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1. Introduction

It is well known that various types of functions play a significant role in the
theory of classical point set topology. A great number of papers dealing with such
functions have appeared, and a good number of them have been extended to the
setting of multifunctions [2], [9], [12], [13], [14]. This implies that both, functions
and multifunctions are important tools for studying other properties of spaces
and for constructing new spaces from previously existing ones. The concept of
ideals in topological spaces has been introduced and studied by Kuratowski [8] and
Vaidyanathaswamy [17]. An ideal Z on a topological space (X, 7) is a nonempty
collection of subsets of X which satisfies (i) A € Z and B C A implies B € 7
and (ii) A € Z and B € Z implies A U B € Z. Given a topological space (X, )
with an ideal Z on X and if P(X) is the set of all subsets of X, a set operator
()% P(X) — P(X), called the local function [17] of A with respect to 7 and
7, is defined as follows: for A C X, A*(1,Z) = {z € X|UNA ¢ T for every U
€ 7(x)}, where 7(z) = {U € 7]z € U}. A Kuratowski closure operator CI*(.)
for a topology 7*(7,Z) called the *-topology, finer than 7 is defined by CI*(A) =
A U A*(1,Z) when there is no chance of confusion, A*(Z) is denoted by A*. If
7 is an ideal on X, then (X, 7,7) is called an ideal topological space. In 1990,
Jankovic and Hamlett [6] introduced the notion of Z-open sets in topological
spaces. In 1992, Abd El-Monsef et al. [1] further investigated Z-open sets and
Z-continuous functions. Several characterizations and properties of Z-open sets
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were provided in [1, 10]. Recently, Akdag [2] introduced and studied the concept
of Z-continuous multifunctions in topological spaces. In this paper we introduce
and study a new generalization of Z-continuous multifunctions called weakly Z-
continuous multifunctions in topological spaces.

2. Preliminaries

Throughout this paper, (X,7) and (Y,0) (or simply X and Y) always mean
topological spaces in which no separation axioms are assumed unless explicitly
stated. Let A be a subset of a space X. For a subset A of (X,7), Cl(A) and
Int(A) denote the closure of A with respect to 7 and the interior of A with respect
to 7, respectively. A subset S of an ideal topological space (X, 7,Z) is Z-open [6]
if S C Int(S*). The complement of an Z-closed set is said to be an Z-open set.
The Z-closure and the Z-interior, that can be defined in the same way as CI(A)
and Int(A), respectively, will be denoted by Z CI(A) and Z Int(A), respectively.
The family of all Z-open (resp. Z-closed, regular open, regular closed) sets of
(X, 7) is denoted by ZO(X) (resp. ZC(X), RO(X), RC(X)). We set ZO(X, x)
={A: A€Z0(X) and x € A}. By a multifunction F' : (X,7,Z) — (Y,0), we
mean a point-to-set correspondence from X into Y, also we always assume that
F(z) # @ for all z € X. For a multifunction F : (X,7,Z) — (Y,0), the upper
and lower inverse of any subset A of Y by F*(A) and F~(A), respectively, that
is Ft(A)={xr € X : F(z) CA}and F-(A) ={x €e X : Flx)NA # @}. In
particular, F(y) = {x € X : y € F(x)} for each point y € Y.

Definition 1 A multifunction F': (X, 7,Z) — (Y, 0) is said to be:

1. upper weakly continuous [14], [15] if for each x of X and each open set V
of Y containing F'(x), there exists an open set U containing x such that
F(U) c Cl(V).

2. lower weakly continuous [14], [15] if for each = of X and each open set V'
of Y such that F(z) NV # (), there exists an open set U containing = such
that F(u) N Cl(V') # 0 for every u € U;

3. upper Z-continuous [2] if for each € X and each open set V' of Y such that
x € F*(V), there exists U € ZO(X, z) such that U C F*(V);

4. lower Z-continuous [2] if for each € X and each open set V' of Y such that
x € F~(V), there exists U € ZO(X, x) such that U C F~(V);

5. Z-continuous [2] if it is both upper Z-continuous and lower Z-continuous;

6. lower almost Z-continuous [4] if for each z € X and for each open set
V of Y such that € F~(V), there exists a U € ZO(X,x) such that
U cC F~(Int(CL(V))),

7. upper almost Z-continuous [4] if for each € X and for each open set
V of Y such that © € F*(V), there exists a U € ZO(X,x) such that
U C Fr(Int(Cl(V)));
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8. almost Z-continuous [4] if it is both upper almost Z-continuous and lower
almost Z-continuous;

9. lower weakly continuous [15] for each # € X and each open set V of Y
such that z € F~(V), there exists an open set U containing = such that
UcC F(CLV));

10. upper weakly continuous [15] for each € X and each open set V of Y
such that z € F™(V), there exists an open set U containing = such that
U C FH(CI(V));

11. upper slightly Z-continuous [5] at = € X if for each clopen set V of YV
containing F'(x), there exists U € ZO(X) containing x such that F(U) C V;

12. lower slightly Z-continuous [5] at « € X if for each clopen set V' of Y
such that F(x) NV # &, there exists U € ZO(X) containing = such that
F(u)NV # @ for every u € U,

13. upper (lower) slightly Z-continuous [5] if it has this property at each point
of X.

