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Abstract. The notions of (€, €V g)-osmotic S-value and (€, € V §)-osmotic S-value are
introduced, and related properties are investigated. Relations between osmotic S-value
and (€, €V ¢)-osmotic S-value ((€, € V g)-osmotic S-value) are considered. Conditions
for a number in the unit interval [0, 1] to be an osmotic S-value (resp., (€, €V g)-osmotic
S-value and (€, € V g)-osmotic S-value) are provided. Conditions for level sets to be S-
energetic set and/or subalgebra are discussed.
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1. Introduction

To make the computers simulate beings in dealing with certainty and uncertainty
in information is an important task of artificial intelligence. The role of logic in
mathematics and computer science is twofold — as a tool for applications in both
areas, and a technique for laying the foundations. Non-classical logic including
many-valued logic, fuzzy logic, etc., takes the advantage of classical logic to handle
information with various facets of uncertainty (see [8] for generalized theory of un-
certainty), such as fuzziness, randomness etc. Non-classical logic has become a
formal and useful tool for computer science to deal with fuzzy information and
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uncertain information. Among all kinds of uncertainties, incomparability is an
important one which can be encountered in our life. The algebraic structure of
set theories dealing with uncertainties has been studied by some authors. The
most appropriate theory for dealing with uncertainties is the theory of fuzzy sets
developed by Zadeh [7]. Murali [5] proposed a definition of a fuzzy point be-
longing to fuzzy subset under a natural equivalence on fuzzy subset. The idea
of quasi-coincidence of a fuzzy point with a fuzzy set, which is mentioned in [6],
played a vital role to generate some different types of fuzzy subsets. Jun et al.
[3] introduced the notions of energetic (resp. right vanished, right stable) sub-
sets and (anti) permeable values in BC'K/BC'I-algebras, and investigated several
properties.

In this paper, we introduce the notions of (€, € V ¢)-osmotic S-value and
(€, € V g)-osmotic S-value, and investigate related properties. We consider rela-
tions between osmotic S-value and (€, €V ¢)-osmotic S-value ((€, € V g)-osmotic
S-value), and provide conditions for a number in the unit interval [0, 1] to be an
osmotic S-value (resp., (€, €V ¢)-osmotic S-value and (€, € V g)-osmotic S-value).
We discuss conditions for level sets to be S-energetic set and/or subalgebra.

2. Preliminaries

The BCK/BCI-algebra is an important class of logical algebras introduced by
K. Iséki and has been extensively investigated by many researchers.

An algebra (X;*,0) of type (2,0) is called a BCI-algebra if it satisfies the
following conditions:

(D) (Vo,y,2 € X) (((x*y) * (xx2)) * (2 xy) = 0),

(1) (Vo,y € X) ((zx (zxy)) xy =0),

(III) (Vz € X) (x*z =0),

(IV) (Vo,y € X) (xxy=0,yx2=0 = z=1y).

If a BCI-algebra X satisfies the following identity:
(V) (Vz € X) (02 = 0),

then X is called a BCK -algebra. Any BC'K/BCI-algebra X satisfies the following
axioms:

Vre X)(xx0=ux),

Ve,y,ze€ X)(x <y => xxz2<yxz, 2xy<zx1),
(Vo,y,z€ X) ((xxy)*x 2= (xx2)*%y),

(
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)
)
)
) Vi, y,z € X)((wx2) x (yx2) <axy)

where z < y if and only if xxy = 0. A nonempty subset S of a BC'K/BCI-algebra
X is called a subalgebra of X if x xy € S for all z,y € S.
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We refer the reader to the books [1, 4] for further information regarding
BCK/BC1I-algebras.
A fuzzy set p in a set X of the form

(4) = te (0,1 if y=um,
= 0 if y#ux,

is said to be a fuzzy point with support x and value ¢ and is denoted by x;.

For a fuzzy point x; and a fuzzy set p in a set X, Pu and Liu [6] introduced
the symbol z; a i, where o € {€,q}. To say that z, € u (resp. z,qp), we mean
u(x) >t (resp. u(x) +t > 1), and in this case, x; is said to belong to (resp. be
quasi-coincident with) a fuzzy set u. To say that x; € V qu, we mean z; € p or
x q . To say that z; @ pu, we mean x; a i does not hold, where a € {€,q}.

A fuzzy set p in a BCK/BCI-algebra X is called a fuzzy subalgebra of X if
it satisfies:

(2.5) (Vz,y € X) (u(z * y) > min{u(x), u(y)}) .

A fuzzy set p in a BCK/BCI-algebra X is called an (€, € V q)-fuzzy sub-
algebra (see [2]) of X if it satisfies: for all x,y € X and ty,t, € (0, 1],

(2.6) Ty €[y Yo € P = (T * Y)minftrte) €V AU

3. (€, €V q)-osmotic values for a fuzzy set

In what follows, let X denote a BC'K/BCI-algebra unless otherwise specified.
For a fuzzy set p in X and t € [0, 1], the (strong) upper (resp. lower) t-level
sets of u are defined as follows:

Ul t) == {o € X | pla) 2 t}, U*(uit) = {x € X | p(a) > 1},
Lst) = e € X | ule) <1}, L*(ust) = e € X | ule) <1},

Definition 3.1 ([3]). A non-empty subset A of X is said to be S-energetic if it
satisfies:

(3.1) (Va,be X)(axbe A = {a,b}NA£0D).

