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1. Statement of the main results

1.1. Statement of the problem and a survey of the literature. Consider
the functional differential equation

(1.1) u®mI(t) = F(u)(t)

with the boundary conditions

(1.2) /u(s)dgp(s) =0
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Here, —00 < a < b < +00, ¢ : [a,b] — R is a function of bounded variation,
and the operator F' acting from the set of (m — 1)-th time continuously differen-
tiable on ]a, b| functions, to the set Li.(]a,b[). By u®(a) (u” (b)), we denote the
right (the left) limit of the function u( at the point a (b).

The problem is singular in the sense that for an arbitrary = the right-hand
side of equation (1.1) may have nonintegrable singularities at the points a and b.

Throughout the paper we use the following notations:

R* =0, 4-o00f;

T|z|.
9

[x]+ the positive part of number z, that is [z], =

Lioe(]a, b]) (Lioc(]a, b])) is the space of functions y :Ja, b|— R, which are integrable
on [a+ ¢, b — ¢] for arbitrary small ¢ > 0;

La(]a,b]) (L2 5(]a,b])) is the space of integrable (square integrable) with the
weight (t — a)®(b — t)? functions y :Ja, b|— R, with the norm
b b

loll.o= [ 5= =) "ly(s)lds (lolliz,~( [s=a"0-9"s?5) ")

L([a,b]) = Loo(Ja,b]), L*([a,b]) = L§o(Ja b]);
M (Ja, b]) is the set of the measurable functions 7 :]a, b[—]a, b[;

ziﬂ(]a,b[) (Zi(]a,b]) is the Banach space of y € Lio.(]a,b]) (Lie(]a,b])) func-
tions, with the norm
t ¢

iy = {[ fe o f '] a1 <221
T Y PR

L,,(]a,b[) is the Banach space of y € Lj,.(]a, b]) functions, with the norm
t
lolle,, = sup {[(s = )b = "2 [ly(@)ldg: a<s <t <bf <t

cr (Ja, b)), (C*-'(Ja,b])) is the space of the functions y :]a,b[— R, which are

loc
continuous (absolutely continuous) together with ¢/, ¢”,...,4™ " on [a + ¢,

b — ¢] for arbitrarily small € > 0.
Cmm(Ja,b[) (m < n) is the space of the functions y € C7(Ja, b]), such that

(1.3) /|x(m)(s)|2ds < 4o00.

a
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C3*(]a, b[) is the Banach space of the functions y € CJ”(]a, b]), such that

: 29 (t)] :

hmigg = aym i <400 (1=1,...,m),
(1.4) :

. 29 (t)] :

lim sup < 400 (i=1,...,m),

1y (b — t)m—it1/2

with the norm:

|||

. 20 ()]
C3 ||$||C’+;SUP{ Oéi(t) a
where a;(t) = (t — a)™~+1/2(b — t)m=i+1/2,
5&”(]@, b[) is the Banach space of the functions y € 5[36(]@, b[), such that condi-

b 1/2
tions (f |x(m+1)(s)|2ds) < 400 and (1.4) hold, with the norm:
‘ b
(m+1) 2 1/2
llleg = llalicp + ([ e D(s)%as) .

D, (Ja,b[x R") is the set of such functions ¢ :Ja,b[x R — L, (Ja,b[) that 6(¢t,-) :
R™ — R* is nondecreasing for every t €]a,b[, and (-, p) € L,(]a, b[) for any
pE R
Doy—9.9m—2(]a, b[x R is the set of such functions 0 :Ja, b[x R — Z%m_272m_2(]a, b))
that d(¢,-) : RY — RT is nondecreasing for every ¢ €]a,b], and d(-,p) €
Z%m72,2m72(]a7 b[) for any p € R*.
A solution of problem (1.1), (1.2) is sought in the space C2™m+1(]a, b[).
The singular ordinary differential and functional-differential equations, have
been studied with sufficient completeness under different boundary conditions, see
for example [1],[2], [4] — [14], [17], [25]-[29] and the references cited therein. But

the equation (1.1), under the boundary condition (1.2), is not studied even in the
case when equation (1.1) has the form

m

(1.5) @) =3 (e (5(1) + f(2)(8),

=0
where the singularity of the functions p; : Lj..([a, b]) be such that the inequalities

b

/ (5 — )1 (b — $) 1 [(—1)" ™y (s)] s < +oo,
(1.6) a

b
/(S —a)*™ (b — 3)2m_j|pj(3)|d5 <400 (j=2,..,m),
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are not fulfilled (in this case we sad that the linear part of the operator F
is a strongly singular), the operator f continuously acting from C3'(]a, b[) to
Ly _2(]a, b[), and the inclusion

(1.7) sup{f(@)(t) : ||zlley < p} € L3 som-2(la, b))

holds. The first step in studying of the differential equations with strong singu-
larities was made by R.P. Agarwal and I. Kiguradze in the article [3], where the
linear ordinary differential equations under conditions (1.2), in the case when the
functions p,; have strong singularities at the points a and b, are studied. Also the
ordinary differential equations with strong singularities under two-point boundary
conditions are studied in the articles of I. Kiguradze [15], [16], and N. Partsvania
[24]. In the papers [20], [21] these results are generalized for linear differential
equation with deviating arguments i.e., are proven the Agarwal-Kiguradze type
theorems, which guarantee Fredholm’s property for linear differential equation
with deviating arguments.

In this paper, on the basis of articles 3] and [19], we prove a priori bound-
edness principle for the problem (1.1), (1.2) in the case where equation (1.1) is in
form (1.5).

Now, we introduce some results from articles [20], [21], which we need for this
work. Consider the equation

(1.8) uPm () = f:pj(t)u(j_l)(@(t)) +q(t) for a<t<b.

j=1

By h;j :]a, b[x]a,b[— Ry and f; : [a,b]x M(]a,b]) — Cic(]la, b[x]a,b]) (j =1,...,m)
we denote the functions and operator, respectively defined by the equalities

mts) = | (€= a1 )]

(1.9) t
bt = | [€=ar @] G=2m)
and
t 75(8) "
L10) fem)es) = | [€ =@l [ 6ol
s £

and also we put that

fott.)=| [ Imol€)1de]
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Let k = 2k; + 1 (k; € N), then
Jll — 1 for k<0,
1-3-5---k for £>1.

Now, we can introduce the main theorem of the paper [20].

