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1. Introduction

Consider the Laplace-Stieltjes transformation defined by

(1.1) G (s) =

∞∫

0

exp (−sx) dα (x)

where α (x) is a function of bounded variation on any finite interval [0, X],
(0 < X < +∞), s = σ + it, σ and t are real variables. We choose a monotonic
increasing sequence of real numbers {λn} satisfying the following conditions:

(1.2) 0 = λ1 < λ2 < λ3 < · · · < λn ↑ +∞,

(1.3) lim sup
n→∞

(λn+1 − λn) < +∞, lim sup
n→∞

ln n

λn

= D < +∞.

We put

K∗
n = sup

λn<x≤λn+1,
−∞<t<+∞

∣∣∣∣∣∣

x∫

λn

e−itydα (y)

∣∣∣∣∣∣
.

In [2], Jiarong obtained the following Valiron-Knopp-Bohr formula:
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Theorem A. Suppose that the Laplace-Stieltjes transformation (1.1) satisfies

lim sup
n→∞

(λn+1 − λn) < +∞ and lim sup
n→∞

ln n

λn

< +∞,

and σG
µ denotes the abscissa of uniform convergence of the integral in (1.1). Then

(1.4) lim sup
n→∞

ln K∗
n

λn

≤ σG
µ ≤ lim sup

n→∞

ln K∗
n

λn

+ lim sup
n→∞

ln n

λn

.

Suppose that

(1.5) lim sup
n→∞

ln K∗
n

λn

= 0.

If D = 0, then, by (1.4) and (1.5), it follows that σG
µ = 0 and F (s) is analytic in

the right half plane σ > 0.

Various authors have obtained the growth properties of the analytic function
defined by (1.1). Yinying and Daochun [6] introduced a type function using the
proximate orders. Similarly, Hong et al [1] also obtained some growth properties
using the proximate order and type function. Kong and Yang [7] considered the
Laplace-Stieltjes transformations given by (1.1) converging uniformly in the whole
complex plane Re(s) > −∞ and studied their growth properties. Yingying and
Hong [8] have also studied the properties of Laplace-Stieltjes transformations. In
2012, Luo Xi and Kong Yinying [5] defined Laplace-Stieltjes transformations in a
different manner by taking positive exponents in the integral in (1.1). Thus they
defined Laplace-Stieltjes transformations as given below:

(1.6) F (s) =

+∞∫

0

exp (sy)dα (y) , (s = σ + it) ,

where α(y) satisfies same conditions as stated earlier. Let the sequence {λn}
satisfy both conditions stated in (1.3). We put

A∗
n = sup

λn<x≤λn+1,
−∞<t<+∞

∣∣∣∣∣∣

x∫

λn

eitydα (y)

∣∣∣∣∣∣
.

Then the result of Theorem A can be proved for (1.6) also. We assume that the

function F (s) given by (1.6) satisfies the condition lim inf
n→∞

ln (A∗n)−1

λn
= +∞ i.e.

F (s) represents an entire function.

We now give
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Definition 1. The maximum modulus, the maximum term and central index of
F (s) given by (1.6) are defined as

M (σ, F ) = sup
−∞<t<+∞

|F (σ + it)| ,

Mµ (σ, F ) = sup
0<x6+∞,
−∞<t<+∞

∣∣∣∣∣∣

x∫

0

esydα (y)

∣∣∣∣∣∣
, s = σ + it, σ > 0,

µ (σ, F ) = max
1≤n<N

{
A∗

neλnσ
}

, σ > 0,

N (σ, F ) = max
{
n; µ (σ, F ) = A∗

ne
λnσ

}
.

Using Lemma 1 [5], we can easily show for our case that for ε > 0 and σ sufficiently
large,

(1.7)
1

2
µ(σ, F ) ≤ Mµ(σ, F ) ≤ µ(σ + D + ε, F ).