3. Weakly 7-continuous multifunctions

Definition 2 A multifunction F': (X, 7,Z) — (Y, 0) is said to be:

1. upper weakly Z-continuous if for each x € X and each open set V of Y such
that © € F7(V), there exists U € ZO(X, z) such that U C F*(Cl(V));

2. lower weakly Z-continuous if for each x € X and each open set V' of Y such
that € F~(V), there exists U € ZO(X, x) such that U C F~(CL(V));

3. weakly Z-continuous if it is both upper weakly Z-continuous and lower
weakly Z-continuous.

The proof of the following Propositions are follows from their respective definitions
and hence omitted.

Proposition 3.1 Every upper (lower) almost I-continuous multifunction is up-
per (lower) weakly I-continuous.

Proposition 3.2 Every upper (lower) weakly I -continuous multifunction is upper
(lower) slightly T-continuous.

The following examples show that the converse of Propositions 3.1 and 3.2 is not
true in general.

Example 3.3 Let X = {a,b,c}, 7 = {0,{a,c}, X}, 0 = {0,{a},{b}, {a,b}, X}
and Z = {0,{b}}. Then the multifunction F : (X,7,Z) — (X, o) defined by
F(z) = {«} for all z € X is upper weakly Z-continuous but is not upper almost
Z-continuous.
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Example 3.4 Let X = {a,b,c}, 7 = {0,{b}, X}, 0 = {0,{a},{b}, {a,b}, X}
and Z = {0,{a}}. Then the multifunction F' : (X,7,Z) — (X, o) defined by
F(z) = {z} for all z € X is upper slightly Z-continuous but is not upper weakly
Z-continuous.

Corollary 3.5 Every Z-continuous multifunction is weakly Z-continuous.

Theorem 3.6 For a multifunction F : (X,7,7) — (Y,0), the following state-
ments are equivalent :

1. F'is upper weakly Z-continuous;
2. FH(V) C ZInt(F+(CL(V))) for any open set V of Y;
3. ZTCHF~(Int(K))) C F~(K) for any closed subset K of Y;

4. for each x € X and each open set V' containing F(x), there exists an Z-open
set U containing x such that F(U) C CI(V).

Proof. (1)=(2): Let V be any open subset of Y and z € F*(V). By (1),
there exists an Z-open set U containing = such that U C F*(CI(V)). Hence,
x € ZInt(FT(CLV))).

(2)=(1): Let V be any open subset of Y such that x € F*(V). By (2),

r e FH(V) C ITInt(FT((C(V))) C FH(CV)). Take U = ZInt(F+(CLV))).
Thus, we obtain that F'is upper weakly Z-continuous.

(2)<(3): Let K be any closed subset of Y. By (2), we have FT(Y\K) =
X\F(K) CZInt(FT(C(Y\K))) =ZInt(F(Y\Int(K))) = X\Z CI(F~ (Int(K))).
Thus, Z CI(F~(Int(K))) C F~(K). The converse is similar.

(1)<(2): Obvious. .

Theorem 3.7 For a multifunction F : (X,7,7) — (Y,0), the following state-
ments are equivalent :

1. F s lower weakly I-continuous;

2. F~(V) C ZInt(F~(CL(V))) for any open set V of Y ;

3. ZTCHF~(Int(K))) C FT(K) for any closed subset K of Y;

4

. for each x € X and each open set V of Y such that f(x) NV # 0, there
exists an Z-open set U containing x such that F(u) N CLV) # O for each
ueU.

Proof. It is similar to the proof of the Theorem 3.6. u

Theorem 3.8 Let F: (X, 7,7) — (Y,0) be a multifunction such that F(x) is an
open subset of Y for each x € X. Then F is lower I-continuous if and only if
lower weakly I -continuous.

Proof. Let x € X and V be an open set of Y such that F(z) NV # (). Then
there exists an Z-open set U containing z such that F'(u) N Cl(V) # () for each
u € U. Since F(u) is open, F(u) NV # @ for each u € U and hence F is lower
Z-continuous. The converse follows by Corollary 3.5. n
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Theorem 3.9 Let F': (X, 7,7) — (Y,0) be a multifunction such that F(x) is
closed in'Y for eachx € X andY is normal. Then I is upper weakly T -continuous
if and only if F' is upper L-continuous.