Theorem 1.1. Let there exist numbers t* €la,b[, lkg > 0, ly; > 0, ij >0, and
Ye; >0 (k=0,1; j=1,...,m) such that along with

Bo Zhoa (o Y V2 (¢ —a) /\w o) P ()=o)

L1) (2m=3)1'/ (2m—1)1/2 2700 (b)—¢(a)|
+i< (2m—yj)22m=itl [y, . 22m I (# —a) ™07 Dy ) < 1
S\ @m=DUEm=24+11 T 2m—2j—1)I1(2m=3)!1,/23,/ 2’
P A U L G i flo(s) )|+|90(€)—90(b)|d
1 =410 RN 2 1 1/2 2 g
112) 2m-=3)!') (2m— V2710 |%0 b)—p(a)l
+i< (2m—74)22m=i+1 ], N 22’" T b=t )0 1y, ) 1
A\ @2m = DINEm=2j+1)1  (2m=2j—1)!12m=3)!l,/27;;/ ~ 2’

the conditions

(1.13) (t—a)™ 0 2 fo(t,s) <loo.  (t—a)™™ 7hy,(t,s) < o,
. (t—a)m 072 fi(a,75)(t, 8) < lo; fora<t<s<t*,
(1.14) b=ty 10 2 fo(t,s) <o, (b=)*"Thyy(t,s) < by,

(b—t)m= =2 f(b,75)(t, 8) < 1y for t* <s<t<b

j=1,---,m hold. Then for every q € ng_zgm_z(]a,b[) problem (1.8), (1.2) is
uniquely solvable in the space C2™ ™ (|a, b]).

Also, in [21], the following theorem is proven:

Theorem 1.2. Let all the conditions of Theorem 1.5 are satisfied. Then the

unique solution u of problem (1.8), (1.2) for every q € L3,, 59, _(]a,b]) admits
the estimate

Y

(1.15) [[ut™ |2 < rllqllz;

2m—2,2m—2

with
2m

(1 — 2max{By, B1})(2m — 1)V

and thus constant r > 0 depends only on the numbers ly;, ij,fykj (k = 0,1;
j=0,..,m), and a,b,t*.

r =
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Remark 1.1. Under conditions of Theorem 1.2, for every ¢ € ,ngm_ZQm_g(]a, b[)
the unique solution u of problem (1.8), (1.2) admits the estimate

(1.16) ™D < rmllallzs L
with
b
_ _ _\m—1/2
o = (14 ROy oy
|0(b)—¢(a)] (m—1){(2m—1)1/22m=1/2
e 1 9\ m—itl/2 om
+jz:; (m—1)!(2m—2i+1)1/2 <b—a> ) (1—2max{ By, B1})(2m—1)!I"

1.2. Theorems on a solvability of problem (1.1), (1.2). Define the operator
P : CP(Ja, b)) x C3*(Ja,b]) — Lioe(]a, b]), by the equality

m

(1.17) P(z,y)(t) = ij(az)(t)y(j)(Tj(t)) for a<t<bd

5=0
where p; : Ci*(la, b)) — Lis(Ja, b]), and 7; € M(]a, b]). Also, for any v > 0,
define the set A, by the relation
(1.18) Ay =A{z € CJ'(Ja, b)) : [|z]lgp <7}
To formulate this a priori boundedness principle, we have to introduce

Definition 1.1. Let 7 and v be the positive numbers. We said that the con-
tinuous operator P : C¥'(]a,b]) x C¥*(Ja,b]) — Lm(]a, b]) is 7o,y consistent with
boundary condition (1.2) if:

(i) for any x € A, and almost all ¢ €]a, b[, the inequality

6gb)”$| Cr

(1.19) Z Ipj () ()29 (7;(1)] < é(t, ||l

holds, where ¢ € Dy, (Ja, b[xRT).
(ii) for any = € A,, and ¢ € E%mfzszz(}a, b[), the equation

m

(1.20) y et = Y pi(@) )y (7(0) +a(1)

J=0

under boundary conditions (1.2), has the unique solution y in the space C2™™+1(]a, b[)
and

(1.21) Iylley < lallzs, -

2,2m—2
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Definition 1.2. We said that the operator P is v consistent with boundary con-
dition (1.2), if the operator P is 7,7 consistent with boundary condition (1.2)
for any vy > 0.

In the sequel, it will always be assumed that the operator F),, defined by the
equality

Fyp(a)(t) = [F(x)(t) — Zpj(x)(t)x(”(fj(t))(t)l,

continuously acting from C%*(]a, b[) to Ly (Ja,b[), and

(1.22) Fy(t, p) = sup{ Fy(2)(t) : ||zlley < p} € L3y, s0m-2(las B])

for each p € [0, +00].
Then, the following theorem is valid.

Theorem 1.3. Let the operator P be vy, v consistent with boundary condition
(1.2), and there exist a positive number py < 7o, such that

(1.23) [15,(-, min{2p0, 70} 12 <X

dm-22m-2 T

Moreover, for any X €]0, 1], let an arbitrary solution = € A,, of the equation
(1.24) 2P (4) = (1 — A)P(x,2)(t) + \F(2)(t)

under conditions (1.2), admits the estimate

(1.25) lellep < o

Then problem (1.1), (1.2) is solvable in the space C*™™(]a, b]).
From Theorem 1.3 with py = vy immediately follows

Corollary 1.1. Let the operator P be vy, v consistent with the boundary condition
(1.2), and

m

(1.26) [F@)(t) = pi(@) ()29 (1)) ()] < 0(t, ]l gpr)

Jj=1

for x € A, and almost all t €]a, b], and

Yo
(1.27) G vollzz, ,,. ., < PE

where 1 € Day—9 am—2(]a, b[xRT). Then problem (1.1), (1.2) is solvable in the
space C*™mH(Ja, b]).
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Corollary 1.2. Let the operator P be 7y consistent with the boundary condition
(1.2), inequality (1.26) holds for x € C¥'(Ja, b]) and almost all t €]a, b], where

77('7 p) S Z%m72,2m72<]a’7 b[) fO’f’ any p S R+7 and

) 1 1
(1.28) timsup o oz, <

00 —2,2m—2 ;
Then, problem (1.1), (1.2) is solvable in the space C2™™+1(]a, b]).
Now define the operators

hj + C7"*(Ja, b)) x]a, b[x]a, b[— R,
fi : C7 Ha, b)) x [a,b] x M(Ja, b)) = R, (j=1,....,m)

by the equalities

mats) = | [(€= a1 @©)Lds)|
(1.29) s

hats) = | [€= 0" T @©d] (=2 .m),

and
7 (§)

