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1. Introduction

Zadeh’s [10] investigation of the notion of fuzzy set has led to a rich growth of
fuzzy Mathematics. Many authors have introduced the concept of fuzzy metric
in different ways. There are many view points of the notion of the fuzzy metric
spaces in fuzzy topology (see Deng [1], Erceg [2], George and Veeramani [3], Kaleva
and Seikkala [5], Kramosil and Michalek [6]). In 2009, Lakshmikantham et.al.
[7] introduced coupled fixed point theorems in partially ordered metric spaces.
Motivated by them, we introduce a coupled fixed point theorem and t-Norm of
Hadž́ıc type in fuzzy metric space.



52 a. jain, v.k. gupta, a. sharma, d. bamniya

2. Preliminaries

Definition 2.1. A t-norm t is a 2-place function t : [0, 1] × [0, 1] → [0, 1] which
satisfies the following conditions:

(i) t(0, 0) = 0;

(ii) t(0, 1) = 1;

(iii) t(a, b) = t(b, a);

(iv) if a ≤ c and b ≤ d, then t(a, b) ≤ t(c, d);

(v) t(t(a, b), c) = t(a, t(b, c)),

for all a, b, c, d ∈ [0, 1].

Definition 2.2. Let sup
0<t<1

∆(t, t) = 1. A t-norm ∆ is said to be of Hadž́ıc-type

(H-type) if the family of functions
{

∆m(t)
}∞

m=1
is equi-continuous at t = 1, where

∆1(t) = t, ∆m+1(t) = ∆(∆m(t)), m = 1, 2, 3, . . . , t ∈ [0, 1].

The t-norm ∆M = min is an example of H-type.

Remark 2.1. ∆ is an H-type if and only if, for any λ ∈ (0, 1), there exists
δ(λ) ∈ (0, 1) such that following implications hold:

t > 1− δ(λ) implies ∆m(t) > 1− λ.

Remark 2.2. Every t-norm ∆M is of Hadž́ıc-type but converse need not be true
(see [4]).

Definition 2.3. The 3-tuple (X, M, t) is called fuzzy metric space in the sense of
Kramosil and Michalek [6] if X is an arbitrary set, t is a continuous t-norm and
M is a fuzzy set on X2 × [0,∞) satisfying the following conditions:

(i) M(x, y, 0) = 0;

(ii) M(x, y, t) = 1 if and only if x = y;

(iii) M(x, y, t) = M(y, x, t);

(iv) M(x, z, t + s) ≥ t(M(x, y, t),M(y, z, s));

(v) M(x, y, .) : [0,∞) → [0, 1] is left continuous;

for all x, y, z ∈ X and s, t > 0.

Note that the function M(x, y, t) can be thought of as the degree of nearness
between x and y with respect to t.

In our theory, we consider the following conditions:

(vi) lim
t→∞

M(x, y, t) = 1 for all x, y in X.
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Definition 2.4. A sequence {xn} in a fuzzy metric space (X, M, t) is said to be

(i) convergent to x in X if, for every ε > 0 and λ > 0, there is an integer n0 ∈ N
such that M(xn, x, ε) > 1− λ, for all n ≥ n0.

(ii) Cauchy sequence in X if, for every ε > 0 and λ > 0, there is an integer
n0 ∈ N such that M(xn, xm, ε) > 1− λ, for all m,n ≥ n0.

(iii) complete if every Cauchy sequence in X is convergent in X.

Definition 2.5. Define Φ = {φ : R+ → R+}, where R+ = [0, +∞) and each
φ ∈ Φ satisfying the following conditions:

(φ1) φ is non-decreasing.

(φ2) φ is upper semi-continuous from the right.

(φ3)
∞∑

n=0

φn(t) < +∞ for all t > 0, where φn+1(t) = φ(φn(t)), n ∈ N .

Clearly, if φ ∈ Φ, then φ(t) < t for all t > 0.

Definition 2.6. An element x ∈ X is called the common fixed point of the map-
pings f : X ×X → X and g : X → X if x = f(x, x) = g(x).

Definition 2.7. An element (x, y) ∈ X ×X is called a

(i) coupled fixed point of the mapping f : X×X → X if f(x, y) = x, f(y, x) = y.

(ii) coupled coincidence point of the mappings f : X ×X → X and g : X → X
if f(x, y) = g(x), f(y, x) = g(y).