Proof. Suppose that F' is upper weakly Z-continuous. Let x € X and G be an
open subset of Y containing F'(x). Since F(z) is closed in Y and Y is normal,
there exist open sets V' and W such that F'(z) C V, X\G C W and VNW = (.
We have F(z) Cc V C Cl(V) ¢ C(X\W) = X\W C G. Since F is upper
weakly Z-continuous, there exists an Z-open set U containing x such that F(U) C
Cl(V) C G. This shows that F' is upper Z-continuous. The converse follows by
Corollary 3.5. -

Definition 3 A subset A of a topological space (X, 7) is said to be

1. a-regular [7] if for each a € A and any open set U containing a, there exists
an open set G of X such that a € G C Cl(G) C U,

2. a-paracompact [7] if every X-open cover A has an X-open refinement which

covers A and is locally finite for each point of X.

Lemma 3.10 [7] If A is an a-paracompact a-reqular set of a topological space
(X,7) and U an open neighborhood of A, then there exists an open set G of X
such that AC G C CI(G) C U.

For a multifunction F : (X,7,Z) — (Y,0), by CI(F) : X — Y we denote
a multifunction as follows: CI(F')(z) = Cl(F(z)) for each z € X. Similarly, we

define ZCl1 F.
The proof of the following two Lemmas are obvious and thus omitted.

Lemma 3.11 If F : (X,7,Z) — (Y,0) is a multifunction such that F(x) is -
paracompact a-regular for each v € X, then we have the following

1. GH(V) = F*(V) for each open set V of Y,

2. G (V)= F~(V) for each closed set V of Y, where G denotes C1F orZ Cl1 F.

Lemma 3.12 For a multifunction F : (X, 7,Z) — (Y,0), we have the following

1. G=(V)=F~(V) for each open set V of Y,
2. GT(V) = F*(V) for each open set V of Y, where G denotes CIF or ZCIF.
Theorem 3.13 Let F' : (X, 7,7) — (Y,0) be a multifunction such that F(x) is

a-reqular and a-paracompact for every x € X. Then the following statements are
equivalent:

1. F' is upper weakly I-continuous;
2. CLF is upper weakly I-continuous;
3. T CL1F is upper weakly I-continuous.
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Proof. We put G = CI(F) or Z Cl F in the sequel. Suppose that F'is upper weakly
Z-continuous. Then it follows by Theorem 3.6 and Lemmas 3.11 and 3.12 that for
every open set V of Y containing F(z), GT(V) = FH(V) C ZInt(F+(CL(V))) =
Z Int(G*(C1(V))). By Theorem 3.6, G is upper weakly Z-continuous. Conversely,
Suppose that G is upper weakly Z-continuous. Then it follows by Theorem 3.6
and Lemmas 3.11 and 3.12 that for every open set V' of Y containing G(x),
FH(V) =G (V) C ZTInt(GT(CL(V))) = Z Int(FT(CL(V))). It follows by Theorem
3.6 that F'is upper weakly Z-continuous. n

Theorem 3.14 Let F : (X,7,7) — (Y,0) be a multifunction such that F(x)
be a-regular a-paracompact for every x € X. Then the following properties are
equivalent:

1. F s lower weakly Z-continuous;
2. C1F s lower weakly I-continuous;

3. TCL1F is lower weakly I-continuous.
Proof. Similar to the proof of Theorem 3.27. u

Definition 4 Let A be a subset of a topological space (X, 7). The Z-frontier of
A, denoted by ZFr(A), is defined by ZFr(A) = Z CI(A) NZ CI(X\A).

Theorem 3.15 Let F' : (X, 7,Z) — (Y,0) be a multifunction. The set of all
points x of X such that F is not upper weakly T-continuous (resp. lower weakly
T-continuous) is identical with the union of the I-frontiers of the upper (resp.
lower) inverse images of the closure of open sets containing (resp. meeting) F(z).

Proof. Let x be a point of X at which F' is not upper weakly Z-continuous. Then
there exists an open set V' containing F'(z) such that U N (X\F*(CL(V))) # 0
for every Z-open set U containing x. Therefore, z € Z CI(X\F*(CI1(V))). Since
x € FH(V), we have x € ZCI(FT(Cl(V))) and hence z € ZFr(F*(CL(V))).
Conversely, if F'is upper weakly Z-continuous at x, then for every open set V' of
Y containing F(z) and there exists an Z-open set U containing = such that F(U) C
Cl(V'); hence U C F*(CI(V)). Therefore, we obtain x € U C T Int(F*(CL(V))).
This contradicts that x € Z Int(F*(CL(V))).

The case when F' is lower weakly Z-continuous is similarly shown. u

Definition 5 A topological space (X, 7) is said to be strongly normal if for every
disjoint closed sets V; and V5 of X, there exist two disjoint open sets U; and Us
such that Vi C Uy, Vo C Uy and C1(Uy) N CL(Us) = 0.