130) S = | [ n@El| [ (6= o]
s 3

Theorem 1.4. Let the continuous operator P : C7'(Ja,b]) x C7" *(Ja,b]) —
L,(Ja, b[) admit to condition (1.19), where § € Dy(la,b[xR"), 7; € M(Ja, b]) and
the numbers vo,t* €]a,b[, l; > 0, ly; >0, y; >0 (k=1,2; 5 =1,...,m), be such
that the inequalities

(1.31) (t— a)®™Ih;(z,t,5) < lpj, limsup(t — a)m—%—%jfj(x, a,7;)(t,s) < lo;

t—a

fora<t<s<t ||x||51n_1 < Yo,

(1.32)  (b—)*"Ih(x,t,8) < by, limsup(b— )" "2 f(w,b,7)(t, 5) < Iy
t—b

fortr <s<t<b, HxH@Inq < 7, and conditions (1.11), (1.12) hold. Moreover,

let the operator F' and the function n € Day_9m-—29m—2(]a, b[xRT) be such that

condition (1.26) and the inequality

f}/

2m—2,2m—2 7"”
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be fulfilled, where

. _(H_i gm—it1/2 > 2™ (14b—a)(2n—2m—1)
L 2 a5 2) (v, =2 max{Bo, Bi}) @m—1)1

Then, problem (1.1), (1.2) is solvable in the space C" ™ (]a, b]).

Theorem 1.5. Let the operator F' and function n are such that condition (1.26),
(1.28) hold and the continuous operator P : C7"*(]a, b[) x C7" ' (]a, b[) — L,(]a, b])
admits condition (1.19) where 6 € D,(Ja,b[x RT). Let moreover the measurable
functions 7; € M(]a, b]) and the numbers t* €]a, b, ly; > 0, lg; > 0, v > 0,
(k=1,2; j =1,...,m) be such that the inequalities

(1.34) (t— a)®™Ih;(z,t,8) < lpj, limsup(t — a)m_%—%jfj (z,a,75)(t,s) < lo;

t—a

Jora<t<s<t zel" ' (a,b]),

(1.35) (b= 0" hy(x,t,5) < Ly, limsup(b— )"~ 27 f;(x,b,7;)(t,s) < Iy

t—b

fort* < s<t<b, xeC"a,b), and conditions (1.11), (1.12) hold. Then,
problem (1.1), (1.2) is solvable in the space C"~1™(]a, b]).

Remark 1.2. Let v > 0, operators «;(t)p;(x)(t) (j=1, ..., m) continuously acting
from the space C{* ™' (Ja, b]) to the space Ly (Ja, b[), exist the function §; € D,,(]a, b])
such that for any x € A,

(1.36) Ipj(x)(t)|a;(t) < 0;(E, |[x]|gm-1) fora <t <D,
and exists constants k > 0, € > 0 such that

|7;(t) —t| <k(t—a) (j=1,---,m) fora<t<a+e,

1.37
(37 I7i(t) —t| <wk(b—t) (j=1,---,m) forb—e<t<b,

Then, the operator P defined by equality (1.17), continuously acting from A, to
the space L,(]a, b[), and there exists the function § € D, (]a, b]) such that item (ii)
of Definition 1.1 holds.

Now, consider the equation with deviating arguments
(1.38)  u™(t) = f(t,ulni(t), /' (ra(1)), -+ ™ D (mn(1)) for a<t<b,

where —co < a < b < 400, f :la, bjx R™ — R is a function, satisfying the local
Carathéodory conditions and 7; € M(]a,b]) (j = 0,...,n — 1) are measurable
functions.
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Corollary 1.3. Let the functions 7; € M(la, b[) and the numbers t* €la, b[, k > 0,
€>0,l; >0, >0,7,; >0, (k=1,2; j =1,...,m) be such that the conditions
(1.11)-(1.14), (1.37) and the inclusions

are fulfilled. Moreover, let

m

Ft (i (t),a (12(8)), oo ™D (10 (0))) = D ()2 (75(1)) (2)

j=1
< n(t, |[z]|gm-1)

(1.40)

for z € C" (a, b]) and almost all t €)a,b], where n(-,p) € zgn_zm_mm_z(]a,b[)
for any p € R*, and condition (1.28) holds. Then problem (1.38), (1.2) is solvable
in the space C"~ 1" (|a, b]).

Remark 1.3. From conditions (1.39), conditions (1.6) do not follow.

Now, to illustrate our results, consider on |a, b[ the second order functional-
differential equations

ey Alu(t)]®
(141) u (t) - [(t _ Cl)(b _ t>]2+k/2u(7—(t)) + q(l’)(t),
(122 w(t) =~ 2IOL 0 0) 4 g(a) 0,

[(t = a)(b =)

where \, k€ R*, the function 7€M (]a, b), the operator q : C;"*(]a, b[)—ig,o(]a, b[)
is continuous and

n(t, p) = sup{lg(x)(t)] : [[z|lgm- < p} € Lgo(]a, b]).
Then, from Theorems 1.4 and 1.5, it follows
Corollary 1.4. Let the function 7€M (|a, b]), the continuous operator q : C7**(]a, b])
— L(Q)yo(]a, b[), and the numbers vy >0, A >0, k > 0, be such that

(t—a)®? for a<t<(a+0b)/2
(1.43) IT(t) —t] < {(b_t>3/2 Jor (a+b)/2<t<b’

“1(h—a)? — k —a)]V/4
(1.44) ”77(@’7@”33,05(H’/bia) (b )2(11&7_0(;);;[3(2)2 JiD)

and
(b—a)
A S R0 — )

Then, problem (1.41), (1.2) is solvable.

(1.45)
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Corollary 1.5. Let the function T€M(]a, b[), continuous operator q : C7 Y]a, b))
— L§o(Ja,b]), and the number X > 0 by such, that inequalities (1.28) with n = 2,
(1.43) and

(b—a)’

(1.46) A< 32(1+ [2(b — a)] /%)’

hold. Then, problem (1.42), (1.2) is solvable.