(iii) common coupled fixed point of the mappings f : X×X → X and g : X → X
if x = f(x, y) = g(x), y = f(y, x) = g(y).

Definition 2.8. The mappings f : X × X → X and g : X → X are called
commutative if gf(x, y) = f(gx, gy) for all x, y ∈ X.

Definition 2.9. The mappings f : X × X → X and g : X → X are called
weakly compatible if f(x, y) = g(x), f(y, x) = g(y) implies gf(x, y) = f(gx, gy),
gf(y, x) = f(g(y), g(x)) for all x, y ∈ X.

Remark 2.3. For convenience, we denote

(2.1)
[
M(x, y, t)

]n
= M(x, y, t) ∗M(x, y, t) ∗ · · · ∗M(x, y, t),︸ ︷︷ ︸

n

for all n ∈ N.

3. Main result

Theorem 3.1. Let (X,M, ∗) be a fuzzy metric space, ∗ being continuous t-norm
of H-type. Let f : X ×X → X and g : X → X be two mappings and there exists
φ ∈ Φ such that

(3.1) M(f(x, y), f(u, v), φ(t)) ≥ ψ[M(gx, gu, t) ∗M(gy, gv, t)],
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for all x, y, u, v ∈ X and t > 0, where ψ : [0, 1] → [0, 1] is continuous function
such that ψ(t) ≥ t for all t ∈ [0, 1].

Suppose that f(X×X) ⊆ g(X), f and g are weakly compatible, range space of
one of the mappings f or g is complete. Then f and g have a coupled coincidence
point. Moreover, there exists a unique point x in X such that x = f(x, x) = g(x).

Proof. Let x0, y0 be two arbitrary points in X. Since f(X ×X) ⊆ g(X), we can
choose x1, y1 in X such that g(x1) = f(x0, y0), g(y1) = f(y0, x0).

Continuing in this way, we can construct two sequences {xn} and {yn} in X
such that g(xn+1) = f(xn, yn) and g(yn+1) = f(yn, xn) for all n ≥ 0.

Step I. We first show that {gxn} and {gyn} are Cauchy sequences.

Since ∗ is a t-norm of H-type, for any ε > 0, there exists δ > 0 such that

(3.2) (1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
p

≥ (1− ε), for all p ∈ N.

Since lim
t→∞

M(x, y, t) = 1, for all x, y in X, there exists t0 > 0 such that

M(gx0, gx1, t0) ≥ (1− δ) and M(gy0, gy1, t0) ≥ (1− δ).

Also, since φ ∈ Φ, using condition (φ3), we have

∞∑
n=1

φn(t0) < ∞.

Then for any t > 0 there exists n0 ∈ N such that

(3.3) t >

∞∑

k=n0

φk(t0).

Using condition (3.1), we have

M(gx1, gx2, φ(t0)) = M(f(x0, y0), f(x1, y1), φ(t0))

≥ ψ[M(gx0, gx1, t0) ∗M(gy0, gy1, t0)]

≥ M(gx0, gx1, t0) ∗M(gy0, gy1, t0)

M(gy1, gy2, φ(t0)) = M(f(y0, x0), f(y1, x1), φ(t0))

≥ ψ[M(gy0, gy1, t0) ∗M(gx0, gx1, t0)]

≥ M(gy0, gy1, t0) ∗M(gx0, gx1, t0).
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Similarly, we can also get

M(gx2, gx2, φ
2(t0)) = M(f(x1, y1), f(x2, y2), φ

2(t0))

≥ ψ[M(gx1, gx2, t0) ∗M(gy1, gy2, t0)]

≥ [M(gx0, gx1, t0)]
2 ∗ [M(gy0, gy1, t0]

2

M(gy2, gy3, φ
2(t0)) = M(f(y1, x1), f(y2, x2), φ

2(t0))

≥ [M(gy0, gy1, t0)]
2 ∗ [M(gx0, gx1, t0)]

2.

Continuing in this way, we can get

M(gxn, gxn+1, φ
n(t0)) ≥ [M(gx0, gx1, t0)]

2n−1 ∗ [M(gy0, gy1, t0)]
2n−1

M(gyn, gyn+1, φ
n(t0)) ≥ [M(gy0, gy1, t0)]

2n−1 ∗ [M(gx0, gx1, t0)]
2n−1

.

