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Abstract. In this paper, we introduce the notion of autonilpotent groups and study the
basic properties of this new notion. Among other results, it is shown that autonilpotency
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1. Introduction

Let G be a group and Aut(G) denote the automorphisms group of G. For any
g € G and a € Aut(G),

lg.a] =g7'g"
is the autocommutator of g and . Inductively, for all ay, as, ag, . .. o, € Aut(G),

(g, a1, s, ...a,] = [[g, 01,0, ..., 1], 0]

is the autocommutator of g, ay, s, as, ... a, € of weight n+1 (n > 1).
The following definition is vital in our investigations.

Definition 1.1.
(a) Let G be a group and A denotes the automorphism group of G. Then
Ki(@) = K(G) =[G, A] = ([g,0] | g € G, € A)
is the autocommutator subgroup of G and inductively,

K,(G)=K(G)=[G,A,..,A = {g,a1,....,an) | g € G,aq,...,a, € A).

n—times
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is the n th-autocommutator subgroup of G. Now, we obtain the following
series of characteristic subgroups

G = Ko(G) 2 Ki(G) = K(G) 2 K3(G) 2 ... 2 Ku(G) 2 ...,

which we call the lower autocentral series of the group G.

In particular, if we restrict ourselves to inner automorphisms group of G,
Inn(G), then the above series will be the usual lower central series of G.

(b) We call the set of elements
L(G)={geGllg,al =1 or g* =g, Vo€ A}

the autocentre of G. Clearly, it is a characteristic subgroup of G (see [1]
for more information) and, if A = Inn(G), then L(G) = Z(G) is the centre
of G.

Now, we define the upper autocentral series of G in the following way:
(1) = Lo(G) C L1(G) = L(G) C Ly(G) C ... C L,(G) C ...

where

or, equivalently,

L(G) = 75! (L (%(G)) ) |

for all n > 2, in which 7 : G — is a homomorphism.

G
L, 1(G)
In particular, if we take the group of inner automorphisms we obtain the
usual upper central series of G. A group G is said to be autonilpotent group
of class at most n if L,,(G) = G, for some natural number n € N.

In [1], [2], some properties of autocommutator subgroup of a finite group are
studied. In [3], we showed that every finite abelian group is the nth autocentral
subgroup of some finite abelian group, for any natural number n.

The main purpose of this paper is to determine all finite abelian groups, which
are autonilpotent.

The following lemma follows easily from the definition.

Lemma 1.2. Let G be a group and z € L,(G), for some n > 1, then for all
ai, ..., o € Aut(Q),
[z, 00, .y a] = 1.

Corollary 1.3. If G is an autonilpotent group of class n, then K,(G) = (1).
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Remark 1.4. For any group G and each natural number n,
Ky (G) =2 7(G),

and

L,.(G) < Z,(G).

Note that the above inequalities will be attained, when the group G is taken to
be the symmetric group Ss, since Aut(S3) = Inn(Ss).

One observes that autonilpotent groups are nilpotent, but the converse is not
true in general.

Example 1.5. One can easily check that
L(ZQ) = ZQ, L(Zg) = <1>, LQ(Z4) = Z4, L(ZG) = {6,.1'3}; LQ(ZG) = Z6-

Hence the cyclic groups of orders 2 and 4 are autonilpotent and the ones of orders
3 and 6 are not, while they are nilpotent in the usual sense.

It is known that the symmetric group S3 is not nilpotent and it is easily
checked that L(S3) = (1), hence it is not autonilpotent as well.

The following property for autonilpotent groups is similar to the one in the
usual nilpotent groups.

Proposition 1.6. If G is a non-trivial autonilpotent group, then

L(G) # (1)

Proof. By the assumption there exists n > 1 such that L,(G) = G. Now, if
L(G) = (1) then by the definition L;(G) must be trivial for ¢ > 1, which gives a
contradiction.

2. Some properties of autonilpotent groups

In this section, it is shown that some of the known results on nilpotent groups
can be carried over to autonilpotent groups.

In the view of Example 1.5 in the previous section, we show that all cyclic
groups of order 2", n > 1, are autonilpotent, while it is not the case for arbitrary
cyclic groups.