2. Auxiliary propositions

2.1. Lemmas on some properties of the equation 2™ (t) = \(t). First, we
introduce two lemmas without proofs. The first Lemma is proved in [3].

Lemma 2.1. Leti € 1,2, z € C" (to, t1]) and

loc

(2.1) 29V =0 (j=1,...,m), /|$(m)(s)|2ds < 400.
Then
t .
(x(j—l)(s))Q 1/2 om—j+1 / 2
2.2 ‘ __as| " < , ‘ d
( ) / (S _ ti)2m723+2 § — (Qm _ 23 +1 H | S

t;
fOT to S t S tl.
This second lemma is a particular case of Lemma 4.1 in [9]

Lemma 2.2. If v € C27 '(Ja,a1]), then for any s,t €]a, a;], we have the equality

t

(—1) / 2(€)2(€)dE = wam()(t) — wom / 12 (6) [

o (2)(£) = 3 (=)™ 150 (1) ()

=1

Lemma 2.3. Let the numbers ay €la,b], tox €]a,a1], and ey, e, Be, f € RT,
ke N,i=1,..,m be such that

2.3 i tor = i = li Eip = E;.
(2.3) Jm tox = a, k:}inooﬁk B, Jm eie = e

Moreover, let

(2.4) AE L2m 20(la, a1]),
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be a nonnegative function, xy € 52’“_1””(}@, b[) be a solution of the problem

(2.5) @M () = BrA(t),

(2.6) VD) =0 (i=1,...,m), 2z Y(a) =gy (i=1,..,m),
and x € C*™ 2™ (Ja,b]) be a solution of the problem

(2.7) 22 (1) = BA(t),

(2.8) " Va)=0 (i=1,..,m), 2 V(a) =¢ (i=1,..,m).
Then
——400

Analogously one can prove

Lemma 2.4. Let the numbers by €la,b|, tor €]b1,b[, and ey, e, Gr, S € RT,
ke N,i=1,...n—m be such that

lim tOk = b, lim ﬁk = 5, lim Eik = Ei-
k—+o0 k—+o0 k—+4o00

Moreover, let A € Eng,Z(]bl, b)) is a nonnegative function, z; € C"+™(|a, b) be
a solution of problem (2.5) under the conditions

Vb)) =g (i=1,---,m), 2 V(tg) =0 (i=1,...,n—m),
and z € C"+™(Ja,b]) be a solution of equation (2.7) under the conditions
(210) 20V =g (i=1,...,m), VB =0 (i=1,...,n—m).
Then, equalities (2.9) hold.
Lemma 2.5. Leta <a; <b <b, ¢ € R" and
AE zgn—Qm—Q,O(]a7 ) (A€ zg om—2(]01,0]))
be nonnegative function. Then for the solution x € C"-™(]a, b]) of problem

(2.7), (2.8) ((2.7), (2.10)) with B = 1, the estimate

b

(2.11) / 20(s) Pds < Oy (.01, ) ([ |a()ds < On(ar by, ) (k € N)

b1

1s valid, where

01z, a1, \) = 2w () (ar)] + Ml AR,

— m72,0(]a7a1]) ’

(2.12) .
(©2(,51.%) = 2un(@) b0l + 2l i)

and

= (Tt = (P2’
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2.2. Lemmas on the Banach space 5{}_1(]61, b[). Let the bounded linear
operator 1" : 5}"‘1 — 5;” be defined by the equality
b
[(x)(t) = /G(t,s)m(s)ds,
and
1 —(b) f >t
(2.13) Glts) = ——+ JPls) —elb) for s =
o(s) —p(a) for s<t
is the Green’s function of the problem:
b
(2.14) W) = 0, / w(s)dip(s) = 0.

where ¢ : [a,b] — R is a function of bounded variation and ¢(b) — ¢(a) # 0.
The problem (2.14) has only the trivial solution, thus I'(z) = 0 if and only if
x = 0, and we can define the Banach spaces:

C’{f}_l(]a, b[) is the Banach space of the functions x € C"'(]a, b[), such that

loc

(i=1) (¢
hIIlSll];)|‘r—m<2.)+’1/2 < 400 (Z = 1, ,m),
(2 15) t—a (t_a)
’ (i=1) (¢
lim sup [z @)l <40 (i=1,---,m),

i (b— t>m7i+1/2
with the norm:

26-1(0)

||x]|cm1—||F Hc—i-ZSup{ D) :a<t<b},

where «;(t) = (t — a)m*i+1/2(b _ t)mfz+1/2'

5{?{1(]@ b[) is the Banach space of the functions =z € C’ch (Ja, b]), such that
conditions (1.3) and (2.15) hold, with the norm:

1/2
lellogys = IP@lc +llallep + /\x )fds)

Definition 2.3. Let p € R™ and the function n € Lj.(]a,b[) be nonnegative.
Then S(p,n) is a set of such z € C"*(Ja, b[) that

loc
i— a+b
(2.16) ‘z( Y (%)

(2.17) |20 () — 2D ()| < jn(f)d{ fora <s <t <b,

<p (1=1,..,n),

(2.18) 2 @) =0(G=1,...,m), 20V0B)=0(i=1,..m).
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Lemma 2.6. For the function z € C2m=Lm(|a, b)), let conditions (2.18) be satis-
fied. Then, z € C7'7'(Ja,b]) and the estimates

|t Ch ’m—i+1/2

(219) [V < (m —i)!(2m — 2i + 1)1/2

/]z |ds fora<t<b,

t=1,...,m, hold for k =1,2, where ¢y = a, co = b.
Proof. First, not that in view of inclusion z € C2~17(]a, b), the equality

I t

(2.20) Z07D(1) = Z %ZU_I)(C) + ﬁ /(t — 5)712 D (s)ds

j=i !
fora<t<bi=1,..,0[,l=1,...,2m, holds, where

1. c€la,b] if 1 <my
2. c€la,b] if I >m,

and exists r > 0 such that
b
(2.21) /|z(m)(s)|2ds <r.

Equality (2.20), with [ = m, ¢ = a and with [ = m, ¢ = b by conditions (2.18),
(2.21) and the Schwartz inequality yields (2.19). But, from (2.19) with i = 1, we
have that ||z||c < +o00, and then, by the inequality

2:22) () < / B T e

we have

(2.23) IT(2)llc < +o0.

From (2.19), (2.21) and (2.23) it is clear that z € C7'~'(]a, b]). .