Recall that a multifunction F' : (X, 7,Z) — (Y,0) is said to be a point closed
multifunction if F'(x) is a closed subset of Y for all z € X.

Theorem 3.16 Suppose that the product of two L-open sets is T-open. If Y is a
strongly normal space and F; : X; — Y an upper weakly T-continuous multifunc-
tion such that F; is point closed for i = 1, 2, then the set {(x1,z2) € X7 X Xy:
Fi(z1) N Fy(xe) # @} is I-closed in X1 X X.
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Proof. Let A = {(x1,22) € X1 x Xo: Fi(x1) N Fy(xe) # @} and (z1,22) €
(X1 x X2)\A. Then Fi(z1) N Fy(xe) = @. Since Y is strongly normal and Fj is
point closed for i = 1, 2, there exist disjoint open sets Vi, V5 such that F;(z;) C V;
for i = 1, 2. We have Cl(V;) N Cl(Vz) = (). Since F; is upper weakly Z-continuous,
there exist Z-open sets U; and U, containing x; and x5, respectively such that
F,(U;) ¢ CI(V;) for i =1, 2. Put U = U; x Us,, then U is an Z-open set and
(x1,22) € U C (X1 x X3) \A. This shows that (X; x X3) \ A is Z-open; hence A
is Z-closed in X; x X5. "

Theorem 3.17 Let F' and G be point closed multifunctions from a topological
space (X, T) to a strongly normal space (Y, o). If F' is upper weakly -continuous
and G is upper weakly continuous, then the set K = {z : F(z) N G(z) # &} is
Z-closed in X.

Proof. Let z € X\K. Then F(z) NG(z) = @. Since F' and G are point closed
multifunctions and Y is a strongly normal space, there exist disjoint open sets
U and V containing F(z) and G(x), respectively we have CI(U) N CI(V) = 0.
Since F' and G are upper weakly Z-continuous functions, then there exist Z-open
set U; containing x and open set U, containing x such that F(U;) C Cl(V) and
F(Uy) C CI(V). Now set H = Uy NU,, then H is an Z-open set containing x and
HN K = &; hence K is Z-closed in X. u

Lemma 3.18 [1| Let A and B be subsets of a space (X,T).

1. If A€ ZO(X,7) and B € T, then AN B € ZO(B, 7p);
2. If A€¢ TO(B,15) and B € TO(X, 1), then A€ TO(X,T).

Theorem 3.19 Let F : (X,7,Z7) — (Y,0) be a multifunction and U an open
subset of X. If F is a lower (upper) weakly I-continuous multifunction, then
F, U =Y is a lower (upper) weakly I-continuous multifunction.

Proof. Let V be any open set of Y. Let # € U and x € F| (V). Since F is lower
weakly Z-continuous multifunction, then there exists an Z-open set G' containing x
such that G C F7(CI(V)). Then z € GNU € ZO(X,7) and GNU C F_(CI(V)).
This shows that F], is a lower weakly Z-continuous. The proof of the upper weakly
Z-continuity of Fj, can be done by the similar manner. u

Theorem 3.20 Let {A;}icr be an open cover of a topological space X. Then a
multifunction F : (X, 7,T) — (Y, 0) is upper (lower) weakly T-continuous if and
only if Fj, - A; =Y is a upper (lower) weakly Z-continuous for each i € 1.

Proof. Let i € I and V be any open set of Y. Since F' is lower weakly Z-
continuous, F(V) C ZInt(F*(Cl(V))). We obtain (F|A;)" (V) = FH (V)N A4;
CZInt(FH(CLV)))NA; = ZInt(FT(CU(V)) N A;) CZInty,(FH(CL(V))). Hence
F,: A — Y is an upper weakly Z-continuous for each ¢ € I. Conversely, Let
V' be any open set of Y. Since F; is lower weakly Z-continuous for each ¢ € I,
from Theorem 3.6, F," (V) C ZInt4,(F;"(C1(V))) and since A; is open, we have



906 C. ARIVAZHAGI, N. RAJESH

FH(V)NA; CZInts,(FH(CHV))NA;) and FH(V)NA; C ZInt(FT(CL(V)))NA;.
Since {A;}ier is an open cover of X it follows that (V) C Z Int(F*(CL(V))).
Hence, from Theorem 3.6, we obtain that F' is upper weakly Z-continuous. The
proof of the lower weakly Z-continuity of F}, can be done by the similar manner.m

Definition 6 For a multifunction, F': (X, 7,Z) — (Y, 0), the graph multifunction
Gr: X — X XY is defined as follows: Gp(z) = {z} x F(zx) for every z € X and
the subset {{z} x F(z) :x € X} C X x Y is called the graph multifunction of F'
and is denoted by G(z).