In [7], Kong and Yang have studied the growth properties of L-S transform re-
presenting entire function using generalized functions. In this paper we have
defined (p, q)-order and lower (p, q)-order of Laplace-Stieltjes transformations and
obtained their coefficient characterizations. These results are more explicit and de-
pict the relation between growth parameters and behaviour of the sequence {A∗

n}.
Following the definitions given by Juneja et al [4] for classical Dirichlet series,

we define the index pair (p, q) of entire functions represented by L-S transformation
and their order and lower order. We use the following notations: exp[0]x=ln[0]x=x;
exp[m]x = ln[−m]x = exp(exp[m−1]x) = ln(ln[−m−1]), m = ±1,±2, ... E[m](x) =
m

Π
i=0

exp[i]x; Λ[m](x) =
m

Π
i=0

ln[i]x, E[−m](x) = x
Λ[m−1](x)

, Λ[−m](x) = x
E[m−1](x)

,

m = 0,±1, ...
We define the (p, q)-order and lower (p, q)-order with index pair (p, q) of entire

functions represented by Laplace-Stieltjes transformations F (s) given by (1.6)
above. Hence we put

(1.8) ρ(λ) = lim sup(inf)
σ→∞

ln[p]Mµ(σ, F )

ln[q]σ
,

where p and q are integers such that p > q ≥ 0. It can be easily seen that
0 ≤ ρ(p, q) ≤ ∞ if p > q + 1 and 1 ≤ ρ(p, q) ≤ ∞ if p = q + 1. Further, in view
of (1.7) we have the equivalent formula for order ρ and lower order λ i.e.,

(1.9) ρ(λ) = lim sup(inf)
σ→∞

ln[p]µ(σ, F )

ln[q]σ
.

We also put for α ≥ 0,

Pα(x) =





x if q + 1 < p < ∞
x + α if p = q + 1 = 2
max(1, x) if 3 ≤ q + 1 = p < ∞
∞ if p = q = ∞.

We put P1(x) = P (x). For more details about the notations, we shall refer to [4].
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2. Main results

We now prove

Theorem 1. Let F (s) =
∫∞
0

exp (sy)dα (y) be Laplace-Stieltjes transformation
and let for a pair of integers (p, q) , p ≥ 2, q ≥ 0, the (p, q)-order ρ of F (s) be
defined by (1.8). Then

(2.1) ρ = P (L) ,

where

(2.2) L ≡ L (p, q) = lim
n→∞

sup
ln[p−1]λn

ln[q]
{
(1/λn) ln (A∗

n)−1} .

Proof. Let us assume that ρ = ρ (p, q) < ∞, then from the definition of ρ, for
any ε > 0 and all σ > σ0(ε), we get

ln Mµ (σ, F ) < exp[p−1]
{

(ρ + ε) ln[q]σ
}

.

From (1.7) and the definition of µ(σ, F ), we have

ln A∗
n + λnσ ≤ ln µ(σ, F ) ≤ ln Mµ (σ, F ) + o(1).

Hence

(2.3) ln A∗
n < exp[p−1]

{
(ρ + ε) ln[q]σ

}
− λnσ.

For (p, q) 6= (2, 1) , we choose

σ = exp[q−1]
{

ln[p−2] (λn)
}1/(ρ+ε)

.

For p ≥ 2 and q ≥ 0, from (2.3) we have

ln A∗
n < λn − λnexp[q−1]

{
ln[p−2]λn

}1/(ρ+ε)

.

Now, if p = q + 1, then ρ ≥ 1. Therefore, for p = q + 1 ≥ 3, the above inequality
gives

1

λn

ln (A∗
n)−1 > exp[q−1]

{
ln[p−2] λn

}1/(ρ+ε)

− 1,

or

ln[q]

{
1

λn

ln (A∗
n)−1

}
>

1

ρ + ε

[
ln[p−1]λn

]
(1 + o (1)) ,

or

ρ + ε >

[
ln[p−1]λn

]

ln[q]
{
(1/λn) ln (A∗

n)−1} (1 + o (1)) .
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By proceeding to limits, we get

(2.4) ρ (p, p− 1) ≥ max (1, L (p, p− 1)) .

From the above inequality, we also have for p > q + 1 and (p, q) 6= (2, 1) ,

ρ (p, q) ≥ L (p, q) .

Thus (2.1) is proved for all pairs (p, q) except for (p, q) = (2, 1).
Now, for (p, q) = (2, 1), we choose

σ = λn
1/(ρ+ε)

.

After substituting this value of σ in (2.3), we get for (p, q) = (2, 1)

ln A∗
n < λn − λn(λn)1/(ρ+ε),

or

ln

{
1

λn

ln (A∗
n)−1

}
>

1

(ρ + ε)
ln (λn) + o (1) .