Lemma 2.7. Let p € R™, andn € zgm_2’2m_2(]a, b[) is a nonnegative function.

Then S(p,n) is a compact subset of the space 6{7}_1(]&, bl).

Proof. Condition (2.17) yields the inequality |22™)(¢)| < n(t). Thus there exists
such a function ny € L3,, 5 5, (]a,b[) that

(2.24) 22 () = mu(t), for a<t<b
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(2.25) Im(t)| <n(t) for a<t<b

From Theorem 1.1, it follows that problem (2.24), (2.18) has a unique solution
z € C*m=bm(]q b)), i.e., there exists r > 0 such that the inequality (2.21) holds.

For any z € S(p,n), from equality (2.20) with [ = 2m, by (2.16), (2.24) and
(2.25)we get

(2.26) 12V < y(t) for a<t<b, (i=1,..,2m),
where
1 ' n—i ;
vi(t) = pi + m‘ /C (t—s)""'n(s)ds| (i=1,..,2m).

Now, let 2, € S(p,n) (k € N). By virtue of the Arzela-Ascoli lemma and con-

ditions (2.17), (2.26), the sequence {z;};°] contains a subsequence {z, },.% such
that {z,(ii_l) /% (1 =1,...,2m) are uniformly convergent on ]a, b[. Thus, without
loss of generality, we can assume that {Zl(j_l) 2 (i=1,...,2m—1) are uniformly
convergent on |a, b. Let kErJFoo zi(t) = 2(t), then z € C2™(]a, b[) and

loc

(2.27) klim z,(jfl)(t) = zéiil)(t) (t=1,...,2m) uniformly on Ja, b[.
— 400

From (2.27), in view of the inclusions z; € S(p,n), immediately it follows that

z((]i_l) (“TH’>‘ <p (1=1,....,2m),

(229) 2 @) =0@G=1--,m), 2 "0)=0(=1..,m).

(2.28)

t
(2.30) 2820 (@) = 28V < [()de fora<s<t<b.

From (2.28)-(2.30), it is clear that zy € S(p,n). To finish the proof, we must show
that

(2.31) Jml2k(t) = 20()llgpr =0,
(2.32) S(p,m) € CTr " (Ja, b]).

First, note that, from (2.27), by the conditions 2, € S(p,n) and (2.29), we have

kl_lgloo |2 — 20|l =0,

from which, by (2.22), we get

(2.33) I<:1—1>I—Poo T (26 — 20)|lc = 0.

Let, x = 29 — 2k, and a1 €|a, b, by €]ay,b]. Then, it is clear that xy € Sp'sn),
where p' = 2p, i/ = 2n. Thus, for any xy, there exists n, € L3, 5 ,,, (]a, b[) such
that

(2.34) ™ () = me(8),
235) 2V @)=0 (i=1,..,m), 2V V®)=0 (i=1,..,m),
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where
(2.36) Ink(t)] <2n(t) fora<t<b (keN).

On the other hand, from (2.19) with z = x4, in view of (2.35), we get

| (i— 1)( | < / | (m) )| dS) (t o a)m +1/2 for 4 <t< ay,
(2.37) y
(t)] < / |$k 2dS (b—t)"" Y2 for b <t <b,

fori=1,...,m.
Now, let ws,, be the operator defined in Lemma 2.2 and O, O are functions
defined by (2.12) with A\ = n;. Then, conditions (2.27) yields

(2.38) lim  wa,(zx)(a1) = 0, lim way,(zx)(b1) =0 (k€ N),

k—4o00 k—4o00

and, from the definition of the norm || - ||L2 . (2.36) and (2.38), it follows that,

for any € > 0, we can choose a; €]a, mm{a + 1, b}[, by €] max{b— 1,b},b] and
ko € N, such that

m

@ ($k7 ag, 277) (b - bl)m_1/2 (k > kO)a

|

(2.39)
@Q(Ik, bl, 27]) S (CLl — a)m_1/2 (l{} > ]{50)

™

By using Lemma 2.5 for zy, in view of (2.37) and (2.39), we get

b

(2.40) / 2" (s)Pds < 2" () Pds < < (k = ko)
a b1
@) e
(2.41) 2 < — for t€la, a)]Uby, b, (1<i<m, k> ko).

a;(t) T 2m
Also, in view of (2.27) without loss of generality we can assume that

(i-1)
/
(2.42) %g% for ay<t<b, (1<i<n—1,k> k)

b1
(2.43) / 120 (s)Pds < = (k> ko).

™

From (2.33), (2.40)-(2.43), equality (2.31) immediately follows.
Let, now z € S(p, n) and z, = Oz, where lim & = 0. Then, by (2.27), it is

k—4o00
clear that zop = 0 and then, from (2.31) it follows z € C’ﬂ}‘l(]a, b[), i.e., inclusion
(2.32) holds. .
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Lemma 2.8. Let 7; € M(]a,b[), o >0, >0 and exists 6 €]0,b — a[ such that
(2.44) ITi(t) —t| <k (t —a)® for a<t<a+s.
Then
7 B[l + ky 0P (t — @)+ >1
‘/(S—&)ads‘g 1[1+ 1 ](_a) fOTﬁ_ ’
ky[6077F + kot — a)*P P for 0< B <1
t
fora<t<a+o.
Proof. First note that

7(t)
) /(s — a)o‘ds) < (max{7(t),t} —a)®|r(t) —t| for a<t<a+}d,

and max{7(t),t} <t+|7(t) —t| for a <t <a+4d. Then, in view of condition
(2.44), we get

7(t)
‘/(s—a)o‘ds‘gk’l[(t—a)—l—kl(t—a)ﬂ]o‘(t—a)ﬁ for a<t<a-+o.

t

The last inequality yields the validity of our lemma. .

Analogously, one can prove

Lemma 2.9. Let 7; € M(]a,b]), a« >0, >0 and exists 6 €]0,b — a[ such that

(2.45) I7;(t) —t] < ki (b—t)° for b—8<t<b.
Then
Y oy 1+ ky 6910 (b — £)ats >1
‘/(b—t)ad(s’g 1[ + k1 ]( _) fOTﬁ_ :
kl[él—ﬂ+k1]a(b_t)aﬁ+ﬁ fOT O§ﬂ<1
t

forb—46 <t <b.

