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1. Introduction

For u(# 1) € C, the Frobenius-Euler numbers are defined by the generating
function

(1.1)

tn

=> H,(u) 5 (see [2], [12], [13]).

In particular, u = —1, we have

2 N
(1.2) ZH n, et+1:nZ:0E”H’

where F,, are the Euler numbers (see [6], [9]).
Thus, by (1.2), we get H,, (—1) = E,(n > 0). In [3], L. Carlitz considered the
degenerate Fuler numbers which are given by the generating function

(1.3) —1 = Z m—

(1+ )% +

Note that
/l\irr(l)é'n,)\ =F, (n>0).

Recently, Kim and Kim derived nonlinear differential equations from the ge-
nerating function of degenerate Euler numbers and gave some new and explicit
identities for Carlitz degenerate Euler numbers arising from those nonlinear dif-
ferential equations (see [9]).

In [6], the nonlinear Changhee differential equations, which are related to
Euler and degenerate Euler numbers, were introduced by Kim and Kim. They
also gave some new explicit relationship between Changhee and Euler numbers
arising from those differential equations.

Now, we consider the degenerate Frobenius-Euler numbers which originates
from Carlitz degenerate Euler numbers and are given by the generating function:

L — S hawh we). e,
1+ X)X —u 5
In the special case u = —1, we note that
hox (—1) =&,x, (n>0).
It is not difficult to show that
lim s (1) = H, (), (n>0).

Recently, several authors have studied degenerate Euler numbers and dege-
nerate Frobenius-Euler numbers (see [1]-[14]).

In this paper, we derive nonlinear differential equations from the generating
function of degenerate Frobenius-Euler numbers. In addition, we give some ex-
plicit identities for degenerate Frobenius-FEuler numbers arising from our nonlinear
differential equations.
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2. Some identities for degenerate Frobenius-Euler numbers arising
from nonlinear differential equations

Let
1
(2.1) F=F(t\u)= ; . (u#1)
(14+ X)X —u

Then, by (2.1), we get
(2.2) FO = ar (t; A\, u) = (=1) (F +uF?)

' dt > 1+ At '
Thus, by (2.2), we have
(2.3) uF? = —F — (1+ Xt) FO.

Taking the derivative of (2.3) with respect to ¢, we get
(24) 2P =(-1)?{2F + 3+ N) (1 + ) FY 4+ (1 + Xt)* F®}

and
3WPFY = (1) {6F + (A2 + 6\ + 11) (1 + \t) FOD

(2.5) n (3)\ —0—6) (1 + )\t)2 F® + (1 + )\t)3 F(3)} .

So, we are led to put

N
(26) NWNFN' = (=DM a; (N M) (L+ M) FY, (N =0,1,2,...),

=0

where F) = (%)iF(t; A ).

Let us take the derivative of (2.6) with respect to t. Then we have
N .
(N+DWNFVFO = (=)™ "a; (N, A) i (1+ ) AF®
N .
(DY a (N A) (14 A FEED,

By (2.2) and (2.7), we easily get
(N + D)WV FN(F + uF?)

28 _ (—1)N+1{Z iXa; (N, A) (14X FO +> " a;(N, A)(1+At)i+lF<i+1>} .

=0 i=0
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From (2.6) and (2.8), we can derive the following equation:
(N + 1>!UN+1FN+2
— (N 4+ 1) NN N+

N N
+ (_1)N+1 Zi)\ai (N, ) (1+ )\t)i FO 4 Z a; (N, \) (1 + )\t)iJrl F(H_l)}

1=0 =0

(2.9) v
DYTEES (N 4+ 14X a; (N, A) (14 M) FO

=0
N+1 ‘
+) aig (N ) (L+ A F@} .
=1

On the other hand, by replacing N by N + 1 in (2.6), we get
N+1
(210) (N 4+ DWNTFNT = ()M "0 (N 4 1,0) (14 at)' FO
i=0
By comparing the coefficients on both sides of (2.9) and (2.10), we have
(2.11) ap(N+1,A)=(N+1)ap(N,A), ani1 (N+1,A) =ayn(N,N),
and
(2.12) a; (N +1,A) =a;—1 (N,A) + (N +1+iN)a; (N, A), (1<i<N).
From F' = ag (0,A) F in (2.6), we have
(2.13) ap (0,A) =
By (2.3) and (2.6), we easily get
(214) —F —(1+X)FY = uF?* = —ao (1,\) F —ay (1,\) (1 + Xxt) FO
Comparing the coefficients on both sides of (2.14), we obtain
(2.15) a (1L, =1, a (L)) =1