By proceeding to limits, we get

lim sup
n→∞

ln λn

ln
{
(1/λn) ln (A∗

n)−1} ≤ ρ .

Hence, for all index pair (p, q),

(2.5) ρ (p, q) ≥ L (p, q) .

To prove the reverse inequality, we assume that L(p, q) < ∞. For any ε > 0, there
is a positive integer no such that for n > no, we have

(2.6) A∗
n < exp

{
−λnexp[q−1]

(
ln[p−2]λn

)1/L+ε
}

.

Also, for a number σo > 1 and σ > σo, we can find an integer S such that

λS < exp[p−2]
(
ln[q]2eσ

)(L+ε)

< λS+1.

From the definition, we have Mµ (σ, F ) ≤
∞∑

n=0

A∗
n exp (σλn) . Then

(2.7)

Mµ (σ, F ) ≤ O(1) +
S∑

n=no+1

A∗
n exp (σλn)

+
∞∑

n=S+1

exp

{
σλn − λnexp[q−1]

(
ln[p−2]λn

)1/(L+ε)
}

.



980 g.s. srivastava, c. singhal

Hence, using (2.6) we obtain

(2.8)

S∑
n=no+1

A∗
n exp (σλn) < exp (σλS)

S∑
n=no+1

exp

{
−λnexp[q−1]

(
ln[p−2]λn

)1/L+ε
}

< exp (σλS)
∞∑

n=no+1

exp

{
−λnoexp[q−1]

(
ln[p−2]λn

)1/L+ε
}

< B exp (σλS)

since the series on right hand side is convergent. Similarly, we have

(2.9)

∞∑
n=S+1

exp

{
σλn − λnexp[q−1]

(
ln[p−2]λS

)1/(L+ε)
}

≤
∞∑

n=S+1

exp {σλn − λn ln(2eσ)} ≤
∞∑

n=0

2−λn = C < ∞.

Combining the estimates obtained in (2.8) and (2.9), we get

Mµ (σ, F ) ≤ A + B exp

{
σexp[p−2]

(
ln[q]2eσ

)(L+ε)
}

+ C

or

ln[2]Mµ (σ, F ) ≤ exp[p−3]
(
ln[q]2eσ

)(L+ε)

+ o (1)

or

ln[p]Mµ (σ, F ) ≤ ln
(
ln[q]2eσ

)(L+ε)

(1 + o (1))

=
{

(L + ε) ln[q] ln(2eσ)
}

(1 + o (1))

' (L + ε) ln[q](σ).

Proceeding to limits, we obtain

(2.10) lim
σ→∞

sup
ln[p]Mµ(σ, F )

ln[q]σ
= ρ (p, q) ≤ L (p, q) .

Thus the above inequality is true for all pairs of (p, q). From (2.5) and (2.10), we
get (2.1) and the proof of the Theorem 1 is complete.

Next, we prove

Lemma 1. Let F (s) =
∫∞

0
exp (sy)dα (y) be Laplace-Stieltjes transformation

having (p, q)-order ρ and lower (p, q)-order λ. Then

(2.11) lim sup(inf)
σ→∞

ln[p−1]λN(σ,F )

ln[q]σ
= ρ(λ) .
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Proof. From a result of Jingjing [3, p.7], we have

ln µ (σ, F ) = ln µ (σ′, F ) +

∫ σ

σ′
λN(x,F ) dx, where 0 < σ′ < σ < ∞.

Since λN(σ,F ) is nondecreasing, therefore we have

ln µ (σ, F ) ≤ ln µ (σ′, F ) + λN(σ,F ) (σ − σ′)

or
(1− o(1)) ln ln µ (σ, F ) ≤ (1 + o(1)) ln λN(σ,F ),

or
ln[p]µ (σ, F ) ≤ ln[p−1]λN(σ,F ).

Hence,

lim sup(inf)
σ→∞

ln[p]µ (σ, F )

ln[q]σ
≤ lim sup(inf)

σ→∞

ln[p−1]λN(σ,F )

ln[q]σ
.

Conversely, we have

ln µ (2σ, F ) = ln µ (σ′, F ) +

∫ 2σ

σ′
λN(x,F ) dx ≥ O(1) +

∫ 2σ

σ

λN(x,F ) dx ≥ σ λN(σ,F ).