Lemma 3.21 [9] For a multifunction F : (X, 7,7) — (Y, 0), the following holds:
1. GE(Ax B) = AN F*(B);
2. Go(Ax B) = ANF~(B)

for any subset A of X and B of Y.

Theorem 3.22 Let F': (X, 7,7) — (Y,0) be a multifunction. If the graph mul-
tifunction of F is upper (lower) weakly T-continuous, then F' is upper (lower)
weakly I -continuous.

Proof. Let z € X and V be any open subset of Y and containing F'(x). Since
X xV is an open set relative to X XY and Gg(x) C X x V| there exists an Z-open
set U containing  such that Gr(U) C CI(X x V) = X x CI(V). By Lemma 3.21,
we have U C GH(X x CI(V)) = FH(CI(V)) and F(U) C CI(V). Thus, F is upper
weakly Z-continuous. The proof of the lower weakly Z-continuity of F' can be
done by the similar manner. .

Theorem 3.23 Let F': (X, 7,7) — (Y,0) be a multifunction such that F(x) is
compact for each ¥ € X. Then F is upper weakly I-continuous if and only if
Gr: X — X XY is upper weakly I-continuous.

Proof. Suppose that F : (X,7,Z7) — (Y,0) is upper weakly Z-continuous. Let
x € X and W be any open set of X XY containing Gg(x). For each point y € F(z),
there exist open sets U(y) C X and V(y) C Y such that (z,y) € U(y)xV(y) C W.
The family {V(y) : y € F(z)} is an open cover of F(x) and F(z) is compact.
Therefore, there exist a finite number of points, say, yi,¥s,..,y, in F(x) such
that F(z) € U{V(y) : 1 < i < n}. Set U = N{U(y;) : 1 < i < n} and
V =U{V(y;) : 1 <i<n}. Then U and V are open sets of X and Y, respectively,
and Gp(z) = {z} x F(z) CU xV C W. Since F is upper weakly Z-continuous,
there exists Uy € ZO(X, z) such that F(Uy) C CI(V). By Lemma 3.18, UNU, €
ZO(X,z). By Lemma 3.21, UNU, C C{U)NEF(CI(V)) = GL(CL{U) x CL(V)) C
GL(CI(W)). Therefore, we obtain U N Uy € ZO(X,z) and Gp(U NUy) € CL(W).
This shows that Gg is upper weakly Z-continuous. Conversely, suppose that
Gr: X — X x Y is upper weakly Z-continuous. Let z € X and V be any open
set of Y containing F'(x). Since X x V is open in X x Y and Gp(x) C X x V|
there exists U € ZO(X,x) such that Gp(U) C CI(X x V) = X x CI(V). By
Lemma 3.21, we have U C GL(X x CI(V)) = FT(CI(V)). This shows that F is

upper weakly Z-continuous. .
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Theorem 3.24 A multifunction F: (X, 7,7) — (Y, 0) is lower weakly T-continuous
if and only if Gp: X — X XY is lower weakly T-continuous.

Proof. Suppose that F' is lower weakly Z-continuous. Let x € X and W be
any open set of X X Y such that x € Gp-(W). Since W N ({z} x F(x)) # 0,
there exists y € F(z) such that (z,y) € W and hence (z,y) € U xV C W
for some open sets U C X and V C Y. Since F is lower weakly Z-continuous
and F(x) NV # (), there exists Uy € ZO(X, ) such that Uy ¢ F~(CI(V)). By
Lemma 3.21, we have UNUy C UNF~(CI(V)) = Gp- (U xCL(V)) C G- (CL(W)).
Moreover, we have UNUy € ZO(X, z); and hence G is lower weakly Z-continuous.
Conversely, suppose that G is lower weakly Z-continuous. Let z € X and V
be an open set of Y such that + € F~(V). Then X x V is open in X X Y and
Grp(x)N(XXV) = {z}xF(x))N(X xV) = {z}x(F(z)NV) # 0. Since G is lower
weakly Z-continuous, there exists U € ZO(X, z) such that U C Gp-(Cl(X x V)).
By Lemma 3.21, we obtain U C G- (ClI(X x V)) = F~(CI(V)). This shows that

F' is lower weakly Z-continuous. .

Definition 7 A topological space (X, 7) is said to Z-Ty [10] if for each pair of
distinct points x and y in X, there exist disjoint Z-open sets U and V in X such
that r € U and y € V.

Theorem 3.25 If F: (X, 7,Z) — (Y,0) is an upper weakly T-continuous injec-
tive multifunction and point closed from a topological space X to a strongly normal
space Y, then X is an T-T space.