Proposition 3.2. If A and B are S-energetic subsets of X, then so are AU B
and AN B.

Proof. Straightforward. n

Lemma 3.3 ([2]). A fuzzy set p in X is an (€, €V q)-fuzzy subalgebra of X if
and only if it satisfies:

(3.2) (Vo,y € X) (u(z +y) = min{p(z), u(y),0.5}).
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Definition 3.4. Let p be a fuzzy set in X. A number ¢ € [0,1] is called an
osmotic S-value for p (it is called an anti-permeable S-value for p in [3]) if the
following assertion is valid:

(3.3) (Va,b € X) (u(axb) <t = min{u(a),ud)} <t).

Theorem 3.5. Lett € o C [0,1]. For a fuzzy set u in X, if the nonempty strong
upper t-level set of u is a subalgebra of X, then t is an osmotic S-value for p.

Proof. Let a,b € X be such that pu(axb) <t fort e a C|0,1]. If

min{yu(a), u(b)} £ 1,

then p(a) >t and p(b) > t, that is, a,b € U*(p;t). Since U*(u;t) is a subalgebra
of X, it follows that a x b € U*(u;t), i.e., u(a = b) > t which is a contradiction.
Hence min{p(a), u(b)} <t and ¢ is an osmotic S-value for p. .

Definition 3.6. Let p be a fuzzy set in X. A number ¢ € [0,1] is called an
(€, €V q)-osmotic S-value for u if the following assertion is valid:

(3.4) (Ve,y e X) (zxy € L(p;t) = min{u(z), u(y),0.5} <1t).
We note that every osmotic S-value for p is an (€, €V g)-osmotic S-value for p.

Example 3.7. Let X = {0, 1,2, 3,4} be a BC' K-algebra with the following Cayley
table:

*x0 1 2 3 4
0j0 0000
1110 0 0 O
2(2 1011
313 3 3 0 3
414 4 4 40

Let p be a fuzzy set in X defined by

(0 1 2 3 4
=108 03 06 07 02)"

It is routine to verify that if ¢ € [0,1] \ [0.3,0.6), then ¢ is an (€, € V g)-osmotic
S-value for p. If t € [0.3,0.5), then ¢ is not an (€, € V ¢)-osmotic S-value for p
since 2*x3 =1 € L(u;t) but min{u(2), 1(3),0.5} > ¢.

Theorem 3.8. Let p be a fuzzy set in X and t € a C [0,1]. If the nonempty
lower t-level set of i is an S-energetic subset of X, then t is an osmotic S-value

for .

Proof. Fort € a C [0,1], let z,y € X be such that pu(x *y) < t. Then
zxy € L(p;t). Assume that min{pu(z), u(y)} £ ¢. Then p(x) >t and u(y) > t,
which imply that =,y ¢ L(u;t). Hence {x,y} N L(u;t) = (), a contradiction. Thus
min{u(z), u(y)} <t and ¢t is an osmotic S-value for . n
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Corollary 3.9. Let p be a fuzzy set in X and t € o C [0,1]. If the nonempty
lower t-level set of u is an S-energetic subset of X, then t is an (€, €V q)-osmotic
S-value for p.

We consider a condition for the converse of Theorem 3.8 to be true.

Theorem 3.10. For a fuzzy set p in X, let t € [0,1] be an (€, € V q)-osmotic
S-value for p. If t < 0.5, then the nonempty lower t-level set of p is an S-energetic
subset of X.

Proof. Assume that zxy € L(u;t) for x,y € X. Then min{u(x), u(y), 0.5} <t by
(3.4). Since t < 0.5, it follows that u(z) < tor u(y) < t. Hence {z,y}NL(u;t) # 0,
and therefore L(u;t) is an S-energetic subset of X. ]

Since every osmotic S-value for p is an (€, € V g)-osmotic S-value for u, we
have the following theorem by Theorem 3.5.

Theorem 3.11. Lett € o C [0,1]. For a fuzzy set p in X, if the nonempty strong
upper t-level set of u is a subalgebra of X, then t is an (€, €V q)-osmotic S-value

for .

The following example shows that the converse of Theorem 3.11 may not be
true, that is, there is an (€, € V ¢)-osmotic S-value t for p such that the strong
upper t-level set of 1 is not a subalgebra of X.

Example 3.12. Consider the fuzzy set p in Example 3.7. We can check that the
number ¢ = 0.55 is an (€, € V ¢)-osmotic S-value for p, but U*(u;t) = {0,2,3} is
not a subalgebra of X.

We now consider conditions for the converse of Theorem 3.11 to be true.

Theorem 3.13. For a fuzzy set p in X, let t € [0,1] be an (€, € V q)-osmotic

S-value for p. If t < 0.5, then the strong upper t-level set of p is a subalgebra
of X.