Following as above, we obtain

lim sup(inf)
σ→∞

ln[p]µ (σ, F )

ln[q]σ
≥ lim sup(inf)

σ→∞

ln[p−1]λN(σ,F )

ln[q]σ
.

Combining the two inequalities obtained above, we get (2.11).

Now, we obtain some lower bounds for the lower (p, q)-order λ.

Lemma 2. Let F (s) =
∫∞

0
exp (sy)dα (y) be Laplace-Stieltjes transformation

having lower (p, q)-order λ and let {nk}∞k=1 be an increasing sequence of natural
numbers. Then

(2.12) λ ≥ Pα (=)

where

α ≡ α ({nk}) = lim
k→∞

inf
ln λnk−1

ln λnk

,

and

(2.13) = ≡ = ({nk} , p, q) = lim
k→∞

inf
ln[p−1]λnk−1

ln[q]
{

1/λnk
ln

(
A∗

nk

)−1
} .
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Proof. We assume that 0 < = < ∞. Then, for a given ε, = > ε > 0, we have
from (2.13)

(2.14)
(
A∗

nk

)
> exp

[
−λnk

exp[q]
{

ln[p−1]λnk−1

/
(=− ε)

}]
.

Since addition of an exponential polynomial does not affect the growth of F (s),
we can assume that (2.14) holds for all k. Now for the pair (p, q) 6= (2, 1) , we
choose a sequence

(2.15) σk = 2 + exp[q]
{

ln[p−1]λnk−1

/
(=− ε)

}
, k = 1, 2, ....

Then {σk} is monotonic increasing and σk → ∞ as k → ∞. If σk ≤ σ < σk+1,
then for (p, q) 6= (2, 1) , from (2.14) we get

ln Mµ (σ, F ) ≥ ln A∗
nk

+ λnk
σk > σkλnk

− λnk
exp[q]

{
ln[p−1]λnk−1

/
(=− ε)

}
.

Now, substituting for σk, from (2.15), we get

ln Mµ (σ, F ) ≥ 2λnk
= 2exp[p−1]

{
(=− ε) ln[q] (σk+1 − 2)

}

≥ 2exp[p−1]
{

(=− ε) ln[q] (σ − 2)
}

.

For sufficiently large value of σ, we have

ln[p]Mµ (σ, F ) ≥ (=− ε) ln[q]σ + o (1) .

For p = q + 1 ≥ 3, we have λ ≥ 1, so we have, by the above inequality,

(2.16) lim
σ→∞

inf
ln[p]Mµ (σ, F )

ln[q]σ
≥ max (1,=) .

For p > q + 1, the same inequality implies

(2.17) lim
σ→∞

inf
ln[p]Mµ (σ, F )

ln[q]σ
≥ =.

Now, for (p, q) = (2, 1), as 1 ≤ = < ∞, we choose

(2.18) σk = 2
(
λnk−1

)1/(=−ε)
, k = 1, 2, ...

If σk ≤ σ < σk+1, after proceeding as in the previous case, we get

ln Mµ (σ, F ) ≥ λnk

(
λnk−1

)1/(=−ε)
,

which gives
ln ln Mµ (σ, F )

ln σ
≥ ln λnk

ln σk+1

+
1

(=− ε)

ln λnk−1

ln σk+1

.
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After substituting the value of σk+1, from (2.18) and proceeding to limits as
k →∞, we get

(2.19) λ ≥ =+ χ.

After combining (2.16), (2.17) and (2.19) we get the desired result for 0 < = < ∞.
If == 0 (2.12) is trivially true and if = = ∞, then, repeating the above arguments
with an arbitrarily large number in place of (=− ε), we get the desired result.
This completes the proof of the Lemma 2.

In the next result, we characterize the lower (p, q)− order in terms of the
ratio

{
A∗

n−1

/
A∗

n

}
. We prove

Lemma 3. Let F (s) =
∫∞

0
exp (sy)dα (y) be Laplace-Stieltjes transformation

having lower (p, q)-order λ and let {nk}∞k=1 be an increasing sequence of natural
numbers, then

(2.20) λ ≥ Cχ (=∗)
where

(2.21) =∗ ≡ =∗ ({nk} , p, q) = lim inf
k→∞

ln[p−1] λnk−1

ln[q]
{(

ln A∗
nk−1

/
A∗

nk

)/ (
λnk

− λnk−1

)} ,

and χ is as defined in Lemma 2.