2.3. Lemmas on the solutions of auxiliary problems.
Lemma 2.10. For any function z € CI"(|a, b]) (z € CT*(Ja, b])) the equality
IT@leg = llzllepzr, (@) ap = ll2llep)

holds
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Proof. From the definition of the norms || - ||z, and || - | gm=1 we have

L@l = TG ||c+2sup{ (”' a<t<)

1/2
/|F m+1 ’ dS)

= ||Il'(z Hc—i—Zsup{ (t)| : a<t<b}

+ /|g;<m> 5)| ds> — |lzllgp- .

Now, define the continuous operators Pr : Cffr_l(}a, b) XC’I’}_l(]a, b)) — L,(]a,b]) as
Pr(x,y)(t) = P(I'(z),['(y))(t) for a<t<b,
ie.,

b

(2.46)  Pr(z,y)( ijr ()( j(t))+po,r(w)(t)/G(To(t)aS)F(y)(S)dS

where the operators p; r : C" (Ja, b[) — L,(]a,b[) (j = 0,...,m) are defined by
the equalities
pi.r()(t) = p;(D(x))(1),
and Fyr : C75 (a,b) = L gmma(la, b)) as
(2.47) Fypr()(t) = Fpr(U'(2))(t) = [F(I'(2))(t) — Pr(z, z)(1)]-

Lemma 2.11. If the operator P : C3"(Ja, b) X C3"(Ja, b]) — Ln(la, b) is consistent
with the numbers 7,7, and the set Ay r C CT' ' (Ja, b)) is defined by the equality

Aspr = {o € 7 (a, ) : llallgpr < o0},

then:

(i) for any xy € Ay r and almost all t €a, b], the inequality
b
(248) lejl“l'o J 1)( ())‘+|p01“ Z'0 /G )d5’
<t ||$o||53;1)||900||5f}—1.

holds, where § € D,(]a, b[x RT).
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(ii) for any zo € Ay, and q € Z%m—2,2m—2(]a7 b)), the equation

(2.49) 2™ (t):ijI(l‘o)(t)Z(j_l)(Tj (t))—i—po,r(xo)(t)/G(TO(t), s)z(s)ds + q(t)

under the boundary conditions (2.18), has the unique solution z € C*™=1™m(]a, b]),
and

(2.50) 12llep-r < llallzg,

2,2m—2

Proof. In view of Lemma 2.10, for any o € A,,r we have y = I'(z9) € A,
where A, is defined by (1.18), and then, from inequality (1.19), we get

> Ipar(ao) e (r)] + por(zo)(©) [ Glrafe), ()i

[ (0 (20)) ()09 (o) (75 (£))] + po(L'(0)) (1)L (o) (1)

Il

1

J

[
NE

\pj(y)(t)y(j)(Tj(t))\ <n(t, HyHagn)HyHéy

[e=]

J
n(t, 10 (x0) | IT @)l g = (e, ol

Now, let zyp € Ay, randgq € Z%m_Q,Qm_2(]a, b[), the function y € C2™m+1(]a, b))
is a solution of problem (1.20), (1.2), for x = I'(zg). Let also z = ¥/, then

z e C?m1m(]g b]) and in view of (1.2) we have the representation y = I'(z), and
from (1.20) and (1.21) it follows

2m(t) = ij(r(fﬂo))(t)r(j)(Z)(Tj(t)) +q(t)
J:LU )
= ij,r(iﬂo)(t)z(j_l)(Tj(t)) + po.r(0)(t) /G(To(t% s)z(s)ds +q(t)
and
llegs = ITOllep = lley <llallzg, .
Thus, relations (2.48), (2.48), and (2.48) are valid. .

Lemma 2.12. Let (1.22) and all the conditions of Theorem 1.3 hold. Then

(251)  Fyr(t, p) = sup{Fyr(@)(1) : [zl eyt < o} € D z.2m 200, D),

- . "o
(2.52)  |[Fpr(, min{2p0, vo})llz; .

—2,2m—-2 y !
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and, for any A €0, 1], an arbitrary solution z € A, of the equation
(2.53) 2 () = (1 = N)Pp(z, 2)(t) + AF(D(2))(1)

under condition (2.18), admits the estimate

(2.54) l2llemet < po,

Proof. In view of Lemma 2.10, and (2.47), by the notation y = I'(xz) € C3*(]a, b[)
and (1.22), we get

sup{ Fypr(2)(t) [l eper < p} = sup{ (D) (0) « [[zllopt < p}
— sup{ F,(T(@))(1) : [[T(@)leg < p}
— sup{Fy(y)() : [lyllep < p} € s sl B]).

Thus (2.51) holds.
From the last relation with p = min{2pg, 70}, in view of (1.23), we get (2.52).
Let now z € A, r is a solution of problem (2.53), (2.18), and = I'(z). Then

B (E) = TR (3)(1) = M (E) = (1= NPr(z, 2)(2) + AF(T() (1)

= (1 =NP[T(2), T(2))(t) + AF(T(2))(t) = (1 = A) Pz, )(t) + AF(x)(1),

i.e., x is a solution of problem (1.24),(1.2) end then the estimate (1.25) holds,
from which by Lemma 2.10 we get (2.54). n

Now, let the operator ¢ : C77 ' (Ja, b[) — z%m—Q,Qm—Q(]a’7 b[) be continuous and

for any z € 5?}_1(]6% b)) C C’{'fr_l(]a, b[) consider the nonhomogeneous equation

m b

(2.55) 2 (6)=) pir(wo) ()29 (75 () +por (o) (1) / G (70(t), 8)z(s)ds+q(x)(1)

Jj=1 a

and the corresponding homogeneous equation

b

(2.56)  2™(t) :ZPj,r(%)(t)z(j_l)(%(t))+po7r(l’o)(t)/G(To(t)aS)Z(S)ds,
J=1 “

and let E™ be a set of the solutions of problem (2.55), (2.18). Assume that the
operator P : C3'(Ja,b]) x C¥(Ja,b]) — Ly(Ja,b]) be 70,7 consistent with the
boundary condition (1.2), and operator ¢ : C3*(]a,b]) — Z%m_Q am—o(]a, 0[), be
continuous. Then, by Lemma 2.11, problem (2.55), (2.18) has the ﬁnique solution
z € C2m=1m(]q, b[). But, in view of Lemma 2.6, it is clear that z € 5{?{1(]@ b)).
Thus, E™ N 5{’}_1(]@ b[) # 0, and there exists the operator U : 5{'}_1(]@ b)) —
E" N 7! (Ja, b]) defined by the equality

U(x)(t) = 2(t).
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Lemma 2.13. U : éﬁfl(]a, b)) — E™N 5{'}_1(]@, b[) is a continuous operator.