Proof. Let z,y € U*(u;t) for x,y € X and assume that z xy ¢ U*(u;t). Then
p(x) > t, w(y) > t and p(x xy) < t, that is, x xy € L(u;t). It follows from
(3.4) that min{u(z), u(y),0.5} < t. Since t < 0.5, we have pu(x) <t or u(y) <t
which imply that © ¢ U*(u;t) or y ¢ U*(u;t). This is a contradiction, and so
rxy e U (). .

Definition 3.14. Let p be a fuzzy set in X. A number ¢ € [0,1] is called an
(€, €V q)-osmotic S-value for p if the following assertion is valid:

(3.5) (Vz,y € X) (z,y € U (p;t) = min{p(r*y),0.5} >1).
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Example 3.15. Let X = {0, 1, a,b, c} be a BCI-algebra with the following Cayley
table:

*10 1 a b c
00 0 ¢ b a
11 0 ¢ b «a
ala a 0 ¢ b
blb b a 0 c
cle ¢ b a 0

Let 1 be a fuzzy set in X defined by

(0 1 a b c
H=\06 07 02 04 02)°

It is easy to verify that every number ¢ < 0.6 is an (€, € V g )-osmotic S-value
for p. If t € [0.6,0.7), then t is not an (€, € V g)-osmotic S-value for u since
1 € U*(u;t) but min{u(1*1),0.5} = 0.5 < t.

Theorem 3.16. For a fuzzy set pin X, let t € [0,1] be an (€, €V q)-osmotic
S-value for p. If t > 0.5, then the nonempty lower t-level set of p is an S-energetic
subset of X and the nonempty strong upper t-level set of i is a subalgebra of X.

Proof. Let xxy € L(u;t) for z,y € X. If {z,y}NL(p;t) = 0, then z,y € U*(u;t)
and so min{u(z *y),0.5} >t by (3.5). Since t > 0.5, it follows that p(z *y) > t,
that is, z *y ¢ L(p;t). This is a contradiction, and therefore {x,y} N L(u;t) # 0.
Hence L(u;t) is an S-energetic subset of X. Now, let z,y € U*(u;t) for z,y € X.
Then min{u(z % y),0.5} > t by (3.5), and so u(z *y) > ¢ since t > 0.5. Hence
xxy € U*(u;t), and therefore U*(p;t) is a subalgebra of X. .

Lemma 3.17. Fort € a C [0,1], if t is an osmotic S-value for a fuzzy set u, then
the nonempty lower t-level set of v is an S-energetic subset of X.

Proof. Let xxy € L(p;t) for xz,y € X. Then p(zxy)<t, and so min{u(z), u(y)} <t
by (3.3). Hence p(z) <t or u(y) <t, that is, x € L(u;t) or y € L(p;t). Thus
{z,y} N L(p;t) # 0, and therefore L(u;t) is an S-energetic subset of X. .

We know that any osmotic S-value may not be an (€, €Vg)-osmotic S-value
as seen in the following example.

Example 3.18. Let X = {0,1,2,3,4} be a BCK-algebra with the following
Cayley table:

*10 1 2 3 4
0j0 00 00
1110 1 01
212 2 00 2
313 210 3
414 4 4 40
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Let 4 be a fuzzy set in X defined by

0 1 2 3 4
F=\os 07 04 03 01/

If we take ¢ € [0.5,0.7), then ¢ is an osmotic S-value for . But it is not an
(€, € V q)-osmotic S-value for p since 0,1 € U*(p;t) but min{u(1 % 0),0.5} =
0.5 <t

We provide a condition for an osmotic S-value to be an (€, € V g )-osmotic
S-value.

Theorem 3.19. For a fuzzy set pn in X, let t € o C [0, 1] be an osmotic S-value
for u. If t < 0.5, then it is an (€, € V q)-osmotic S-value for p.

Proof. Let z,y € U*(p;t) for x,y € X. Then pu(z) > t and u(y) > t, which imply
that z,y ¢ L(p;t). Thus {x,y} N L(u;t) = 0, and so z xy ¢ L(p;t) by Lemma
3.17. Thus z xy € U*(u;t), and thus u(x *y) > t. Since t < 0.5, it follows that
min{pu(z *y),0.5} > t. Therefore ¢ is an (€, € V g )-osmotic S-value for p. .

We consider conditions for a number ¢ in [0,1] to be an (€, € V g )-osmotic
S-value.

Theorem 3.20. For a fuzzy set pin X andt € [0,1], if t < 0.5 and the nonempty
strong upper t-level set of p is a subalgebra of X, then t is an (€, €V q)-osmotic
S-value for .

Proof. Let 2,y € U*(p;t) and assume that min{u(z x y),0.5} <t for z,y € X.
Then p(z *xy) < t since t < 0.5. Hence z xy € L(p;t) and so z xy & U*(p;1).
This is impossible, and thus min{u(z *y),0.5} > t whenever x,y € U*(p;t). This
shows that ¢ is an (€, € V g )-osmotic S-value for p. .
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