Proof. If =∗ is zero then (2.20) is trivially true, therefore it is sufficient to
consider the case when 0 < =∗ ≤ ∞. For any ε such that =∗ > ε > 0 and for all
k > k1 = k1 (ε) , from (2.21), we have

(
A∗

nk−1

/
A∗

nk

)
< exp

[(
λnk

− λnk−1

)
exp[q]

{
ln[p−1]λnk−1

/
(=∗ − ε)

}]
.

Writing the above inequality for m = k1 + 1, ..., k and multiplying side by side,
we get

(2.22) A∗
nk

> A∗
nk1

k∏

m=k1+1

exp
[
− (

λnm−λnm−1

)
exp[q]

{
ln[p−1]λnm−1

/
(=∗−ε)

}]
.

Let the sequence {σk} be chosen as in equations (2.15) and (2.18) for the two
cases and let σk ≤ σ < σk+1. Then for all σ > σo = σo (ε) , we have by (2.22)

ln Mµ (σ, F ) ≥ ln A∗
nk

+ λnk
σk

> ln A∗
nk1

−
k∑

m=k1+1

(
λnm − λnm−1

)
exp[q]

{
1/(=∗ − ε)ln[p−1]λnm−1

}
+ λnk

σk

= ln A∗
nk1

− λnk
exp[q]

{
1/(=∗ − ε)ln[p−1]λnm−1

}

+
k−1∑

m= k1

λnm

[
exp[q]

{
1/(=∗ − ε)ln[p−1]λnm

}
− exp[q]

{
1/(=∗ − ε)ln[p−1]λnm−1

}]

> ln A∗
nk1

− λnk
exp[q]

{
1/(=∗ − ε)ln[p−1]λnk−1

}
+ λnk

σk.
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Now, choosing the sequence {σk} for the two cases and proceeding as in
Lemma 2 we get the desired result (2.20).

In the next result, we obtain the reverse estimates for the lower (p, q) order.
We have

Lemma 4. Let F (s) =
∫∞

0
exp (sy)dα (y) be Laplace-Stieltjes transformation

having lower (p, q)-order λ such that θ (n) ≡ ln (A∗n/A∗n+1)

λn+1−λn
forms a nondecreasing

function of n for n > no. Then

(2.23) λ ≤ C (=o)

and

(2.24) λ ≤ C (=∗o)
where

(2.25) =o ≡ =o (p, q) = lim inf
n→∞

ln[p−1]λn−1

ln[q]
{
1/λn ln (A∗

n)−1} ,

and

=∗o ≡ =∗o (p, q) = lim inf
n→∞

ln[p−1]λn−1

ln[q]
{
1/(λn − λn−1) ln

(
A∗

n−1

/
A∗

n

)} .

Proof. We know that, if µ (σ, F ) = A∗
ne

λnσ is the maximum term for a given σ,
then

A∗
n−1e

λn−1σ ≤ A∗
ne

λnσ > A∗
n+1e

λn+1σ

or
θ (n− 1) ≤ σ < θ (n) .

Hence, for infinitely many values of n, θ(n) > θ(n − 1) and θ(n) → ∞ as
n →∞. When θ (n) > θ (n− 1) , we have µ (σ, F ) = max

n∈N

{
A∗

neλnσ
}

, σ > 0 and

N(σ, F ) = n for θ (n− 1) ≤ σ < θ (n) .
Now, let

φ = lim inf
σ→∞

ln[p−1]λN(σ,F )

ln[q]σ
.

First, we assume that φ > 0. For any ε such that φ > ε > 0, and for all σ > σo =
σo (ε) , we have

λN(σ,F ) > exp[p−1]
{

(φ− ε) ln[q]σ
}

.