So, from (3.2) and (3.3), for m > n ≥ n0, we have

M(gxn, gxm, t) ≥ M

(
gxn, gxm,

∞∑

k=n0

φk(t0)

)

≥ M

(
gxn, gxm,

m−1∑

k=n

φk(t0)

)

≥ M
(
gxn, gxn+1, φ

n(t0)
)
∗M

(
gxn+1, gxn+2, φ

n+1(t0)
)

∗ · · · ∗M
(
gxm−1, gxm, φm−1(t0)

)

≥ {[M(gx0, gx1, t0)]
2n−1 ∗ [M(gy0, gy1, t0)]

2n−1}
∗ {[M(gx0, gx1, t0)]

2n ∗ [M(gy0, gy1, t0)]
2n} ∗ · · ·

∗ {[M(gx0, gx1, t0)]
2m−2 ∗ [M(gy0, gy1, t0)]

2m−2}
= [M(gx0, gx1, t0)]

2n−1(2m−n−1) ∗ [M(gy0, gy1, t0)]
2n−1(2m−n−1)

≥ (1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
2n−1(2m−n−1)

≥ (1− ε),

which implies that

M(gxn, gxm, t) ≥ (1− ε) for all m,n ∈ N with m > n ≥ n0 and t > 0.

Therefore, {gxn} is a Cauchy sequence in X.
Similarly, {gyn} is also a Cauchy sequence in X.

Step II. Now, we show that f and g have coupled coincidence point. Without
loss of generality, we can assume that g(X) is complete, there exist points x, y in
g(X) so that lim

n→∞
g(xn+1) = x and lim

n→∞
g(yn+1) = y.
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For x, y ∈ g(X) implies the existence of p, q in X such that g(p) = x, g(q) = y
and hence

lim
n→∞

g(xn+1) = lim
n→∞

f(xn, yn) = g(p) = x,

lim
n→∞

g(yn+1) = lim
n→∞

f(yn, xn) = g(q) = y.

From (3.1), we have

M(f(xn, yn), f(p, q), φ(t)) ≥ ψ[M(gxn, g(p), t) ∗M(gyn, g(q), t)]

≥ [M(gxn, g(p), t) ∗M(gyn, g(q), t)].

Taking limit as n →∞, we have

M(g(p), f(p, q), φ(t)) = 1, i.e., f(p, q) = g(p) = x.

Similarly, f(q, p) = g(q) = y.
Since, f and g are weakly compatible, so f(p, q) = g(p) = x and f(q, p) = g(q) = y
implies gf(p, q) = f(g(p), g(q)) and gf(q, p) = f(g(q), g(p)), i.e., g(x) = f(x, y)
and g(y) = f(y, x).
Thus, f and g have a coupled coincidence point.

Step III. Now we show that g(x) = x and g(y) = y.

Since ∗ is a t-norm of H-type, then for any ε > 0 there exists δ > 0 such that

(1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
p

≥ (1− ε), for all p ∈ N.

Also, since φ ∈ Φ, using condition (φ3), we have

∞∑
n=1

φn(t0) < ∞.

Then for any t > 0 there exists n0 ∈ N such that

t >

∞∑

k=n0

φk(t0).

Using condition (3.1), we have

M(gx, x, φ(t0)) = M(f(x, y), f(p, q), φ(t0))

≥ ψ[M(gx, gp, t0) ∗M(gy, gq, t0)]

≥ M(gx, gp, t0) ∗M(gy, gq, t0)
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Similarly,
M(gy, y, φ(t0)) ≥ M(gy, gq, t0) ∗M(gx, gp, t0).

Continuing in the same way, for all n ∈ N

M(gx, x, φn(t0)) ≥ [M(gx, gx, t0)]
2n−1 ∗ [M(gy, y, t0)]

2n−1

.

Thus, we have

M(gx, x, t) ≥ M

(
gx, x,

∞∑

k=n0

φk(t0)

)

≥ M

(
gx, x, φn0(t0)

)

≥ [
M(gx, x, t0)

]2n0−1 ∗ [
M(gy, y, t0)

]2n0−1

≥ (1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
2n0

≥ (1− ε), for all n0 ∈ N.

So, for any ε > 0, we have

M(gx, y, t) ≥ (1− ε), for all t > 0.

This implies that g(x) = x. Similarly, g(y) = y.