Remark 2.1. The cyclic group Z,, of odd prime order p is not autonilpotent,
while it is nilpotent, since Aut(Z,) = U,_ is a cyclic group of order p — 1 and so
it can not fix any element of Z,,.

It will be shown that this is held for all cyclic groups of order p", when p # 2
(see Remark 2.8, below). On the other hand, if p = 2 the following result shows
that the cyclic group of order 2n is autonilpotent.
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Theorem 2.2. The cyclic group, Zon, of order 2" (n > 1), is an autonilpotent
group.

Proof. Let Zyn = (x | 2" = 1) be the cyclic group of order 2" (n > 1). Clearly,
if r =2t + 1 is an odd number the map a : x — 2" is an automorphism. So

2"t = (2t +1)2" P = 2" (mod 27).
Hence (22" ) = 272"~ = 22", Now, if for each o € Aut(Zy») and s € N,
()" = 2,
then 2™ = z° and so 2"*~Y = 1, which implies that 2" | r(s — 1), i.e. s = 2771,

Thus L(Zy) = {e,z¥" "'} and hence L ( is a cyclic group of order 2" 1.

Continuing in this way, we get L,(Zon) = Zon, after n-steps, which proves the
claim.

In the following lemma, we determine the autonilpotency property of abelian
2-groups, except cyclic 2-groups.
Lemma 2.3. If Zom = (x| 22" = 1) is a cyclic group of order 2™, then

Proof. (i) Let Zym x Zym = (x) X (y), in which = and y are both of orders 2™.
Clearly, the following map is an automorphism of Zom X Zom.

r — xiyj
Ozj . . .
y 5 xllyh

where 0 < 4,11, 7,71 < 2™ and are all odd, but not ¢ = 4; and 7 = 7;.

Now, if 2"y® € L(Zym X Zym) then it must be fixed under all the auto-
morphisms such as « is given above. So, a(z"y®) = z"y°, and it follows that
LC”yle'Silysjl — xrys' This giVGS xri—r-{—shyrj—s—ksjl —=1or xr(i—l)—&—silyrj—&-s(ﬁ—l) —1.
Hence 2™ divides r(i — 1)+ siy and rj+s(j; —1). Now, ifi =i, =1orj=7j =1
then 2™ must divide r and s. Hence r = s = 0 and so 2"y® = e which implies that
L(Zom X Zym) = (1) and thus the group Zym X Zym can not be autonilpotent.

Lemma 2.4. [f G = Zon X Zom, wheren > m > 1, then G cannot be autonilpotent.

Proof. Let
G =Zy x Zyn = (x| 2" =1) x (y | y*" =1).

Clearly, if 7 and j are odd numbers such that i < 2" and j < 2™, then o(z') = 2"
and o(y72%" ") = 2™. Hence the following map

x — 2
a: . ,
{ y — yab, k=0, 002" j#0,

is an automorphism of the group G.
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Now, if the element z"y* of G is in L(G), then for each ¢, j and k with
the above conditions, we have a(z"y*) = 2"y° and hence 2" x%*y* = 2"y*. So
gD FskysG=1) — 1 or y*U~Y = 1 and 2"~V+s% = 1. These follow that 2™|s(j—1)
and 2"|r(i — 1) + sk. By the choice of i and j as above, we may assume ¢ = 2" — 1
and j = 3. Then we obtain s = 2™k’ and r = 2" — 1, and so 2"y* = 22" . It
follows that

Ly (Zon X Zom) = (&) = Zs,
and, by the definition, we have

LQ(ZQn X ZQm) s Zgn X ZQm
Zy 2

> = L (Zon1 X Zom) = (27" )2 Z5.

Continuing the above procedure and using Lemma 2.3, we obtain

ZQTL X Z2m

Ln_m Z n Z m ) = L
+1( 2 >< 2 ) < Z2n7'm

) = L(Zom X Zym) = (1),

and hence Zyn X Zom is not autonilpotent.

Theorem 2.5. Let G be a finite abelian group such that there exists a natural
number n with n and n — 1 are coprime to |G|. Then K(G) = G.