Now, let A∗
n1

exp (λn1s) and A∗
n2

exp (λn2s) , (n1 > no, θ (n1 − 1) > σo) , be two
consecutive maximum terms of F (s) so that n1 ≤ n2 − 1. Let n1 < n ≤ n2.
Since A∗

n1
exp (λn1s) is the maximum term we have N (σ, F ) = n1 for θ (n1 − 1) ≤

σ < θ (n1) . For σ in this interval,

λn1 > exp[p−1]
{

(φ− ε) ln[q]σ
}

.
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Since θ (n1) = θ (n1 + 1) = ... = θ (n− 1) , we have

(2.26) λn−1 ≥ λn1 > exp[p−1]
{

(φ− ε) ln[q] (θ (n− 1)− δ)
}

where δ = max {1, [θ (n1)− θ (n1 − 1)]/2} . Since θ(n) is nondecreasing, we have

ln
∣∣A∗

no

/
A∗

no+1

∣∣ + ... + ln
∣∣A∗

n−1

/
A∗

n

∣∣ = ln
∣∣A∗

no

/
A∗

n

∣∣ =
n−1∑
k=n0

(λk+1 − λk) θ (k)

≤ (λn − λno) θ (n− 1) , (n > no) ,

and hence

(2.27) ln[q]

(
1

λn

ln (A∗
n)−1

)
≤ ln[q]θ (n− 1) + o(1).

From (2.26), we have

(2.28) ln[p−1]λn−1 ≥
{

(φ− ε) ln[q] (θ (n− 1)− δ)
}

.

Combining (2.27) and (2.28), we get

ln[q]
(

1
λn

ln (A∗
n)−1

)

ln[p−1]λn−1

≤ 1

(φ− ε)
+ o(1).

By passing to limits, the above inequality leads to

(2.29) φ ≤ =o.

When φ = 0, the above inequality is evidently true. It follows from (2.29) that
λ = P (φ) ≤ P (=o) [using Lemma 1]. This proves (2.23). To prove (2.24), we
find from (2.28) that for sufficiently large n, and for any ε such that φ > ε > 0,

ln[p−1]λn−1

ln[q] (θ (n− 1)− δ)
≥ φ− ε.

After substituting the value of θ(n− 1) and passing to limits, we get

φ ≤ =∗o.

The inequality is obvious if φ = 0.
So, from the last inequality, we get λ = C (φ) ≤ C (=∗o) [Lemma 1] and this

completes the proof of Lemma 4.

Combining the results of Lemmas 2, 3 and 4, we obtain the following charac-
terization of lower (p, q) order.
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Theorem 2. Let F (s) =
∫∞
0

exp (sy)dα (y) be Laplace-Stieltjes transformation

having lower (p, q)-order λ such that θ (n) ≡ ln (A∗n/A∗n+1)

λn+1−λn
forms a nondecreasing

function of n for n > no and (1.3) holds. Then, for (p, q) 6= (2, 1),

(2.30) λ = C (=o) = C (=∗0) ,

where =o and =∗0 are defined as in Lemma 3.
Further, (2.30) holds for (p, q) = (2, 1) also if ln λn ' ln λn+1, as n →∞.

Acknowledgement. The authors are thankful to the referee for his very valuable
comments.

References

[1] Xu, H., Yi, C.F., Cao, T.B. On proximate order and type functions of
Laplace-Stieltjes transformations convergent in the right half-plane, Math.
Commun., 17, (2012), 355-369.

[2] Yu, J., Borel’s line of entire functions represented by Laplace-Stieltjes trans-
formations, Acta Math. Sinica, 13, (1963), 471-484.

[3] Yan, J., On the orders and types of Laplace-Stieltjes transforms of slow growth
in the right half plane, Acta Math. Sinica, 03, (2012), 1-11.

[4] Juneja, O.P., Krishna, N., Kapoor G.P., On the (p, q)-order and lower
(p, q)-order of an entire Dirichlet series, Tamkang J. Math., 9 (1978), 47-63.

[5] Luo, X., Kong, Y., On the order and type of Laplace-Stieltjes transforms
of slow growth, Acta Math. Sinica, 32A (2012), 601-607.

[6] Kong, Y., Sun, D., On type- function and the growth of Laplace-Stieltjes
transformations convergent in the right half plane, Adv. Math., 37 (2008),
197-205.

[7] Kong, Y., Yang, Y., On the growth properties of the Laplace-Stieltjes trans-
form, Complex Var. Elliptic Equ., 59 (4) (2014), 553-563.

[8] Kong, Y., Hong, Y., On the Growth of Laplace-Stieltjes Transforms
and the Singular Direction of Complex Analysis, Jinan University Press,
Guangzhou, China, 2010.

Accepted: 22.03.2016