Proof. Let z; € 5’{’}_1(]@ b[) and zx(t) = U(xy)(t) (k= 1,2), y = y2 — 11, and
the operator P is defined by (1.17). Then

Z(Qm)(t) = Pr(wa, 2)(t) + qo(w1, z2)(t)

where qo(w1, 2)(t) = Pr(za, y1)(t) — Pr(21, y1)(t) +q(22)(t) — q(21)(t). Hence, by
item #¢. of Lemma 2.11 we have

1U(z2) = Uzl < vlldo,r(z1, 22)llzz

—2,2m—2

Since the operators Pr and ¢ are continuous, this estimate implies the continuity
of the operator U. .

3. Proofs

Proof of Remark 1.1. Let z be a solution of problem (2.49), (2.18) with
pir(xo) =p;j (j = 0,...,m), then v = I'(2) is a solution of problem (1.8), (1.2),
and from inequalities (2.19) it follows the estimate

. b—t)(t— a)]m_i“/2 9 \m—itl/2
(Z 1) < [( (m) 9
0l = (m—z’)!(2m—2i+1)1/2<b—a> 127z,

for a <t < b, and

_ o ym—1/2
lelle < oo 7zl ™l
From the last estimates, by the definition of the norm || - H’C?{rfr—l and (2.22), we
have
[ lo(s) — (@) + lils) = o(b) (b—a)y !
Ielleser < | T i Sl

m 1 9\ m—itl1/2
+< +jzl(m—2)!(2m—22+1)1/2 b—a 1272

from which, by Lemma 2.10, estimate (1.15) and the fact that v’ = z, (1.16)
immediately follows. u

Proof of Theorem 1.3. Let ¢ and A are the functions and numbers appearing
in Definition 1.1, and the operator F,r(t, p) be defined by (2.51). We set

(3.57) n(t) = o(t, v0)yo + ﬁp,F(t’ min{2p0,%}),
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1 for 0 <s<pg
(3.58) X(s)=492—s/py for py<s<2pg,

0 for s> 2py
(3.59) q(2)(t) = x([[z]lgp) Epr(x) (D).

From (1.22) it is clear that the nonnegative functions fpm, n, admits the inclusion

(36()) ﬁ}hr(" min{2p0770})7 ne ng—Q,Qm—2(]a’ bD?
and, for every x € A, r C 5{7}_1(]& b[) and almost all t €]a, b[, the inequality

(3.61) lg(z)(t)| < F,r(t, min{2p,0}) fora<t<b

holds.

LetU: Ay — E”ﬂé{rf{l(]a, b[) is a operator appeared in Lemma 2.13, from
which it follows that U is a continuous operator. From (i) and (ii) of Definition 1.1,
i.e., by Lemma 2.11, from (2.48) and (2.50) it is clear that, for each = € A, r, the
conditions

¢
12llgma <0, [270(1) = 27 V(s)] < / n(€)ds  for a<t<b
hold. Thus, in view of Definition 2.3, the operator U maps the ball A, r into
its own subset S(p1, n). From Lemma 2.2, it follows that S(p1, 7)) is the compact
subset of the ball A, r C C7"(Ja, b]), i.e., the operator u maps the ball A, into

its own compact subset. Therefore, owing to Schauders’s principle, there exists
z € S(p1, n) C Ay, such that

2(t) =U(2)(t) for a<t<b.

Thus, by (2.55) and notation (3.59), the function z(z € A,)) is a solution of
problem (2.53), (2.18), where

(3.62) A= x(l=llep)-

If 7o = po, then, in view of condition z € A r, by (3.58) we have that A = 1, and
then, in view of (2.53) and (3.59), the function z is a solution of the equation

(3.63) M (1) = F(T(2))(t)

under boundary conditions (2.18). Thus the function u = I'(2) (where v’ = z2) is
a solution of problem (1.1), (1.2).

Let us show now, that z admits estimate (2.50) in the case when py < 7.
Assume the contrary. Then either

(3.64) po < |[z|lgm-1 < 2po,
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or
(3.65) lellgpr 2 200

If condition (3.64) holds, then by virtue of (3.58) and (3.62), z is a solution of
equation (2.53) with A €]0, 1], and then (2.54) holds. But this contradicts (3.64).

Assume now that (3.65) is fulfilled. Then, by virtue of (3.58) and (3.62), we
have that A = 0. Therefore, x € A, r is a solution of problem (2.56), (2.18). Thus,
from (ii) of Lemma 2.11, it is obvious that z = 0, because problem (2.49), (2.18)
has only a trivial solution. But this contradicts condition (3.65), i.e., estimate
(2.54) is valid. From estimate (2.54) and (3.58), we have that A = 1, and then, in
view of (2.55) and (3.59), the function z is a solution of problem (3.63), (2.18),
which admits to the estimate (2.50). Thus, the function u = I'(z) (where v’ = 2)
is a solution of problem (1.1), (1.2). .

Proof of Corollary 1.2. First, note that, in view of condition (1.28), there
exists such a vy > 2pp that condition (1.23) holds, and, in view of Definition 1.2,
the operator P is 7y, 7 consistent.

On the other hand, from (1.28), it follows the existence of the number py,
such that

(3.66) NG, p)llzz L, <p for  p>p

2m—2,2m

Let x be a solution of problem (1.24), (1.2) for some A €]0, 1[. Then y = z
is also a solution of problem (1.20), (1.2), where ¢(t) = )\(F(x)(t) — P(x, x)(t))

Now, let p = HfHé;n*l and assume that

(3.67) p > po.

holds. Then, in view of the y—consistency of the operator p with boundary
conditions (1.2), inequality (1.21) holds and thus, by condition (1.26), we have

<l p)llz2

2n—2m—2,2m—2

p - |‘I||C~1{n71 S ry||q<aj)|’z%n—27n—2,2m—2
But the last inequality contradicts (3.66). Thus, assumption (3.67) is not valid
and p < po. Therefore, for any A €]0, 1[, an arbitrary solution of problem (1.24),
(1.2) admits the estimate (1.25). Therefore, all the conditions of Theorem 1.3 are
fulfilled, from which the solvability of problem (1.1), (1.2) follows. .