Proof. Let z and y be any two distinct points in X. Then we have F(x)NF(y)=2
since F' is injective. Since Y is strongly normal, there exist disjoint open sets U
and V' containing F'(x) and F(y), respectively such that CI(U)NCI(V') = (). Thus,
there exist disjoint Z-open sets F'*(U) and F™ (V') containing = and y, respectively
such G C FH(CL(U)) and W C F*(CL(V)). Therefore, we obtain G NW = {;
hence X is Z-T5. "

Theorem 3.26 Suppose that (X, 7) and (X, 7a) are topological spaces where X,

1s connected space for each a € J. Let F': X — 11 X, be a multifunction
acJ

from X to the product space 11 X, and let P, : 11 X, — X, be the projection
acJ acJ

multifunction for each o € J which is defined by P,((z4)) = {za}. If F is upper
(lower) weakly I-continuous multifunction, then P, o F is upper (lower) weakly
I -continuous multifunction for each o € J.

Proof. Take any ag € J. Let V,, be an open set in (X0, 7a0). Then (Py o
F)T (Vo) = FH (P (Vao)) = FH(Vog x 11 X,). We take x € (P, o F)T(V,,).
aFap

Since F'is upper weakly Z-continuous and V.o x II X, is an open set to II X,,
aFag acJ

there exists an Z-open set U containing x such G C F7(Cl(V,ox II X,)). Since
aFap
FHCl(Voox TI X)) =FT(Cl(Vy) X T Xa) = (Pago F)T(Cl(Vi)), PyoFis
aFag aFag
upper weakly Z-continuous. The proof of the lower weakly Z-continuity of F' can
be done by the same manner. .
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Theorem 3.27 Suppose that for each a € J, (Xa,7a), (Ya,04) are topological

spaces. Let F, : X, — Y, be a multifunction for each oo € J and let F : TI X,
a€eJ

— 11 Y, be defined by F((z,)) = II Fo(za) from the product space 11 X, to the
acJ

aeJ acJ

product space 11 Y. If F is upper (lower) weakly T-continuous multifunction,
acJ

then each F, is upper (lower) weakly Z-continuous multifunction for each o € J.

Proof. Similar to the proof of Theorem 3.26. n

4. Additional properties

Theorem 4.1 Let F': X — TI X; be a multifunction from a topological space X
to the product space 11 X; anéﬁet pi : II X; — X; be the projection for eachi € I.
If F' is an upper (T@SZ;.I lower) weakly ZIE—Icomfmuous multifunction, then p;oF is an
upper (resp. lower) weakly I -continuous multifunction for each i € I.

Proof. We shall prove this only for the upper continuity. Let V;y be an open
set in X;0. We have (piooF)"(Vig) = FT(pjy(Vio)) = FT(Vig x 11 X;). Take
i€l
x € (pioF) " (Vi). Since F is upper weakly Z-continuous and Vjo x IT X; is an open
i€l
set, there exists an Z-open set U containing = such that U C F7(Cl(Vio x I X;)).
iel

Since F+(Cl(‘/,0 X H[Xz)) = F+(Cl(‘/zg> X H]Xz) = (pzoOF)—i_(Cl(‘/;o)), pz‘oOF is
i€ i€

upper weakly Z-continuous multifunction. .

Theorem 4.2 Suppose that Fy : X — Y, Fy : X — Z are multifunctions. Let
Fy x Fy, : X — Y X Z be a multifunction which is defined by (Fy x Fy)(x) =
Fi(x) x Fy(z) for each x € X. If Fy X Fy is upper (lower) weakly I-continuous
multifunction, then Fy and Fy are upper (resp. lower) weakly Z-continuous func-
tions.

Proof. Let x € X and let K C Y, H C Z be open sets such that z € F;'(K)
and * € Fy (H). Then we obtain that Fi(z) C K and Fy(x) C H and so
Fi(x) x Fy(x) = (F1 x Fy)(x) € K x H. We have x € (F} x Fp)"(K x H).
Since I x Fy is upper weakly Z-continuous multifunction, there exists an Z-open
set U containing x such that U C (F; x Fp)T(Cl(K x H)). We obtain that
U C F"(CI(K)) and U C F,7(CI(H)). Thus, we obtain that F} and Fy are upper
weakly Z-continuous multifunctions. The proof of the lower weakly Z-continuity
of F1 and F5 is similar to that presented above. "

Definition 8 Let F': (X,7,7) — (Y, 0) be a multifunction. The multigraph G
is said to be Z-closed in X x Y if for each (x,y) ¢ G, there exist Z-open set U
and open set V' containing x and y, respectively, such that (U x V) NG = 0.

Definition 9 A multifunction F' : (X,7) — (Y, 0) is called punctually a-para-
compact [7] if F(x) is a-paracompact for each point z € X.
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Theorem 4.3 Let F : (X,7) — (Y,0) be an upper weakly Z-continuous and
punctually a-paracompact multifunction into a Hausdorff space (Y,o). Then the
multigraph G of F' is an Z-closed in X X Y.