From (2.11), we easily note that

ao (N+ 1,)\)
(2.16)

= (N+1)ag(N,\) = (N +1)Nag (N =1,\) = --- = (N + 1),
and
(217) aAN+1 (N + 17 /\)

=any (N,\) =any 1 (N=1,A) =--=a (1L,\) =ay(0,\) = 1.
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For i =1,2,3 in (2.12), we have

WE

(2.18) ap ((N+1,\) = (N—|—1+)\)kag (N =k, N,
k=0
N-1

(2.19) as (N+1,\) = (N+1+2)\)ka1 (N —k,\),
k=0

and
N—2

(2.20) a3 (N +1,)) = (N+1+3)\)ka2 (N —k,\),
k=0

where

(@) =a@—1)(—n+1), (1>1), ()=1
Continuing this process, we note that
N—it1
(2.21) a;(N+1,0) = > (N+1+id,ai (N -k,

k=0

Now, we give explicit expressions for a; (N + 1).
From (2.18), we note that

N
a (N+1,A) =) (N+1+N),, a0 (N — k)
k1=0
(2.22) -
=) (N+1+N), (N =k,
k1=0
N—
o (N +1,)) Z N +1+2)),, a; (N — ks, \)
(2'23) N—1 N—-1—kso .
=Y > (N+1+20),, (N =k + A, (N —kp — ky — 1)1,
ko=0 k1=0
and
—2 N—2—k3s N—k3—ko—2
3 (N +1,)) Z > Z (N +1+43)),,
(2.24) =0 k2=0

(N—k3+2A)k2(N—k3—k2—1+A)k1

X(N—kg—kg—k1—2)'

847
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So we can deduce that, for 1 <7 < N,

N—i+1 N—i+1—k; N—i+1—k;——ko 1 3
=> > . > <N+j+1—z'—2kl+j)\>
(2.25) k=0 k_,=0 k1=0 j=1 I=j+1 k

% <N+1—i—2kl>!.
=1

Therefore, we obtain the following theorem.

Theorem 1. The nonlinear differential equations

N
NWNFNH = ()Y g (M) 14+ M) FO, (N =1,2,...),
i=0
have a solution ]
F=F(t;\u) -
(1+ At)> —

where

Qo (N, )\)

ki—1=0 k1=0

(NJr]—z— Zk‘l+]/\) .
! k

l=7+1

J )
J

We recall that the degenerate Frobenius-Euler numbers, h,,  (u), (n > 0), are
defined by the generating function

1—u >
TRV I

(I+A)> —u

n

(r)

o (1), of order r are given

Also, the degenerate Frobenius-Euler numbers, h
by the genreating function

1 R tn

—? :Zhﬁfz\(u)—w (ueCu#1).
(I+A)> —u —o n:

From Theorem 1, we have

NN (1 - u)N+1 FNA+L

= (=N (1 —w) Zaz (N, A) (1 + At) (i)((l_—“)

i=0 1+)\t))‘—u

(2.26)
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The LHS of (2.26) is given by

NA+1 -
1—u tm
2.27 NV [ —Mm = Nl RIVFD () .
2.27) ((Hﬁ)i_u) > A w5

It is easy to show that

(DY (=)™ Y@ (N A) (14 M) (%) ((1_—“>

i=0 1 + )\lf)X —Uu
N o] k l
— ()Y (1= 0" 3w (V)Y @ D b (1)
(228) z;O ko:OO § =0
)V - ; 4 (N, \) ; > o) M i (o) ()
— )Y a-wN Y Y (Z) (1), \eas (N, A) hpigin () g

By (2.26), (2.27) and (2.28), we get

N!uNhfj’\;H) (u)
(2.20) ~
(k> (), Nea,; (N, A) By ppin (u).

Therefore, by (2.29), we obtain the following theorem.

Theorem 2. Forn, N =0,1,2,..., we have

() @A @ (VA i ().

i=0 k=0
where
Qo (N, )\) = N'
N—i N—i—k;  N—i—k;——ks i
a (NA) => 3 o > (N—z’—Zk;l)!
k=0 k;_1=0 k1 =0 =1
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