Proof. The property (n,|G|) = 1 implies that G™ = G and so themap o : G — G
given by z — z" is an automorphism. Therefore, for all z € GG, we have

[[L’n,Oé] — Qf_n()é(ﬂfn> _ l,—nxnz _ :L,(nQ—n) _ (:L,n)n—l _ (xn—l)n can
. This implies that G < K(G) < G and hence K(G) = G.
Corollary 2.6. If G is a finite abelian group of odd order, then K(G) = G.

Lemma 2.7. Let G = Z,. X ... x Zy be the direct product of m(m > 1) copies of
cyclic groups of order a prime p. Then K(G) = G.

Proof. If the prime p is odd, then the result follows by the above corollary. Now,
let p=2and G = (ay | a2 =1) x ... x {an | a2 = 1). Clearly, the following
maps are all automorphism:

{al - (1G4, j?é]-u
OZjI

a; — Qg { Z 27
and
ap — Qaj,
o Gy — a1G2,
a; — a;, 1> 3.

Then we have

a1, o) = a7 oi(ar) = a7 'ara; = a; € K(G)
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and
[as, @] = a5 d(as) = a5 'aray = a1 € K(G).

Hence G C K(G) and so K(G) = G.

Clearly, Corollary 1.3 shows that the group G = Z,» x ... X Z,» is not auto-
nilpotent.

Remark 2.8. Note that using similar methods as in Lemmas 2.6, 2.4 and 2.3,
one can show that if

G:ZQnX...XZQnXZle X...XZQWLk

Vv
r—times

where n > my > ... > my, and r > 1. Then K(G) = G and hence, by Corollary
1.3, the group G can not be autonilpotent.

The following example shows that there are nilpotent groups, which are not
autonilpotent.

Example 2.9. Consider Dg = (a,bla* = 0* = 1,bab = a™'), the dihedral group
of order 8. Clearly, the group of automorphisms of Dg is of order 8 and one may
check that

L(Dg) = {6,@2} = ZQ

and

Ly(Ds) Dy

L(Ds) (Z2 x Z5) = (1)
Hence Ly(Dg) = L(Ds), which implies that Dg is not an autonilpotent group,
while it is nilpotent.

The following result gives the basic step in proving our main goal which says
that; the abelian autonilpotent groups, are the only cyclic groups of order 2", for
n>1.

Theorem 2.10. If the group G = H x K is the direct product of its characteristic
subgroups H and K, then for alln > 1,

Ln(H x K) = Ly(H) x Ln(K).

Proof. We proceed by induction on n. If n = 1, then by Theorem 1.1 [1],
Ki(H x K) =K (H) x K;(K) and hence L;(H x K) = Li(H) x L1(K).
Assume the result holds for n — 1 and consider the canonical epimorphisms
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Then using induction hypothesis, we may define

X Hx K H X kL H X K

m™T = T T . E— =

a2 OK Lo (H) " Ly1(K)  Lnp1(H) x Ly,_1(K)
B HxK
L, (H x K)’

So, we obtain an epimorphism

Hx K

—gor  Hx K — — 28
p=vor: Hx K — =)

Hence, we have

LaHXxK) = ¢

which gives the result.
The following corollaries are immediate consequences of the above theorem.

Corollary 2.11. The above theorem holds, when the subgroups H and K are of
co-prime orders.

Corollary 2.12. [fG = H XK, is the direct product of its characteristic subgroups
such that H or K is not autonilpotent, then so is not G.

Theorem 2.13. A finite abelian group is autonilpotent if and only if it is a cyclic
2-group.

Proof. The necessity condition follows from Theorem 2.2. Now, for the reverse
conclusion, we assume that G is not a cyclic 2-group. So it is either abelian
2-group or G has a direct summand Z,, where p is an odd prime number and
t > 1. In the first case, Lemmas 2.3, 2.4 and Remark 2.8 imply that the group G
is not autonilpotent. In the second case, Corollary 1.3 shows that Z,: can not be
autonilpotent. Thus, Corollary 2.12 gives the result.
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