Proof. Suppose that (xg,y0) ¢ Gp. Then yy ¢ F(xq). Since (Y, o) is a Hausdorff
space for each y € F(x), there exist open sets V(y) and W (y) containing y and
Yo, respectively such that V(y) N W(y) = (. The family {V(y) : v € F(zo)}
is an open cover of F'(xy) which is a-paracompact. Thus, it has a locally fi-
nite open refinement ® = {Usz : § € I} which covers F(zo). Let Wy be an
open neighborhood of y, such that W, intersects only finitely many members
Us1, Uga, ..., Ugy, of @. Choose y1,ys, .., yn in F(xq) such that Ug; C V (y;) for each

i=12,. . nand W = WyN (ﬁl W (y;)). Then W is an open neighborhood of yy with
wn (ﬂLéI Us) = 0, which implies that W N Cl(ﬂLEJI Usz) = 0. By the upper weakly
Z-continuity of F', there exists U € ZO(X, zo) such that F(U) C Cl(ﬁgl Ug). Tt
follows that (U x W) N Gr = (). Hence, the graph G is an Z-closed in X X Y. m

Definition 10 A multifunction F' : (X, 7,Z) — (Y, 0) is said to be almost Z-open
if F(U) C Int(CI(F(U))) for every Z-open set U in X.

Theorem 4.4 If a multifunction F : (X,7,Z) — (Y,0) is upper weakly Z-
continuous and almost L-open, then F' is upper almost I-continuous.

Proof. Let V be an arbitrary open set containing F'(z). There exists an Z-open
set U containing = such that F(U) C CI(V). Since F' is almost Z-open, we have

FU) c Int(CI(F(U))) C Int(CL(V)). It then follows that F' is upper almost
Z-continuous. ]

Theorem 4.5 Let F: (X, 7,7) — (Y, 0) be a multifunction such that F(zx) is an
open set of Y for each x € X. Then the following assertions are equivalent:

1. F 1s lower I-continuous,
2. I s lower almost I-continuous,

3. F is lower weakly I -continuous.

Proof. (1)=(2), (2)=(3): Obvious.

(3)=(1): Let € X and V' be an open set of Y such that F(z) NV # (). Then
there exists an Z-open set U containing = such that F'(u) N Cl(V) # 0 for each
uw € U. Since F(u) is open, F(u) NV # 0 for each v € U and hence F is lower
Z-continuous. ]

Theorem 4.6 IfF : (X, 7,7) — (Y, 0) is upper weakly I-continuous and satisfies
the condition FT(CL(V)) C FT (V) for every open set V' of Y, then F is upper
T -continuous.

Proof. Let V be any open set. Since F upper weakly Z-continuous, F* (V) C
T Int(F*(CL(V))) and hence F*(V) C ZInt(F*(CL(V))) C ZInt(F*(V)). Then
F*(V) is Z-open; hence F' is upper Z-continuous. n
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Theorem 4.7 Let F' : (X, 7,7) — (Y,0) be a multifunction such that F(x) is
closed in'Y for each x € X and Y is normal. Then the following assertions are
equivalent:

1. F 1is upper weakly I -continuous,
2. I 1s upper almost I-continuous,

3. F s upper I-continuous.

Proof. (3)=(2), (2)=-(1): Obvious.

(1)=(3): Suppose that F' is upper weakly Z-continuous. Let x € X and G be
an open set containing F'(x). Since F(z) is closed in Y, by the normality of
Y, there exists an open set V' such that F(z) C V C Cl(V) C G. Since F' is
upper weakly Z-continuous, there exists an Z-open set U containing x such that
F(U) c CI(V) C G. This shows that F' is upper Z-continuous. .

Definition 11 [16] A topological space X is said to be almost regular if for each
x € X and each regular closed set F' of X not containing x, there exist disjoint
open sets U and V' of X such that x € U and FF C V.

Lemma 4.8 If A is an a-almost reqular a-paracompact set of a topological space
X and U 1is a reqular open neighborhood of A, then there exists an open set G of
X such that AC G C CI(G) C U.

Theorem 4.9 If a multifunction F : (X,7,Z) — (Y,0) is upper weakly Z-
continuous and F(x) is an a-almost reqular and a-paracompact set for each x € X,
then F' is upper almost I-continuous.

Proof. Let V be a regular open set of Y and z € F*(V). Then F(z) C V and
by Lemma 4.8 there exists an open set W of Y such that F(x) C W C CI(W) C
V. Since F' is upper weakly Z-continuous, there exists U € ZO(X,x) such that
F(U) c C(W) C V. Therefore, we have x € U C F*(V). This shows that
FH(V) € ZO(X,z). Hence F is upper almost Z-continuous. .

