < n, then s; = x; and t; = S™(to, ki, ... k!

j j j 1 n
where kj € X or kj = S™(t1, k7, ... k7))
where k7 € X or k¥ = S™(t, k3, ... k)

where k' € X or kit = S™(ty, K, kL)
where k‘é € X for somel € N.

For the last case, we obtain the following.

Proposition 3.23. Let 04,4, be a generalized hypersubstitution of type (m,n),
op(ty) > 1, op(ta) > 1, t1 = f(s1,...,8m) and ta = g(s},...,s),) where s1,..., Sy,

sy, 80 € Winn)(X). Then the following conditions are equivalent:

(1) o4, 4, is idempotent.
(2) the following statements hold:

(2.1) if x; € var(ty) where 1 < j <m, then s; = x;;
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(2.2) if x € var(te) where 1 < k <n, then s} = xj.

Proof. (1) = (2) : Assume that z; € var(t;) where 1 < j < m. Suppose that
s; # x5 If s5€ Wiy (X) \ X, then

Op(tl) < Op(sm(0t1,t2(f)7 6t1,t2 [51]7 s aa—t1,t2 [Sm]))

Otherwise, we consider,

tl == Sm<t1(5't1’t2 [81], e 75—1517152 [SmD

Since x; € var(t1), we replace x; in the term ¢; by 6, ¢,[s;] # x;. This implies

Sm<t1€7t1,t2 [51]7 s 75—t1,t2 [Sm]) 7é tl’

this is a contradiction. Hence, s; = x;. Similarly, we can prove that if z;, € var(t,)
where 1 < k < n, then s, = xy.
(2) = (1) : Consider

6t1,t2 [tl] = Sm(tla a-thtz [81]7 cee 76-251,1‘/2 [Sm])

Then we replace z; in the term t; by 6y, 4,[s;]. Since s; = x;, 64, ,[5;] = x;. Thus,
Oty.t,[t1] = t1. Similarly, we can show that &y, 4, [ts] = to. n
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