Step IV. Now we show that x = y.

Since ∗ is a t-norm of H-type for any ε > 0, there exists δ > 0 such that

(1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
P

≥ (1− ε), for all p ∈ N.

Since limt→∞ M(x, y, t) = 1, for all x, y in X, there exists t0 > 0 such that

M(x, y, t0) ≥ (1− δ).

Also, since φ ∈ Φ, using condition (φ3), we have

∞∑
n=1

φn(t0) < ∞.

Then for any t > 0 there exists n0 ∈ N such that

t >

∞∑

k=n0

φk(t0).

Using condition (3.1), we have

M(x, y, φ(t0)) = M(f(p, q), f(q, p), φ(t0))

≥ ψ[M(gp, gq, t0) ∗M(gq, gp, t0)]

≥ M(gp, gq, t0) ∗M(gq, gp, t0)

= [M(x, y, t0)]
2.
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Continuing likewise, we have for all n ∈ N , that

M(x, y, φn(t0)) ≥ [M(x, y, t0)]
2n

.

Thus, we have

M(x, y, t) ≥ M

(
x, y,

∞∑

k=n0

φk(t0)

)

≥ M

(
x, y, φn0(t0)

)

≥ [
M(x, y, t0)

]2n0

.

≥ (1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
2n0

≥ (1− ε), which implies that x = y.

Thus, f and g have common fixed point x in X.

Step V. Uniqueness:

Let z be any point in X such that z 6= x with g(z) = z = f(z, z).
Since ∗ is a t-norm of H-type for any ε > 0, there exists δ > 0 such that

(1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
p

≥ (1− ε), for all p ∈ N.

Since lim
t→∞

M(x, y, t) = 1, for all x, y in X, there exists t0 > 0 such that

M(x, y, t0) ≥ (1− δ).

Also, since φ ∈ Φ, using condition (φ3), we have

∞∑
n=1

φn(t0) < ∞.

Then for any t > 0 there exists n0 ∈ N such that

t >

∞∑

k=n0

φk(t0).

Using condition (3.1), we have

M(x, z, φ(t0)) = M(f(x, x), f(z, z), φ(t0))

≥ ψ[M(g(x), g(z), t0) ∗M(g(x), g(z), t0)]

≥ M(g(x), g(z), t0) ∗M(g(x), g(z), t0)

= [M(x, z, t0)]
2.
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Thus, we have

M(x, z, t) ≥ M

(
x, z,

∞∑

k=n0

φk(t0)

)

≥ M

(
x, z, φn0(t0)

)

≥
([

M(x, z, t0)
]2n0−1

)2

≥
(

M(x, z, t0)

)2n0

≥ (1− δ) ∗ (1− δ) ∗ · · · ∗ (1− δ)︸ ︷︷ ︸
2n0

≥ (1− ε),

which implies that x = z. Thus, f and g have a unique common fixed point in X.

4. An application

Theorem 4.1. Let (X,M, ∗) be a fuzzy metric space, ∗ being continuous t-norm
define by a ∗ b = min{a, b} for all a, b in X. Let A,B be weakly compatible self
maps on X satisfying the following condition:

(4.1) M(X) ⊆ N(X),

(4.2) there exists φ ∈ Φ such that M(Ax,Ay, φ(t)) ≥ ψ[M(Bx, By, t)], for all
x, y,∈ X and t > 0, where ψ : [0, 1] → [0, 1] is continuous function such
that ψ(t) ≥ t for all t ∈ [0, 1].

If range of any one of the maps A or B is complete, then A and B have a unique
common fixed point in X.

Proof. Assuming f(x, y) = A(x) and g(x) = A(x) for all x, y ∈ X in Theorem
3.1, we get the proof.

Taking φ(t) = kt, k ∈ (0, 1) and ψ(t) = t, we have the following:

Corollary 4.1. Let (X,M, ∗) be a fuzzy metric space, ∗ being continuous t-norm
define by a ∗ b = min{a, b} for all a, b in X. Let A,B be weakly compatible self
maps on X satisfying (4.1) and the following condition:

(4.3) there exists k ∈ (0, 1) such that M(Ax,Ay, kt) ≥ M(Bx, By, t), for all
x, y ∈ X and t > 0.

If range of any one of the maps A or B is complete, then A and B have a unique
common fixed point in X.
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