Corollary 4.10 Let F': (X,7,Z) — (Y, 0) be an upper weakly I-continuous mul-
tifunction such that F(z) is compact for each x € X and Y is almost regular.
Then F' is upper almost I-continuous.

Lemma 4.11 If A is an a-almost reqular set of a space X, then for every regular
open set U which intersects A, there exists an open set G such that ANG # ()
and CI(G) C U.

Theorem 4.12 If F : (X,7,Z) — (Y,0) is a lower weakly T-continuous multi-
function such that F(z) is an a-almost regular set of Y for every x € X, then F
s lower almost L-continuous.

Proof. Let V be a regular open set of Y and x € F~ (V). Since F(z) is a-almost
regular, by Lemma 4.11 there exists an open set W of Y such that F'(z) N TW # ()
and CI(W) C V. Since F' is lower weakly Z-continuous there exists U € ZO(X, x)
such that F(u) N CL(W) # 0; hence F(u) NV # () for every u € U. Therefore,
we have x € U C F~ (V). This shows that F~ (V) € ZO(X, x). Hence F is lower
almost Z-continuous. n
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Definition 12 A multifunction F' : (X,7,Z) — (Y, 0) is said to be complemen-
tary continuous if for each open set V of Y, F~(Fr(V)) is a closed set of X, where
Fr(V) denotes the frontier of V.

Theorem 4.13 If F': (X, 7,Z) — (Y, 0) is upper weakly Z-continuous and com-
plementary continuous, then it is upper I-continuous.

Proof. Let x € X and V be any open set of Y such that F(z) C V. There exists
G € TO(X,z) such that F(G) Cc CI(V). Put U = GN (X\F~(Fr(V))). Since
F=(Fr(V)) is closed in X, U € ZTO(X). Moreover, we have F(z) N Fr(V) C
[V NCY(V) N (Y\V) = 0; and hence z € X\F~(Fr(V)). Thus, we obtain
UeZIO(X,z)and F(U) C V since F(U) C F(G) C CI(V) and F(u)NEr(V) =10

for each v € U. Therefore, F' is upper Z-continuous. .

Definition 13 A multifunction F': (X,7,7) — (Y, 0) is said to be complemen-
tary Z-continuous if for each open set V of Y, F~(Fr(V)) is an Z-closed set
of X.

Theorem 4.14 If multifunction F : (X, 7,Z) — (Y, o) is upper weakly continuous
and complementary I-continuous, then it s upper I-continuous.

Proof. It is similar to the proof of Theorem 4.13. u

Definition 14 A multifunction F' : (X, 7,Z) — (Y, 0) is said to be injective if
x # y implies F(z) N F(y) = 0.

Theorem 4.15 If F: (X, 7,Z) — (Y, 0) is an upper weakly I-continuous injec-
tive multifunction into a Urysohn space (Y, o) and F(x) is compact in'Y" for each
x € X, then (X, 1,7) is Z-Ts.

Proof. For any distinct points z1,z9 of X, we have F(z1) N F(z3) = 0, since
F' is injective. Since F(x;) is compact in a Urysohn space (Y, o), there exist
open sets V; such that F(z;) C V; for i=1,2 and C1(V;) N C1(V3) = 0. Since F is
upper weakly Z-continuous there exists U; € Z(X,z;) such that F(U;) C Cl(V;)
for i = 1,2. Therefore, we obtain U; N Uy = () and hence (X, 7,7) is Z-Ts. .

Theorem 4.16 If Fy, Fy : X — Y be multifunctions into a Urysohn space (Y, o)
and Fi(x) compact in'Y for each x € X and each i = 1,2. If F(x;) N Fo(X) # 0
for each x € X and Fy s upper weakly T-continuous, then a multifunction F' :
(X,7,7) — (Y,0), defined as follows F(x) = Fy(x) N Fy(x) for each x € X, is
upper weakly I -continuous.

Proof. Let z € X and V be an open set of Y such that F(z) C V. Then, A =
Fi(z)\V and B = Fy(z)\V are disjoint compact sets. Then there exist open sets
V; and V; such that A C V; and B C V; and C1(V;)NCIL(V,) = . Since F} is upper
weakly Z-continuous, there exists U; € ZO(X, x) such that Fy(U;) C CI(V; U V).
Since F5 is upper weakly Z-continuous, there exists an Z-open set U; containing x
such that Fy(Uy) C Cl(VoNV). Set U = Uy NUs, then U € TO(X, x). If y € F(xy)
for any x € U, then y € C1(V,UV)NCL(V,UV) = (Cl(V1)NCL(V,))UCL(V). Since
C1(V1) N C1(Vz) = 0, we have y € CI(V) and hence F(U) c CI(V). Therefore, F
is upper weakly Z-continuous. n
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