Proof of Theorem 1.4. Let r, be the constant defined in Remark 1.1. First, let
us prove that the operator P is g, 7, consistent with boundary conditions (1.2).
From the conditions of our theorem, it is obvious that the item (i) of Definition
1.1 is satisfied. Let now x be an arbitrary fixed function from the set A, and let
p;j(t) = p;j(z)(t). Thus in view of (1.31),(1.32) all the assumptions of Theorem 1.1
are satisfied, and then for any ¢ € Z%n—2m—2,2m—2(]a7 b[) the problem (1.20), (1.2)
has unique solution y. Also in view of Remark 1.1 there exists the constant r, > 0,
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(which depends only on the numbers I, lp;, Vi (k = 1,2; 5 = 1,--+ ,m), and
a, b, t*, n) such that estimate (1.21) holds with v = r,. L.e., the operator P is
Yo, T consistent with boundary conditions (1.2). Therefore all the assumptions
of Corollary 1.1 are fulfilled, from which the solvability of problem (1.1),(1.2)
follows. n

Proof of Theorem 1.5. Let r, be the constant defined in Remark 1.1. First
prove that operator P is r, consistent with boundary conditions (1.2). From
the conditions of our theorem it is obvious that the item (i) of Definition 1.1
is satisfied. Let now 7y be an arbitrary nonnegative number, x be arbitrary
fixed function from the space A,, and let p;(t) = p;(x)(t). Then, in view of
(1.34), (1.35), all the assumptions of Theorem 1.1 are satisfied and then, for any
q € Zgn_Qm_Q’Qm_Q(]a, b[), problem (1.20), (1.2) has a unique solution y. Also, in
view of Remark 1.1, there exists the constant r, > 0, (which depends only on
the numbers ly;, lgj, 7; (k = 1,2; 5 = 1,...,m), and a,b,t*,n,) such that estimate
(1.21) holds with v = r,. L.e., the operator P is 7, r,, consistent with boundary
conditions (1.2) for arbitrary 79 > 0. Thus, by Definition 1.1, the operator P
is 7, consistent with boundary conditions (1.2). Therefore, all the assumptions
of Corollary 1.2 are fulfilled, from which the solvability of problem (1.1), (1.2)
follows. n

Proof of Remark 1.2. By Schwartz’s inequality, the definition of the norm
HyH@lmq and inequalities (1.36), (2.2) for any z,y € A, and z =y — x, we have

7;(t)

i) (0297 (73] = ps() (D20 (O] + Ins(v) W/ ¥)ay|
(3.68) r] (t

< 1zl Ips ) Bl (8) <w M2W® 3

for a <t < b. On the other hand, from conditions (1.37), by Lemmas 2.8 and 2.9,
it is cleat that

aj—l(t)< / (e a)Qm_m‘dg) 1/2 < % for s €la, a + ] U[b—&,b],
1 75 (s) - 12 — b - L2
o' (0)( [ (€~ aym i) SE‘W”‘(/@—awWJ@)

(b _ a)mfj+1/2
V/2m = 2j + 1e2m%

Then, if we put

for s €la+e,b—¢l.

k(1 + k) (b — a)m—it1/2 }

(369) Ko = 1min { em—j+1/2 ) — 2] T 1e2m—2j+1
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from (3.68), by the last estimates, we get the inequality

() ()29~ D (75 (0)] < [l g1 (1 + ro) ps (y) (1) s ()

(3.70)
< Ilzllgp (1 + Ro)(t, Il=llens)

for a <t < b. Analogously, we get that
() (1) = () ()Y (D) < |l g1 (1 + w0 [ () (1) = ps(a) (£) |y (2)

for a <t < b. From (3.70) and the last inequality, it is obvious that the operator
P defined by equality (1.17) continuously acting from A, to the space Ly(]a, b]),

and the item (ii) of Definition 1.1 holds, with (¢, p) = (1 + ko) Y 6;(¢, p). n

Jj=1

Proof of Corollary 1.3. From conditions (1.40) and (1.37), by Remark 1.2, we
obtain that the operator P defined by equality (1.17) with p;(x)(t) = p;(t), con-
tinuously acting from A, to the space L,(]a, b[), for any vy > 0, i.e., continuously
acting from C™*(Ja, b]) to the space Ly (]a, b[). Therefore, it is clear that all the
conditions of Theorem 1.5 would be satisfied with

F(2)(t) = f(t,2(n(1), 2/ (m2(t)), -, 2™ (1 (1))), 8(t p) = (14+0) Z!pa

where the constant kq is defined by equality (3.69). Thus problem (1.38), (1.2) is
solvable. -

Proof of Corollary 1.4. Let the operators F,p; : C™ '(]a, b]) — Lis(Ja, b]),
and the function 7 :Ja, b[x R" — R be defined by equalities

Alas(t)[* Ala(t)[*

Then, it is easy to verify that in view of (1.43)-(1.45), conditions (1.11), (1.12),
(1.26), (1.31)—(1.40) are satisfied with

k k
PEA ) - 167y A
(7p) [(t—a)(b—t)]z’ 01 (b— ) 27 01 (b_a)27
[ 2 2(1+b—a)(b—a)?
3.71 =1
(3.71) "2 < * b—a)(b—a)2—16)\'y§(1+[2(b—a)]1/4)’
16 1
Bo=Bi = %2<1+[2(b—a)]1/4)7 t"=(a+b)/2, qo1=71=7
(b—a) 4
Thus all the condition of Theorem 1.4 are satisfied, from which follows solvability
of problem (1.41), (1.2). .

Proof of Corollary 1.5. Let the operators F,p; : C™ Y(]a,b]) — Li.(]a,b]),
and the function 7 :Ja,b[x Rt — R™ be defined by equalities

Alsin 2% (¢)|

[(t = a)(b =)

A|sin 2% ()]

e = - 0P

2(7(t)) +q(z)(t), pi(2)(t) = -
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Then it is easy to verify that in view of (1.28), (1.43), and (1.46), all the conditions
of Theorem 1.5 follow, where 6, lo1, lo1, 72, Bo, B1, t*, 7o1, 711, are defined by
(3.71) with p = 1, 70 = 1, from which the solvability of problem (1.41), (1.2)
follows. n
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